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PREFACE

This book focuses on the theory and applications of quaternions. Chapter
One collects some old problems on lattice orders and directed partial orders on
complex numbers and quaternions, and summarizes recent development in
answering those questions. Chapter Two discusses spin 1 particles with
anomalous magnetic moments in the external uniform electric field. Chapter
Three examines techniques of projective operators used to construct solutions
for a spin 1 particle with anomalous magnetic moment in the external uniform
magnetic field. Chapter Four analyzes the implementation of a cheap Micro
AHRS (Attitude and Heading Reference System) using low-cost inertial
sensors. Chapter Five reviews the basic concepts of quaternion and reduced
biquaternions algebra. It introduces the 2D Hermite-Gaussian functions (2D-
HGF) as the eigenfunction of discrete quaternion Fourier transform (DQFT)
and discrete reduced biquaternion Fourier transform (DRBQFT), and the
eigenvalues of two dimensional Hermite-Gaussian functions for three types of
DQFT and two types of DRBQFT. Chapter Six investigates a leader-follower
formation control problem of quadrotors. Chapter Seven considers
determinantal representations the Drazin and weighted Drazin inverses over
the quaternion skew field.

Chapter 1 collects some old problems on lattice orders and directed partial
orders on complex numbers and quaternions, and summarizes recent
development in answering those questions. Within the matrix 10-dimensional
Duffin-Kemmer-Petiau formalism applied to the Shamaly-Capri field, Chapter
2 studies the behavior of a vector particle with anomalous magnetic moment in
the presence of an external uniform electric field. The separation of variables
in the wave equation is performed by using projective operator techniques and
the theory of DKP-algebras. The whole wave function is decomposed into the
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viii Sandra Griffin

sum of three components ¥, ¥, , ¥, . Itis enough to solve the equation for

the main component @, the two remaining ones being uniquely determined

by it. Consequently, the problem reduces to three independent differential
equations for three functions, which are of the type of one-dimensional Klein-
Fock-Gordon equation in the presence of a uniform electric field modified by
the non-vanishing anomalous magnetic moment of the particle. The solutions
are constructed in terms of confluent hypergeometric functions. For assigning
physical sense for these solutions, one must impose special restrictions on a
certain parameter related to the anomalous moment of the particle. The neutral
spin 1 particle is considered as well. In this case, the main manifestation of the
anomalous magnetic moment consists in the modification of the ordinary plane
wave solution along the electric field direction. Again, one must impose
special restrictions on a parameter related to the anomalous moment of the
particle.

Chapter 2 - Within the matrix 10-dimensional Duffin-Kemmer-Petiau
formalism applied to the Shamaly-Capri field, Chapter 3 studies the behavior
of a vector particle with anomalous magnetic moment in presence of an
external uniform magnetic field. The separation of variables in the wave
equation is performed by using projective operator techniques and the theory
of DKP-algebras. The whole wave function is decomposed into the sum of
three components $\Psi_0, \Psi_{+}, \Psi_{+}$. It is enough to solve the
equation for the main component $\Phi_0$, the two remaining ones being
uniquely determined by it. Consequently, the problem reduces to three
independent differential equations for three functions, which are of the type of
one-dimensional Klein--Fock--Gordon equation in the presence of a uniform
electric field modified by the non-vanishing anomalous magnetic moment of
the particle. The solutions are constructed in terms of confluent
hypergeometric functions. For assigning physical sense for these solutions,
one must impose special restrictions on a certain parameter related to the
anomalous moment of the particle. The neutral spin 1 particle is considered as
well. In this case, the main manifestation of the anomalous magnetic moment
consists in the modification of the ordinary plane wave solution along the
electric field direction. Again, one must impose special restrictions on a
parameter related to the anomalous moment of the particle.

Chapter 3 - The separation of variables in the wave equation is performed
using projective operator techniques and the theory of DKP-algebras. The
problem is reduced to a system of 2-nd order differential equations for three
independent functions, which is solved in terms of confluent hypergeometric
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Preface iX

functions. Three series of energy levels are found, of which two substantially
differ from those for spin 1 particles without anomalous magnetic moment.
For assigning to them physical sense for all the values of the main quantum
number n=0,12, ..., one must impose special restrictions on a parameter

related to the anomalous moment. Otherwise, only some part of the energy
levels corresponds to bound states. The neutral spin 1 particle is considered as
well. In this case no bound states exist in the system, and the main qualitative
manifestation of the anomalous magnetic moment consists in the occurrence of
a space scaling of the arguments of the wave functions, compared to a particle
without such a moment. Traditionally, the automotive industry has been the
largest employer of robots, but their control is inline and programmed to
follow planning trajectories. As shown in Chapter 4, in this case, in the
department motor’s test of Volkswagen Mexico a semi-autonomous robot is
developed. To date, some critical technical problems must be solved in a
number of areas, including in dynamics control. Generally, the attitude
estimation and the measurement of the angular velocity are a requirements for
the attitude control. As a result, the computational cost and the complexity of
the control loop is relatively high.

Chapter 4 deals with the implementation of a cheap Micro AHRS
(Attitude and Heading Reference System) using low-cost inertial sensors. In
Chapter 4, the technique proposed is designed with attitude estimation and the
prediction movement via the kinematic of a 4GDL robot. With this approach,
only the measurements of at least two non-collinear directional sensors are
needed. Since the control laws are highly simple and a model-based observer
for angular velocity reconstruction is not needed, the proposed new strategy is
very suitable for embedded implementations. The global convergence of the
estimation and prediction techniques is proved. Simulation with some
robustness tests is performed.

Chapter 5 - The quaternions, reduced biquaternions (RBs) and their
respective Fourier transformations, i.e., discrete quaternion Fourier transform
(DQFT) and discrete reduced biquaternion Fourier transform (DRBQFT), are
very useful for multi-dimensional signal processing and analysis. In Chapter 5,
the basic concepts of quaternion and RB algebra are reviewed, and the author
introduce the two dimensional Hermite-Gaussian functions (2D-HGF) as the
eigenfunction of DQFT/DRBQFT, and the eigenvalues of 2D-HGF for three
types of DQFT and two types of DRBQFT. After that, the relation between
2D-HGF and Gauss-Laguerre circular harmonic function (GLCHF) is given.
From the aforementioned relation and some derivations, the GLCHF can be
proved as the eigenfunction of DQFT/DRBQFT and its eigenvalues are
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summarized. These GLCHFs can be used as the basis to perform color image
expansion. The expansion coefficients can be used to reconstruct the original
color image and as a rotation invariant feature. The GLCHFs can also be
applied to color matching applications.

Chapter 6 - The unit quaternion system was invented in 1843 by William
Rowan Hamilton as an extension to the complex number to find an answer to
the question (how to multiply triplets?). Yet, quaternions are extensively used
to represent the attitude of a rigid body such as quadrotors, which is able to
alleviate the singularity problem caused by the Euler angles representation.
The singularity is in general a point at which a given mathematical object is
not defined and it outcome of the so called gimbal lock. The singularity is

occur when the pitch angles rotation is @ =290°. In Chapter 6, a leader-
follower formation control problem of quadrotors is investigated. The
quadrotor dynamic model is represented by unit quaternion with the
consideration of external disturbance. Three different control techniques are

proposed for both the leader and the follower robots. First, a nonlinear H_

design approach is derived by solving a Hamilton-Jacobi inequality following
from a result for general nonlinear affine systems. Second, integral
backstepping (IBS) controllers are also addressed for the leader-follower
formation control problem. Then, an iterative Linear Quadratic Regulator
(iLQR) is derived to solve the problem of leader-follower formation. The
simulation results from all types of controllers are compared and robustness

performance of the H_ controllers, fast convergence and small tracking errors

of iLQR controllers over the IBS controllers are demonstrated.

Chapter 7 - A generalized inverse of a given quaternion matrix (similarly,
as for complex matrices) exists for a larger class of matrices than the invertible
matrices. It has some of the properties of the usual inverse, and agrees with the
inverse when a given matrix happens to be invertible. There exist many
different generalized inverses. The authors consider determinantal
representations of the Drazin and weighted Drazin inverses over the
quaternion skew field. Due to the theory of column-row determinants recently
introduced by the author, the authors derive determinantal representations of
the Drazin inverse for both Hermitian and arbitrary matrices over the
quaternion skew field. Using obtained determinantal representations of the
Drazin inverse we get explicit representation formulas (analogs of Cramer's
rule) for the Drazin inverse solutions of the quaternionic matrix equations
AXB =D and, consequently, AX=D, XB=D in both cases when A and
B are Hermitian and arbitrary, where A, B can be noninvertible matrices of
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appropriate sizes. The author obtain determinantal representations of solutions
of the differential quaternionic matrix equations, X' +AX=B and

X'+ XA =B, where A is noninvertible as well. Also, the authors obtains

new determinantal representations of the W-weighted Drazin inverse over the
quaternion skew field. The author give determinantal representations of the W-
weighted Drazin inverse by using previously obtained determinantal
representations of the Drazin inverse, the Moore-Penrose inverse, and the limit
representations of the W-weighted Drazin inverse in some special case. Using
these determinantal representations of the W-weighted Drazin inverse, the
authors derive explicit formulas for determinantal representations of the W-
weighted Drazin inverse solutions of the quaternionic matrix equations

WAWX =D, XWAW =D, and WAW,XW,BW, =D.
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Chapter 7

DETERMINANTAL REPRESENTATIONS OF

THE DRAZIN AND W-WEIGHTED DRAZIN

INVERSES OVER THE QUATERNION SKEW
FIELD WITH APPLICATIONS

Ivan Kyrchei*
Pidstryhach Institute for Applied Problems of Mechanics
and Mathematics, National Academy of Sciences of Ukraine,
Lviv, Ukraine

Keywords: quaternion matrix, generalized inverse, Drazin inverse, weighted
Drazin inverse, Moore-Penrose inverse, weighted Moore-Penrose inverse, sys-
tem of linear equations, Cramer’s rule, quaternion matrix equation, generalized
inverse solution, least squares solution, Drazin inverse solution, differential ma-
trix equation

AMS Subject Classification: 15A09, 15A24, 11R52

Abstract

A generalized inverse of a given quaternion matrix (similarly, as for
complex matrices) exists for a larger class of matrices than the invertible
matrices. It has some of the properties of the usual inverse, and agrees
with the inverse when a given matrix happens to be invertible. There

*E-mail address: kyrchei@online.ua.
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202 Ivan Kyrchei

exist many different generalized inverses. In this chapter, we consider
determinantal representations of the Drazin and weighted Drazin inverses
over the quaternion skew field.

Due to the theory of column-row determinants recently introduced by
the author, we derive determinantal representations of the Drazin inverse
for both Hermitian and arbitrary matrices over the quaternion skew field.
Using obtained determinantal representations of the Drazin inverse we get
explicit representation formulas (analogs of Cramer’s rule) for the Drazin
inverse solutions of the quaternionic matrix equations AXB = D and,
consequently, AX = D, XB = D in both cases when A and B are
Hermitian and arbitrary, where A, B can be noninvertible matrices of
appropriate sizes. We obtain determinantal representations of solutions
of the differential quaternionic matrix equations, X’ + AX = B and
X’ + XA = B, where A is noninvertible as well.

Also, we obtain new determinantal representations of the W-weighted
Drazin inverse over the quaternion skew field. We give determinantal
representations of the W-weighted Drazin inverse by using previously
obtained determinantal representations of the Drazin inverse, the Moore-
Penrose inverse, and the limit representations of the W-weighted Drazin
inverse in some special case. Using these determinantal representations
of the W-weighted Drazin inverse, we derive explicit formulas for deter-
minantal representations of the W-weighted Drazin inverse solutions of
the quaternionic matrix equations WAWX = D, XWAW = D, and
W ;AW XW3;BW,; = D.

1. Introduction

Let R and C be the real and complex number fields, respectively. Throughout
the paper, we denote the set of all m X n matrices over the quaternion algebra

H = {ao + a1i + asj + agk | i* = j* = k* = —1, ag, a1, az, a3 € R}

by H™*", and by H"*™ the set of all m x n matrices over H with a rank 7.
Let M (n, H) be the ring of n x n quaternion matrices and I be the identity
matrix with the appropriate size. For A € H"*™, we denote by A*, rank A the
conjugate transpose (Hermitian adjoint) matrix and the rank of A. The matrix
A = (a;;) € H"*" is Hermitian if A* = A.

The definitions of the generalized inverse matrices can be extended to
quaternion matrices as follows.
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Drazin and W-Weighted Drazin Inverses Over the Quaternion ... 203

Definition 1.1. The Moore-Penrose inverse of A € H™*", denoted by At is
the unique matrix X € H"*"™ satisfying the following equations,

AXA = A; (1.1)

XAX = X; (1.2)
(AX)* = AX; (1.3)
(XA)* = XA. (1.4)

Definition 1.2. For A € H" " with k = Ind A the smallest positive number
such that rank A*T! = rank A¥, the Drazin inverse of A is defined to be the
unique matrix X that satisfying (1..2) and the following equations,

AX = XA; (1.5)
AFIX = AF, (1.6)

It is denoted by X = AP In particular, when Ind A = 1, then the matrix X is
called the group inverse and is denoted by X = AY.

If IndA = 0, then A is invertible, and AP = AT = A~1,

Cline and Greville [1] extended the Drazin inverse of a square matrix to
a rectangular matrix, which can be generalized to the quaternion algebra as
follows.

Definition 1.3. For A € H™*" and W € H"™™, the W-weighted Drazin
inverse of A with respect to W is the unique solution to equations,

(AW)FFIXW = (AW)*; (1.7)
XWAWX = X; (1.8)
AWX = XWA, (1.9)

where k = max{Ind(AW), Ind(WA)}. It is denoted by X = A4 w.

The problem of determinantal representation of generalized inverse matri-
ces only recently begun to be decided through the theory of column-row de-
terminants introduced in [2,3]. The theory of row and column determinants
develops the classical approach to a definition of a determinant as an alternat-
ing sum of products of elements of a quadratic matrix but with a predetermined
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204 Ivan Kyrchei

order of factors in each summand of a determinant. A determinant of a ma-
trix with noncommutative elements is often called the noncommutative deter-
minant. Unlike other known noncommutative determinants such as determi-
nants of Dieudonné [4], Study [5], Moore [6,7], Chen [8], quasideterminants of
Gelfand-Retakh [9], the double determinant built on the theory of the column-
row determinants has properties similar to the usual determinant, in particular,
it can be expand along arbitrary rows and columns. This property is neces-
sary for determinantal representations of the inverse and generalized inverse
matrices. Determinantal representations of the Moore-Penrose inverse, the min-
imum norm least squares solutions of some quaternion matrix equations over
the quaternion skew-field have been obtained in [10, 11]. Determinantal repre-
sentations of an outer inverse Ag )S has introduced in [12,13] using column-row
determinants as well. Recall that an outer inverse of a matrix A over complex
field with prescribed range space 1" and null space S is a solution of (1..2) with
restrictions,
R(X)=T, N(X)=S.

Within the framework of the theory of column-row determinants Song [14] also
has gave a determinantal representation of the W-weighted Drazin inverse over
the quaternion skew-field using its characterization by an outer inverse Ag )S
But, in obtaining of this determinantal representation, auxiliary matrices that
different from A or its powers are needed. In this chapter, we shall obtain
new determinantal representations of the Drazin inverse and the W-weighted
Drazin inverse of A € H"™*" with respect to W € H"*™ by using only
their entries. These determinantal representations of the Drazin and W-weighted
Drazin inverse will be used for explicit determinantal representation formulas of
the Drazin and W-weighted Drazin inverse solutions of some quaternion matrix
equations.

The chapter is organized as follows. We start with some basic concepts and
results from the theory of row-column determinants and the theory of quater-
nion matrices in Section 2. In Section 3, we give the determinantal representa-
tions of the Drazin inverse of a Hermitian quaternion matrix in Subsection 3.1
and an arbitrary quaternion matrix in Subsection 3.2. In Section 4, we obtain
explicit representation formulas for the Drazin inverse solutions of quaternion
matrix equations AXB = D and, consequently, AX = D, and XB = D.
In Subsection 4.1, we consider the case when A, B are Hermitian, and they
are arbitrary in Subsection 4.1. In Section 4.3, we show numerical examples to
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illustrate the main results. In Section 5, we apply the obtained determinantal
representations of the Drazin inverse to solutions of differential matrix equa-
tions. In Subsection 5.1, we give a background for quaternion-valued differ-
ential equations. In Subsection 5.2, determinantal representations of solutions
of the differential matrix equations, X’ + AX = B and X’ + XA = B are
derived, where A € H"™ " is noninvertible. It is demonstrated in an exam-
ple in Subsection 5.3. In Section 6, we obtain determinantal representations of
the W-weighted Drazin inverse by using introduced above determinantal repre-
sentations of the Drazin inverse in Subsection 6.1, the Moore-Penrose inverse
in Subsection 6.2, and the limit representations of the W-weighted Drazin in-
verse in some special case in Subsection 6.3. In Subsection 6.4, we show a
numerical example to illustrate the main result. By using determinantal repre-
sentations of the W-weighted Drazin inverse obtained in the previous section,
we get explicit formulas for determinantal representations of the W-weighted
Drazin inverse solutions (analogs of Cramer’s rule) of some quaternion ma-
trix equations in Section 7. In Subsection 7.1, we consider the background of
the problem of Cramer’s rule for the W-weighted Drazin inverse solution. In
Subsection 7.2, we obtain explicit representation formulas of the W-weighted
Drazin inverse solutions (analogs of Cramer’s rule) of the quaternion matrix
equations WAWX = D, XWAW = D, and W; AW XW,BW; = D. In
Subsection 7.3, we give numerical examples to illustrate the main result.

Facts set forth in Sections 3 and 4 were partly published in [15], in Section
6 were published in [16] and in Section 7 were partly published in [17].

2. Preliminaries. Elements of the Theory of the Column
and Row Determinants

Suppose S, is the symmetric group on the set I,, = {1,...,n}. Through the
chapter, we denote i =1,...,nbyi=1,n.

Definition 2.1. The i-th row determinant of A = (a;;) € M (n, H) is defined
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forall i = 1,n by putting
rdetiA =

Z (=" (a“kl Qi iy 41+ 'aik1+zli) . '(aikrierrl - 'aierrlrikr)?
O'ESn

0 = (Likytky41 - - Tk y) (ko fhatd - - - Thotly) - - (i Tt 1 - Tk, ) 5
with conditions iy, < ig, < ... <1t andip, < ig,ysfort = 2. rands =1,1,.
Definition 2.2. The j-th column determinant of A = (a;;) € M (n, H) is de-
fined for all j = 1, n by putting

cdet; A =

Z (=™ (a’jkrjerrlr - 'ajerrlikr) . '(ajjk1+l1 < Qg 10k ajklj)7
TES’n
T = (jkr+lr . 'jkr+1jkr) s (jk2+l2 e 'jk2+1jk2) (jk1+l1 e 'jk1+1jk1j) )

with conditions, jg, < jrs < ... < Jjk, and jg, < jg,+s fort = 2,7 and
s = 1, lt.

Suppose A%/ denotes the submatrix of A obtained by deleting both the i-th
row and the j-th column. Let a ; be the j-th column and a; be the i-th row of
A. Suppose A ; (b) denotes the matrix obtained from A by replacing its j-th
column with the column-vector b, and A ;. (b) denotes the matrix obtained from
A by replacing its i-th row with the row-vector b.

We note some properties of column and row determinants of a quaternion
matrix A = (a;j), where i € I, j € Jy and I, = J, = {1,...,n}. These
properties completely have been proved in [2, 3].

Proposition 2.1. Ifb € H, thenrdet;A; (b-a;) =b-rdet;A foralli=1,n.

Proposition 2.2. Ifb € H, thencdet; A j (a; - b) = cdet; A-bforall j = 1,n.
Proposition 2.3. Iffor A € M (n, H) there exists t € I,, such that a;; = bj+c;
forall j = 1,n, then

rdet; A = rdet; Ay (b) 4 rdet; Ay (c),

cdet; A = cdet; Ay (b) + cdet; Ay (c),

where b = (by,...,b,) € H*", ¢ = (¢1,...,¢,) € H™, i =T, n.
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Proposition 2.4. Iffor A € M (n, H) there existst € J,, suchthat a;y = b;+c;
forall i =1,n, then

rdet; A =rdet; A ;(b) +rdet; A ;(c),

cdet; A = cdet; A 4 (b) + cdet; A 4 (c),

where b = (by,...,b,)T € ", ¢ = (c1,...,c,)T e ™, j =T n.

Proposition 2.5. If A* is the Hermitian adjoint matrix of A € M (n, H), then
rdet; A* = cdet; A foralli =1,n.

The following lemmas enable us to expand rdet; A by cofactors along the
i-th row and cdet ;A along the j-th column respectively for all ¢, j = 1, n.

Lemma 2.3. Let R;; be the ij-th right cofactor of A € M (n,H), that is,
n

rdet; A = ) a;; - Rijforalli=1,n Then
j=1

_ Qi (o N il h— J,if 1>
Ry =4 TrdewAG (@), 177, k_{j—l, if i<jo QD)
rdety A% i=7, k=min{l, \ i},

where AZ; (a.;) is obtained from A by replacing the j-th column with the i-th
column, and then by deleting both the i-th row and column.

Lemma 2.4. Let L;; be the ij-th left cofactor of A € M (n,H), that is,

n

cdet; A = Z Lij-a;;forall j =1,n. Then

=1
B 9i(a . Rz iof 7>

Li; = cdety, A7 (aj.), @7 ], k_{i—l, if §<i (2.2)
cdety, A%, i=j, k=min{J, \ j},

where Af] (aj.) is obtained from A by replacing the i-th row with the j-th row,
and then by deleting both the j-th row and column.

The following theorem has a key value in the theory of column-row deter-
minants.

Theorem 2.5. If A € M (n, H) is Hermitian, then rdet1 A = - - - = rdet, A =
cdetiA = -+ - = cdet, A € R.
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Remark 2.6. Since all column and row determinants of a Hermitian matrix
over H are equal, we can define the determinant of Hermitian A € M (n, H) by
putting for alli = 1, n,

det A := rdet; A = cdet; A.

Properties of the determinant of a Hermitian matrix is completely explored
in [3] by its row and column determinants. They can be summarized by the
following theorems.

Theorem 2.7. [f the i-th row of a Hermitian matrix A € M (n, H) is replaced
with a left linear combination of its other rows, i.e. a; = ci1a;, + ...+ cpa;, ,
where ¢; € H foralll = 1,k and i,1; € I, then

rdet; A; (Clail, +...+ ckaik,) = cdet; A;. (Clail, +...+ ckaik,) =0.

Theorem 2.8. If the j-th column of a Hermitian matrix A € M (n,H) is
replaced with a right linear combination of its other columns, i.e. a; =
ajci+...+aj.cy wherecy € Hforalll =1,k and j, 5, € Jy, then

cdetj A.j (a,jl c1+...+ a,jkck) = rdetj A.j (a,jl c1+...+ a,jkck) =0.

The following theorem on determinantal representations of an inverse ma-
trix of Hermitian follows directly from these properties.

Theorem 2.9. If A € M (n, H) is Hermitian, and det A # 0, then there exists
a unique right inverse matrix (RA) ™! and a unique left inverse matrix (LA)™*
of A, where (RA)f1 = (LA)f1 =: A~Y, and they possess the following
determinantal representations, respectively,

Ri1 Ror -+ Rm
rA =g [ L ey
Ri, Ron - R
Ly Loy -+ Lm
S 7Y A FCY
Lin Loy --- Lnn

where R;j, L;; are the right (2.1) and left (2.2) ij-th cofactors of A for all
1,5 =1,n
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Remark 2.10. If det A = 0, we say that a Hermitian quaternion matrix A €
M (n, H) is singular because, in this case, A is noninvertible.

Since principal submatrices of a Hermitian matrix are Hermitian, the prin-
cipal minor can be defined as the determinant of its principal submatrix by anal-
ogy to the commutative case. In [3], we have introduced the rank by principle
minors that is the maximal order of a nonzero principal minor of a Hermitian
matrix. The following theorem determines a relationship between it and the col-
umn rank of a matrix defining as ceiling amount of right-linearly independent
columns, and the row rank defining as ceiling amount of left-linearly indepen-
dent rows.

Theorem 2.11. If A € M (n, H) is Hermitian, then its rank by principal minors
are equal to its column and row ranks.

Due to the non-commutativity of quaternions, there are two types of eigen-
values. A quaternion ) is said to be a right eigenvalue of A € M (n,H) if
A - x =x- A, and A is a left eigenvalue if A - x = X - x for some nonzero
quaternion column-vector x € H".

The theory on the left eigenvalues of quaternion matrices has been investi-
gated, in particular, in [18,19,20]. The theory on the right eigenvalues of quater-
nion matrices is more developed. In particular, we note [21,23,24,25,26,27].

Proposition 2.6. [25] Let A € M (n, H) be Hermitian. Then A has exactly n
real right eigenvalues.

Right and left eigenvalues are in general unrelated [27] but it is not for Her-
mitian matrices. Suppose A € M (n, H) is Hermitian and A € R is its right
eigenvalue, then A - x = x- A = X\ - x. This means that all right eigenvalues
of a Hermitian matrix are its left eigenvalues as well. For real left eigenvalues,
A € R, the matrix AXI — A is Hermitian.

Definition 2.12. If A\ € R, then for a Hermitian matrix A the polynomial
pA (A) = det (AI — A) is said to be the characteristic polynomial of A.

The roots of the characteristic polynomial of a Hermitian matrix are its real
left eigenvalues which are its right eigenvalues as well. We can prove the fol-
lowing theorem by analogy to the commutative case (see, e.g. [28]).

Theorem 2.13. If A € M (n, H) is Hermitian, then pa (\) = A" — d;\"~1 +
doA""2 — .. .+ (—=1)" d,, where dy, is the sum of principle minors of A of order
k,1<k<n, andd, = det A.
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3. Determinantal Representations of the Drazin Inverse

As one of the important types of generalized inverses of matrices, the Drazin
inverses and their applications have well been examined in the literature (see,
e.g., [29,30,31,32,33,34]). In [35], Stanimirovi¢ and Djordjevi¢ have intro-
duced a determinantal representation of the Drazin inverse of a complex matrix
based on its full-rank representation. In [36], we obtain determinantal represen-
tations of the Drazin inverse of a complex matrix used its limit representation. It
allowed to obtain the analogs of Cramer’s rule for the Drazin inverse solutions
of some matrix equations. In this chapter we extend studies conducted in [36]
from the complex field to the quaternion skew field.

3.1. Analogues of the Classical Adjoint Matrix for the Drazin
Inverse of a Hermitian Matrix

For Hermitian matrices, we apply the method which consists of the theorem
on the limit representation of the Drazin inverse, lemmas on rank of matrices
and on characteristic polynomial. This method at first has been used in [36],
afterwards in [37,38]. By analogy to [39] the following theorem on the limit
representation of the quaternion Drazin inverse can be proved.

Theorem 3.1. If A € H"*"™ with Ind A = k, then
—1 —1
AP = lim ()\In n A’f“) A¥ = lim A ()\In n A’f“) ,

where A € Ry, and R is a set of the real positive numbers.

(™) and 2™

Denote by a; i

tively.

the j-th column and the ¢-th row of A™, respec-

Lemma 3.2. If A € M (n, H) with Ind A = k, then

rank (A’”l)'i (a??) < rank (AkH) . 3.1
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Affl <a§

)

Proof. The matrix Affl <a§k)

; alsa.(g’;)

ajy

n

(k)
Z Anslgy
s=1

) can be represented as follows

n

k
Z alsa.(sn)
s=1

o

n
k
Z Gns a.(sn)
s=1

Let Py (—a;;) € H™ ™, (I # i), be a matrix with —a;; in the (I, 7)-entry,
1 in all diagonal entries, and O in others. This is a matrix of an elementary

transformation. It follows that

5 arsaly) 5 arsal)
s=j sj
D | L T I I
14 . .
Z ansag];) Z ansagﬁ)
s7j s7j

The above obtained matrix A has the following factorization.

a 0 a k k k
S E
A=]l0 ... 1 0 d21 @22 @2n
G 0 ag) \em @yl
Denote the first matrix by
ar 0 ain
A= 0 1 0 |i—th
anl 0 Ann
j—th

The matrix A; is obtained from A by replacing all entries of the i-th row and
the j-th column with zeroes except for 1 in the (7, j)-entry. Since elementary
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.
min {rank AF rank A} By rank A, > rank A, the proof is completed. [

transformations of a matrix do not change its rank, then rank Affl <a<k)> <

The next lemma is proved similarly.

Lemma 33. If A € M (n, H) with Ind A = k, then rank (A1), (a{")) <
rank (AFT1)

We shall use the following notations. Let o = {aq,...,ax} C
{1,...,m} and B8 = {01,...,0k} C {1,...,n} be subsets of the order
1 < k < min{m,n}. By A denote the submatrix of A determined
by rows indexed by o and columns indexed by 3. Then A& denotes the
principal submatrix determined by the rows and columns indexed by a. If
A € M(n,H) is Hermitian, then by |A%| denote the corresponding prin-
cipal minor of det A. For 1 < k < n, the collection of strictly increas-
ing sequences of k integers chosen from {1,...,n} is denoted by Ly, :=
{a:a=(a1,...,0), 1 <a; <...<ar <n}. Forfixedi € aand j € f3,
let I, p{i} ={a:a€Ll,y,ical, J {j}:={B:8€Lpnjecpf}

Analogues of the characteristic polynomial are considered in the following
two lemmas.

Lemma 34. If A € M (n, H) is Hermitian with Ind A = k and X € R, then

n

.1

cdet; ()\I + AkH) (a??) = cgij))\”*l + cgj))\”*Q +...+ c(ij), (3.2)

e 9 =, (A1) (o)

i) = 3 cdeti((A’““) ,(Eﬂ%))g
BEJs, n{i} !

foralls=1,n—-1,4,7=1,n.

Proof. Denote by b_; the i-th column of A*T! =: (bij), «n- Consider the
Hermitian matrix (AI+ A*t1) (b ;) € H™". It differs from (AT + A**1)

in an entry b;;. Taking into account Theorem 2.13, we obtain

det ()\I + A’f“) (b)) =d AN h dAN2 kL ko d,,  (33)

.1
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where ds = > | (Ak+1)g| is the sum of all principal minors of order
BETs, nii}
s that contain the i-th column for all s = 1,n—1 and d,, = det (A’”l).
> a®ay
11
1
2 a;’;) Wi k k
Consequently, we have b ; = l = ZaFl)ali, where a.(l) is
: l
k
Z aiﬂ)ali
1

the {-th column of A* for all [ = T, n. Due to Theorem 2.5, Lemma 2.4 and
Proposition 2.2, we obtain on the one hand

det ()\I n A’f“) (b)) = cdet, ()\I n A’f“) (b.;) =

N

> cdet; (AL+ A1) (aa;) =

l
zl: cdet; (AL+ A1) (a) - an. G4

On the other hand having changed the order of summation, forall s = 1,n—1
we have

do= > det (A’f“)gz 3 cdety (A’f+1

BEJTs, n{i} B€Js, n{i}

Z chet ((AkH) (a(’;)alz>

ﬂeJS n{l} l

Z Z cdet; ((AkH) . (aF’;)

l ﬂeJS n{l}

N~—
N———

By substituting (3.4) and (3.5) in (3.3), and equating factors at a;; when ! = j,
we obtain (3.2). |

The following lemma can be proved similarly.

Lemma 3.5. If A € M (n, H) is Hermitian with Ind A = k and X € R, then

rdetj()\I+A’“H)j, (al("k)) _ rgij))\nfl _+_r;ij))\n72 T+ “+rgj)7
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where 17 = rdet; (AF1);. (al(-k)) and ) =
> rdet; ((A’”l)j, (a(-k )) “foralls=1,n—landi,j=1,n.

aels,n{j}

Theorem 3.6. If A € M (n, H) is Hermitian with Ind A = k andrank A*+1 =

rank A¥ = 1, then the Drazin inverse AP = (aﬁ) € H"™*"™ possess the

following determinantal representations:

S cdet; ((Akﬂ) ¥ (akﬂ>> g

ﬁeJr,ni
D= b , (3.6)
S|k
ﬂeJr,n
or
S rdet; (A1), @) g
D aelr,n{j}
D _ ) 3.7
> AR g 7
aEIr,n
Proof. At first we prove (3.6). By Theorem 3.1, AP =

;\in%) ()\In+Ak+1)71 AF. The matrix (AI+AFY) e H™™ is a full-

rank Hermitian matrix. Taking into account Theorem 2.9, it has an inverse
which can be represented as a left inverse,

L1 Loy ... Lp
-1 1 L L ... L
AT Ak+1> _ 12 Loz n2
(Ar+ eI+ AR [ ..
Lln L2n s Lnn

where L;; is a left ij-th cofactor of a matrix AI + A**!. Then, we have

(Ar+ Ak Ak

Z LSlasl Z L51a52 Z slasn
s=1 s=1 s=1
n n n
_ 1 > Loaly Y Lialy > L
det (AL + AF+T) | =1 s=1 s=1
n n
> Loaly 3 Loy z Lonalt)
s=1 s= s=1
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By using the definition of a left cofactor, we obtain

cdet; (AI+AR) (a) cdet; AI+AR1) (al))
det(AI+AK+1) e det(,\1+Ak+1)
AP = lim .
AU cdetn (AT AR L (af >) cdet, (AL+ART) (al))
det(,\1+Ak+1) det(,\1+Ak+1)
(3.8)
By Theorem 2.13, we have
det (AL+ A1) = X" 4+ A" + doA™ 2 + ...+ d,
where d; = ) ) (Ak“) g) is a sum of principal minors of A¥*! of order s
BEJTs,n
forall s =1,n — 1 and d,, = det A**1,
Since rank A**! = rank A¥ = r, thend, = d,_1 = ... = dp11 = 0. It

follows that det ()\I + Ak“) =N+ AN A2 A AT
Using (3.2), we have
cdet; ()\I I Ak+1> | (a(< )) ( 7) \n—1 (ij))\n72 U ()

.J n

forall i,j = I,n, where /) = 3 cdet; ((A’Hl).i (é?)) g for all
BEJs,ni{i}

s=1,n—1and cgj) = cdet; (Ak“)'i (a??). We shall prove that c,(jj) =0,
when k > r+ 1foralli,j = 1,n.
Since by Lemma 3.2, (Ak“).i (a“ﬂ) < r, then the matrix

-J

(Ak“)'i (a??) has no more r right-linearly independent columns. Consider
((Ak“) b (a?)) g, when 3 € J,,{i}. This is a principal submatrix of

(Ak“) p (a??) of order s > r + 1. Deleting both its i-th row and column, we

obtain a principal submatrix of order s — 1 of A**!1. We denote it by M. The
following cases are possible.

o Lets =7+ 1 and det M # 0. In this case all columns of M are right-
linearly independent. The addition of all of them on one coordinate to

columns of ((Ak“)'i (a&k )>> g keeps their right-linear independence.
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J
column is the right linear combination of its basis columns. From this by

Theorem 2.8, we get cdet; ((Ak“) py (a?)) g =0,when 3 € J; ,{i}
and s =r+ 1.

Hence, they are basis in the matrix ((Ak“) y (a@)) g, and the i-th

e If s =r+1anddet M = 0, then p, (p < s), columns are basis in M
and in (Ak“) .(a(k)

A\

cdet; ((Ak“) y (a(k)>> g = ( as well.

J

) g So, by Theorems 2.11 and 2.8 we obtain

o If s > r + 1, then from Theorem 2.11 it follows that detM =
0 and p, (p < 7r), columns are basis in the both matrices M

and ((Ak“)'i (a?)) g Therefor, by Theorem 2.8, we have

cdet; ((Ak“) y (a?)) g =0.

Thus, in all cases, cdet; ((A’”l) py (a??)) g = 0, when § € J,,{i} and

r+1<s < n.Fromhere,ifr +1 < s < n, then

= X () (58)) =0

B€Js,n{i}

and ) = cdet; (Ak“)'i (a??) =0foralli,j =1,n.

Hence, cdet; ()\I+ Ak“)'i (a?’?) = cgij))\”*l + céij))\”*Q + ...+
cﬁfj A" for all i,7 = 1,n. By substituting these values in the matrix from
(3.8), we obtain

cgll>)\"’1+...+c£11))\"*r cgln>)\"*1+...+c£1n>)\"’r
D A pdi A1 fd AT T AN Rd AT I d AT
AY = lim .. o =
A—0
- cgn1>)\"’1+...+c£n1>)\"*r cgnn>)\"*1+...+c£nn>)\"*r
AN d A1 fd AT A d A L d AT
(11) (1n)
Cr Cr ~
T . T
c£n1> C7(Nnn)
T Ta
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where o7 = ﬂegn{i}cdeti((A’““).i(a.(f)))g and d, =
3 )(Ak+1) g)
BEJTr, n

Thus, we obtained the determinantal representation of A" by (3.6).
The determinantal representation of A” by (3.7) can be proved similarly.
O

In the following corollaries we introduce determinantal representations of
the group inverse A9 and the projection matrices A” A and A AP, respectively.

Corollary 3.1. If IndA = 1 and rank A? = rank A = r < n for a Hermi-

tian matrix A € H" ", then the group inverse A9 = (a%) possess the
nxn

following determinantal representations:

> cdet; ((A2) |, (a)

g — BEJr,n{i}

> o|ang

BEJIr, n

> rdet; ((AQ)j.(ai.)) o

g _ aelr,n{j}

> (A%

aEIr, n

or

Proof. The proof follows immediately from Theorem 3.6 in viewof k = 1. [J

Corollary 3.2. If IndA = k and rank A¥*! = rank A*¥ = r < n fora
Hermitian matrix A € H™ ", then

> cdeti< Ak+1 (a( +1) ))
APA — | BETentd (3.9)
k1) B ’ '

o el
nxn
and
> rdet; (A (@) g
D ae[r,n{j}
AL > @) (340
aEIr,n v
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Proof. At first we prove (3.9). Let APA = (vij)nxn. Using (3.6) for all
i,j = 1,n, we have

Vij = Z QEJTE’:"{Z'} edets ((Akﬂ) i (aF;;))) 5

. b ‘(Ak+1)g‘ TQsj =
BEJIr, n
> > cdet; ( (AFT1) (a( ) asj)) > cdety ( (AFFT) (a(kH)))
BEJr, ni{i} s ﬁEJr, n{i}
> [ear) g > @ g
BEJIr, n BEJIr, n

By analogy can be proved (3.10), using the determinantal representation of the
Drazin inverse by (3.7). |

32. Determinantal Representations of the Drazin Inverse for an
Arbitrary Matrix

For an arbitrary matrix A € M (n,H) with IndA = k and rank A**! =
rank A¥ = 7, we can not apply the method proposed for Hermitian matrices
primarily because the lemma on the characteristic polynomial for an arbitrary
quaternion matrix is not possible in general. We shall use a basic equality on the
Drazin inverse and determinantal representations of the Moore-Penrose inverse
by the following proposition and theorem, respectively.

Proposition 3.1. [30] If Ind(A) = k, then
AD _ Ak(A2k+1)+Ak.
Theorem 3.7. [I0] If A € H™ ™, then the Moore-Penrose inverse AT =

+ nxXm H H H .
(ai j> cH possess the following determinantal representations:

> cdet; ((A*A).i (a*]>> g

of = BESr nii} - , (.11)
> |ara)g)
ﬂeJr, n
or N N
IZ 0 rdet; ((AA"); (a])) o
+ aclrm]
af; = _ , (3.12)
J ; I(AA*) ¢
ac ,m
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foralli=1,n,5=1m.
Therefore, an entry of the Drazin inverse of A € M (n, H) is
k+1)\ T (k
ZZ @it ( t? H) aij) (.13)
s=1 t=1

for all i, j = 1,n. Denote by &4 the s-th column of (AZFF1)*Ak —. A =
. *

(Gij) € H™ ™ for all s = 1, n. It follows from ) | (a,(zkﬂ)) ai’;) = a jand

(3.11) that )

> (a2 )l -

s=1
n > Cdett<<(A2k+1) A2k+1> ( 2k+1> )
Z BEJr, n{t}

p SO |(A2kH1)T (A2KHD) ﬂ’ 8
ﬂeJr,n ﬂ
Y cdety ((A2k+1)* (AZkH1) t(é'j)> g
BeJr, n{t} '

S ’(A2k+1)* (A2k+1) g’
BEJr,n

So, the Drazin inverse A" possess the following determinantal representation,

Salf) X cdet, (M%) (%) (@) ]

op = L PNl ' (3.14)

v 3 (A2k+1)*(A2k+1)g) ’ '
ﬂeJr,n

foralli,j =1,n.
Denote by &;. the t-th row of AF(AZF1)* = A = (a;;) € H™™ for all

N *
t =T, Itfollows from ay3” (af?*)" = & and (3.11) that
t
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n n > rdets ((A%Jrl (A%H)*) (aka+1>) ) o
Z“W (a§2k+1))+ _ a(m.aen, n{s} s
oA = > [(AZRFL(A2RH1)T) g
ae}r,n
> vder, (A% (A%4)7) (a)) 2
a€ly n{s} .5
> AT (AT g
ae}r,n

Therefore, the Drazin inverse AP possess the following determinantal repre-

sentation,
i ( Z rdets <<A2k+1 (A2k+1)*> (éz )) g) ai’;)
D s=1 \a€l, n{s} -8
dij = S }(A2k+1 (A2k+1)*) g} , (3.15)

aEIr, n
for all i, j = 1, n. Thus, we have proved the following theorem.

Theorem 3.8. If A € M (n, H) with Ind A = k and rank A*T! = rank A% =
7, then the Drazin inverse AP possess the determinantal representations (3.14)
and (3.15).

Using obtained determinantal representations (3.14) and (3.15), we have the
following corollaries. Their proofs are similarly to the proofs of Corollaries ??
and ??, respectively.

Corollary3.3. If A € M (n, H) with Ind A = 1 andrank A? = rank A? = r,

g

then the group inverse A9 = (%’j) possess the following determinantal
nxn

representations

Saq Y odet; (A% (A%, (a) "

g =1 peln{t}
> [a%) (A%

)

s=1 \a€l; n{s}

v > [(A%(A%)) g ’

aEIr, n

5 ( S ety (A (A7), (a0) g) »
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foralli,j =1,n.
Corollary 3.4. If A € M (n, H) with Ind A = k and rank A**! = rank A* =

r, then

i ( S rdety <<A2k+1 (A2k+1)*> (éi,)> g) ai’;ﬂ)
ADA — s=1 \a€l; n{s} S
S ‘(A2k+1 (A2k+1)*) g‘ ’
aEIr,n
and
i az('tk+1) Z cdet, ((A2k+1)* (A2k+1).t (é.j)> g
AAD — t=1 BeJr n{t}
S )(A2k+1)* (A2k+1) g)
ﬂeJr,n

where Ak(A2k+1)* — A — (aij) and (A2k+1)*Ak _ A = (éij)-

4. Cramer’s Rule of the Drazin Inverse Solutions of
Some Matrix Equations

One of the main applications of the determinantal representation of an inverse
matrix by the classical adjoint matrix is the Cramer rule. In this section we shall
show that the obtained determinantal representations give the exact analogues
of Cramer’s rule for the Drazin inverse solutions of some matrix equations.

For an arbitrary matrix over the quaternion skew field, A € H™*", we
denote by

e R (A)={yeH": y=Ax, x € H"}, the column right space of A,
o N.(A)={y e H": Ax = 0}, the right null space of A,

e Ri(A)={yeH": y=xA, x € H"}, the column left space of A,
e N.(A)={y e H": xA = 0}, the left null space of A.
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Consider a matrix equation
AXB =D, 4.1)

where A € H"", B € H™*™, D € H™™ are given, and X € H"*™ is
unknown. Let Ind A = ky and IndB = ks.
It’s well known (see, e.g., [12]) that the equation (4.1) with restrictions

R.(X) C R (A™), N,.(X) D N, (B*?),
Ri(X) C Ri(AM), Ni(X) D Ni(B*2),

has a unique solution X = APDBP.

4.1. The Case of Hermitian Matrices

Denote AKDB* =: D = (d;;) € H™™,

Theorem 4.1. If A, B are Hermitian, rank AFitl — rank AR = r1 < n for
A € H"™", gnd rank BF2t1 = rank B2 = 5 < m for B € H™*™, then, for
the Drazin inverse solution X = APDBP = (z,;) € H™™ of (4.1), we have

S cdet; ((ARFY) (d%))ﬂ

i B
P U : 42)
S [k s B
BETrn a€lry m
or
> rdet; (B (d2)) 8
ae[rz,’m{j} .
Tij = ) 4.3)
> |@anmg s e
BETrn a€lry m
where
B= rdetj<<Bk2+1>4 (&l,)) cH™!, [ =T,n, (44)
ae[rz,m{j} > «
NN
d? = cdet; ((APHY) (d, eH™™, t=1,m, (4.5)
5 (), 0)]

are the column vector and the row vector, respectively. &Z and & j are the i-th

row and the j-th column off)for alli=1,nj=1,m.
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Proof. An entry of the Drazin inverse solution X = APDB? = (z;;) €

anm iS
T = (Z agdts> b2 (4.6)
s=1 t=1
forall? = 1,n, j = 1, m, where by Theorem 3.6
T e (a8, () 4
BETr, n{i} '
g = ! s , 4.7
> |an g
ﬂeJ’I‘l,n
S rdet; ((BR),. (b)) &
D ae[rg,m{j}
= > B | @9
aEIr2,m

Denote by d, the s-th column of AMD = D = (JU) € H™>*™ for all
m. It follows from aF’fl)dts =d , that
t

S =

> cdet; ( A’“1Jr1 (a%”))

- " pEIrn
S afdi =y e drs =
t=1 t=1 ‘ A’“1Jr1 ‘
ﬁEJrl n
> cdet; ((A’“H) ; (aFf”)) g ~ds > cdet; ((A ’“H) ; (d;))g
ﬁEJﬂ"l’H{i} t=1 ’ 766‘]7‘1»"{1‘} )
SRTCIE r W
BEJIr,n BEJ ri,n

Suppose e and e are respectively the unit row-vector and the unit column-
vector whose components are 0, except the s-th components, which are 1. Sub-
stituting (4.7) and (4.8) in (4.6), we obtain

> ‘ cdet; ((A’“H) y (dAs)) g > rdet; ((Bk2+1)j.(bgl.v2>)) o

Z BEJry, n{i} a€lry,mi{s}

e =

T H ST > (B g
BETry n a€lrym

Since

n m

A A (k2

d,= g e dis, b S, bsl €, g dts Sl —dtb
t=1

=1 s=1
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then we have

Tij =
ST Y cdets (AR (e) fhiblY X rdet; (BY ) (er) &
s=11=1t=18€Jp n{i} ’ a€lry m{j} _
> @ x @l
BEJTry, n a€lry,m
n m ~
Z Z Z cdeti ((Alirl) ¥ (e,l)) gdtl Z rdetj ((BkQH)j.(et,)) g
tle:lﬂEJTLn{i} OZEITQ,m{j}
> (ARG |(BRet) g
ﬂEJTl,n ae]rg,*m
4.9)
Denote by
A
dy =
- B n B~
cdet; (AR d = det; (AR d
oot (A7) (d1)) =30 3T ede (A1) (o) du
BETry, nii} t=1 geJry, ni{i}

the [-th component of a row-vector dﬁ = (df}, . df}n) for alll = 1, m. Sub-
stituting it in (4.9), we have

3 dﬁ > rdet; ((Bkﬁl)j.(el.))z
=1 aEIrg,m{j}

DR ECEOY
BEJ’I‘l,n

xij =

> (B

aEITQ,'m

m
Since > dfe;. = dA, then it follows (4.3).
=1

If we denote by

Bemddn Y wdery (B ) = Y ety (B, @)
=1

DtEIrZ,m{j} aEITz,m{j}

the ¢-th component of a column-vector d?‘j = (d]f‘j7 ey dEj)T forallt = 1,n
and substitute it in (4.9), we obtain

S cdet; (AR (e ) dB
t=1BeJr; n{i} ' g

> |(ARH)S
BEJ’I‘l,n

xij =

> |(BR)T

aEITQ,m
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n
Since ) e (dp; = dB, then it follows (4.2). O
t=1

Consider a matrix equation
AX =D, (4.10)

where A € H™*", D € H™ ™ are given, A is Hermitian, and X € H"*™ is
unknown. Let Ind A = k. We denote AFD =: D = (d i) € H™ ™. Putting
B =1Iin (4.1) we evidently obtain the following corollary.

Corollary 4.1. If rank A**! = rank A* = r < n for Hermitian A € H"*",
then for the Drazin inverse solution X = APD = (z;;) of (4.10), we have

ST cdet; ((Ak“) y (&]>> g

gy = P& etd - , 4.11)
3 }(Ak+1) [3}
ﬂeJr, n
where (Sl,j is the j-th column off)forj =1,m.
Consider a matrix equation
XB =D, (4.12)

where B € H™*™, D € H™ ™ are given, B is Hermitian and X € H™*™ is
unknown. Let IndB = k and denote DB* =: D = (d;;) € H"*". Putting
A =Tin (4.1) we evidently obtain the following corollary.

Corollary 4.2. If rank B*¥t! = rank B¥ = r < n for Hermitian B € H" ™,
then for the Drazin inverse solution X = DBP =: (xij) of (4.12), we have for
i=1,nj=1,m

5> rdet; (B, (di)) &
gy = 2Efrmid} ' (4.13)
K > 1Bl ' '

aEIr, m

where d;_ is the i-th row of D fori =1, n.
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42. The Case of Arbitrary Matrices

Using the determinantal representations (3.14) for arbitrary A € H"*" and
(3.15) for arbitrary B € H™*™, we obtain the following theorem and corollar-

ies by analogy to Theorem 4.1, Corollaries 4.1 and 4.2, respectively.
Denote (AZFi+1)* AkiDBR2 (B2F2+1)* = D = (d;;) € H™™.

Theorem 4.2. If rank A¥1t! = rank A"t = r; < n for VA € H™", and
rank B! = rank B = 7y < m for VB € H™ ™, then for the Drazin
inverse solution X = APDBP = (z;;) € H"™™ of (4.1), we have

Saf) S cdet (A1) (%) (aB)) ]

t=1 BeJry, n{t}
Ti3 —
J Z )(A2k1+1)* (A2k1+1) g) Z }(B2k2+1 (BQk2+1)*) g}
ﬁeJrl,n OtEIrg,m
4.14)
or
> ( S ety (B4 (B%1)) (ah)) g) L
Tii = s=1 \a€lry, m{s} 8
ij > }(A2k1+1)*(A2k1+1)g Y |(BYet (B2k2+1)*)g}7
ﬁeJrl,n OtEIrg,m
4.15)
where
d® = 3 det, (B2 (B*:)7)  (d,)) o | o) | e m™,
(S5 e (@) @))z) )
(4.16)
and
df = [ Salf) 30 cder( (A1) (A204) (@) ]em,
t=1 BEJIry, n{t} '
“4.17)

and &p,, (;l,q are the p-th row and the q-th column of D, respectively, for all
g=1,np=1m.

Corollary 4.3. Ifrank A**! = rank A¥ = r < n for A € H"™™, then, for the
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Drazin inverse solution X = APD = (x;;) of (4.10), we have
i az('tk) T cdety ((A2k+1)* (A2k+1)'t (&,j>> g

3 ’(A2k+1)* (A2k+1) g’
BEJr,n

. (4.18)

where (Sl,j is the j-th column of D = (A2 ARD forallj =T, m,i =1, n.

Corollary 4.4. If rank B¥*! = rank B* = r < m for B € H™ ™, then, for
the Drazin inverse solution X = DBP =: (z;;) of (4.12), we have

g ( T rdet, <<B2k+1 (BQk+1)*> ) (&J) g> ai’;)

B s=1 \a€l m{s}
Tij = S [(B2FH (B2 g , (4.19)
aEIr,m
where d;. is the i-th row of D = DBF2 (B2t 1)* forall i =T, n, j = 1, m.
4.3. Examples
In this section, we give examples to illustrate our results.
1. Let us consider the matrix equation
AXB =D, (4.20)
where
1 k —i 1 1 1
A=|-k 2 ,Bz(. ),D—kl
. -1 1
i —5 1 1 3
3 4k =3
Since A? = —4k 6 47 |, detA = det A? = 0, and
3 —47 3
1 k 3 4k
det (—k 2) =1, det (—4k 6 ) = 2, then, by Theorem 2.11, Ind A =1
and r; = rank A = 2. Similarly, since B2 = (—221 222), then IndB =1

and ro = rank B = 1.
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Because A and B are Hermitian, we shall find the Drazin inverse solution
X = (xf;) of (4.20) by the equations (4.2)-(4.4). We have Y |(B?) &| =

acly o
2+2=4,

N 3 4k 3 —3i 6 45\
> )(A)ﬂ)_det<_4k 6)+det<3i g )tdet{ . 5)=4
BEJ2, 3
Since

_ 1—12 141
D=ADB=|—-i+j5 1-k |,
147 —1+42
then by (4.4)
dB = | Y wdet; ((B7), (4)) | emt, 1=1,23 j=12
OLEILQ{j}

Thus, we have

1—i 1+
dB=(—-i+j], aB=|1-%|.
1+ —1+i

1—¢ 4k -3
(A%) (@B)={—i+j 6 4j],
14+¢ —457 3
and finally we obtain
> cdet((A%) | (d5)) 5

d _ BeJ2 {1}

T =
>

BEJ23

1 1—14 4k 1—14¢ -3¢ _3—i+2
E(Cdet1<—i+j 6)+Cdet1<1+z’ 3))_78 .

(A25] > (B2

a€11,2
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Similarly,

)

1 1+4 4k 1447 -3¢ 1+3i—2k
d _
= (cdet1< g 6)+Cdet1 1+i 3 ))

1 3 1—1 14+9 4 -3t —j +4k
xglz— (cdetQ (—4k i+ ) + cde t1< 1—|—7,] ?')]>> j ,

—k 45 )) 3+4j+k

)

-1+

1 3 1 6 1+3@+2k
xg1:—<cdet2<3i 1+)+cdet2< 4 1_H)) _
6
4j

1 3 141 1-— —3+z+2j
d
Tgy = 16 (cdetQ (32 14 )+Cdet2< _1+2))
So,
1 3—14+25 1+3¢—2k
Xl=—| —3i—j+4k 3+4j+k
1+3i+2k —-3+i+2j

is the Drazin inverse solution of (4.20).
2. Let us consider the matrix equation

AX =D, (4.21)
where
i 7 k 1 4
A=|1 -k 57],D=1k 1
1 0 1 1
—14+j+k —i+Ek -1
Since A? = i+j—k —143j i ,  A*A =
2 J -1+k
3 -2k 1+2j
2k 2 -2 |,
—14+27 21 3
10 2425 -6k 2+2i+45+2k
(AH*A%2=| 2-2j+6k 5 =3i+j+2k |,
2—-21—45—-2k 3—j5—2k 4
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det A*A = det(A%)*A* = 0, det (;’k _22’“) =2,

10 242 -6k _
det<2—2j+6k 5 )_6’

then, by Theorem 2.11, Ind A = 1 and »r = rank A = 2. We shall find the
Drazin inverse solution X% = (x%) of (4.21) by (4.18). Since

23 2+3i+5j— 17k 8+4i+ 155 + 2k
(A3*A3 = |2-3i—5j+17k 15 3—13i+2j + 5k |,
8 —4i—15j — 2k 3+ 13i —2j — 5k 15
then
sus A3 8| 23 2+ 3i45j — 17k
> }((A)A)ﬁ}_det<2—3i—5j+17k 15
B€J2,3
15 3—13i42j+ 5k
- det <3+13i—2j—5k: 15 >
23 8 4 4i + 155 +2k\
et (8—4@'— 15] — 2k 15 > =72
Further,
—11—9i — 65 + 2k 9—6i—j
D=(A*AD= | —5+5i—4j — 10k —1—2i—7j+6k |,
—10—4i+7j —3k 3—4i—T7j— 4k
and
A —11-9i—6j +2k 2+3i+5j — 17k 8+ 4i+ 155 + 2k
((AS)*AS)Al(dAl): 54 5i—4j — 10k 15 3 13i +2j + 5k | .
—10—4e+7j —3k 3+13:— 25 — 5k 15

Complimentary Contributor Copy



Drazin and W-Weighted Drazin Inverses Over the Quaternion ... 231

Therefore, finally we obtain

Sow % cder (A% 49 (d.1)) ]

t=1 ﬁEJzyg{t}

= 3)xA3) 2 -
> |as)yas) ]
BEJ2,3
i 1 2+ 3i+5j 17k 1 8+4z+15j+2k
7 (cdet1 (kz 5 ) (1 >)+
J 23 1 k 33— 132+2j+5k
76 (Cdet? (2—3z’—5j+17k k)“detl (1 ))+
L3
76

det 23 + cdet k =
O\ 8 — 4i— 155 — 2k 1 caet 3+132—2j—5k 1))~
3k)

1
~(7-1 _
76(7 Ti+5j

Similarly,

aty = %(13+29i — 135 + 13k) + i(37+ 3i + 145 + 18k) — %(7+21¢ — 425 4 10k) =

1
76(

x§1:716( 5—91_123_4k)+—( 5+ 18i — 5j + 8k) + 9(25+6i+28j—k):

33 — 11¢ + 35 — 23k),

7—6(—49 — 13i + 295 — 15k),

ad, = %(13+29¢ — 135 + 13k) + %(3” 3i + 145 + 18k) — %(Hm — 42j + 10k) =

1
76

—(—47 + 51 — 17§ + T1k),
3 —i(—5—9¢—12'—4k)+3(—5+18¢—5'+8k)+i(z5+6i+28'—k)—
3776 I 76 J 76 =
i(711+16i711j+24k)
T4 = —(13 + 297 — 135 + 13k) + %(37 + 3i + 145 + 18k) — %(7—1— 21i — 42 + 10k) =
%(34 + 22 — 35 + 55k).

Thus,we have the Drazin inverse solution of (4.21),

) 7T—17Ti+5j—3k  —33—11i+3j — 23k
X4 = = —49 — 13i 4+ 29§ — 15k —47 +5i — 175 + 71k
—11+ 167 — 115 + 24k 34+ 22i — 3j + 55k
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5. Applications of the Determinantal Representations
of the Drazin Inverse to Some Differential Matrix
Equations

In [40], applications of the Drazin inverse to linear systems of differential equa-
tions with singular constant coefficients have been done. In [41], we recently
have obtained determinantal representations of solutions of some singular dif-
ferential complex-valued matrix equations. In this chapter we extend studies
conducted in [41] from the complex field to the quaternion skew field.

5.1. Background for Quaternion-valued Differential Equations

(QDE)

Consider a quaternion-valued function of real variable, f : R — H, (¢t € R
is a real variable), such that f(¢t) = fo(¢t) + f1(t)i + fa(t)j + f3(¢t)k. The
first derivative of a quaternionic function f(¢) with respect to the real variable ¢
denote by,

It is easy to prove the following proposition on properties of the derivative
of quaternionic functions.

Proposition 5.1. Ifq : R — Handr : R — H are differentiable, then (q +
r)(t), qr(t) and, for any integer n > 1, q" are differentiable, and

(atr)(t)=d'(t) £r'(t), (5.1)

(ar)'(t) = d'(t)r(t) + a(t)r'(1), (5.2)
n—1

[a*(®)) => o (t)d (B)a™ 7 (1). (5.3)
=0

If f;(t) forall I = 0, 3 is integrable on [a, b] C R, the f(¢) is integrable and

/abf(t)dtzLbfo(t)dt+Lbf1(t)dti+/abe(t)dtﬁ/abfg(t)dtk,
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Consider a matrix valued function A (t) = (a;;(t)) € H"*" ® R, where a;;(t)
are quaternion-valued functions with the real variable ¢ for all 7, j = 1, n. Then

We need the exponential of ¢ € H that can be defined by putting,

"

expq = (5.4)

n!’
n=0

From the definition of a quaternionic exponential (5.4), we evidently have the
following properties.

Proposition 5.2. If q,r € H are such that qr = rq, then exp(¢+7r) =
(exp g)(expr).

Proposition 5.3. If q : R — H is differentiable and o' (t)q(t) = q(t)q'(t),
then
[expa(t)]’ = [expa(t)] d'(1).

In [42], the linear quaternion differential equations,

q'(t) = a(t)q(t), (5.5)
and
q'(t) = q(t)a(t), (5.6)

with the initial condition ¢(t9) = go have been considered and the following
proposition has been derived.

Proposition 5.4. Let q(t) = ®;(t)qo and q(t) = qo P, (t) be solutions of (5.5)
and (5.6), respectively. If

a(t) /t a(r)dr = /t a(r)dra(t), (5.7)

to to

then
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. . t

If a is constant, then, evidently, fto a(r)dt = a(t—tp), and ®;(t) =
®,(t) = expla (i — o).

The similar result has been obtained in [43] as well. In [43], the following
nonhomogeneous differential equation corresponding to (5.5) has been consid-
ered,

q'(t) = a(t)q(t) + £(1), (5.8)

where f : [0,7] — Hand a : [0,7] — H. It has been shown, if condition (5.7)
is satisfied, then the solutions of (5.8) are given by

q(t) = exp ( /O t a(T)dT) (q(O) + /O "exp ( /O " (—a(r) dr) f(s)ds) L (te[0,T)).

5.9
In the special case when a is constant and q(0) = 1, then the solutions of (5.8)
are given by

q(t) = exp (at) (/Ot exp (—as) f(s)ds) , (te]0,T7). (5.10)

5.2. Determinantal Representations of Solutions of Some Singular
Differential Quaternion-Matrix Equations

Consider the matrix differential equation
X'+ AX =B, (5.11)

where A € H™™, B € H"*" are given, X € H"*" is unknown. By (5.10) the
general solution of (5.11) is found to be

X(t) = exp (—At) (/ exp (At) dt) B.
If A is invertible, then
/exp (At)dt = A Vexp (A1) + G, (5.12)
where G is an arbitrary n X n quaternionic matrix.
Since A~ lexp (A) = exp (A) A%, then the general solution of (5.11) is

X(t) = {A7! + exp (—At) G}B. If A is noninvertible, then due to [30] the
following theorem can be expended to quaternion matrices.
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Theorem 5.1. If A € H™™" has index k, then

2 k—1
/exp (At)dt = A" exp (At) + (I- AAP) [T+ A AL A Gl

2 3! k!
(5.13)

Proof. Differentiate the right-hand side of (5.13), and use the series expansion
for exp (At). O

Using (5.13) and the series expansion for exp (—At), we get an explicit
form for a general solution of (5.11),

2 k—1
X(t) = {AD +(I—- AAP)t (1 - %t + %# - ...(—1)’“’1ATtk’1) + G} B.

If we put G = 0, then the following partial solution of (5.11) is obtained,

(-
k!

X(t) = APB+(B—APAB)t— %(AB—ADAQB)tQ—f—... (A" 'B—APA*B)t*,

(5.14)
Theorem 5.2. If A € H"*™ has index k and rank AR = rank AF = r < n,

then the partial solution (5.14), X(t) = (zi;), possess the following determi-

nantal representation,
1. when A € H™ " is Hermitian,

£ WO (L e (s (5):
i = BEJr, nii} _ + by, - BEJIr, n{i} : .
> ‘(AkJrl) ﬁ‘ Z ’(AkJrl)ﬂ’
BEJr, n BEJIr, n
> cdet; (A'“J.r1 (B(’?”))) g
. v i J
oY PRttt o
’ > s g
BEJIr, n

k41 (7)) 8
. > ‘ cdet; (A'i (b'j ))ﬁ
(—1) Nk—1)  BEJr nfi}
P

S T I R

BEJTr n

where A'B =: B) = (/l;l(é)) e H™*" for alll = k, 2k;
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2. when A is arbitrary,

Salf) N cdet, ((a%41) (A% (d9)) 4

= > ’(A2k+1)*(A2k+1)ﬂ’
BEJr, n 7
Yol X edet, (A7) (a2 (D)) ]
b s=1 BEIr, n{s} ’ "
Y > )(A2k+1)*(A2k+1)ﬂ
ﬂeJr,n
iaz('tk) S cdet, ((A2k+1) (A1)
B I O N
2 (Y > )(A2k+1)*(A2k+1)ﬂ
BEJr, n 7
ial(f) S cdets (A2k+1) (A2k+1 (
(D" | sw-1) 571 Bednnls) ( )
k! “ > )(A2k+1) (A2k+1) )
BEJr, n ﬂ
(5.16)

where (A2F1)*AMHB = AAIB =: DO = (Jg)) € H™" foralll = 1,k
and foralli,j =1,n.

Proof. 1. Using the determinantal representation of A” by (3.6), we obtain the
following determinantal representation of the matrix A” A™B := (y,;),

zn: cdet; (A{“jl (a (k>)) Z a(m>btj
vij = Zazs Za(’">btj = > = =

BETrn{i} > ‘(AkJrl)ﬁ‘
BEJIr,n
zn: cdet; (Ak.Jrl (at(kﬂn)))ﬁ by ST cdet; (A’fjl (B(lerm))) g
=1 - ' g _ Bed i}
s 3 ] > [ar) ]
BEJIr,n BETr n

forall i, j = 1,nand m = 1, k. From this and the determinantal representation
of the Drazin inverse solution (4.11), it follows (5.15).
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2. The proof of (5.16) is similar to the proof of (5.15) by using the determi-
nantal representation of A” by (3.14). U

Consider the matrix differential equation
X'+XA =B (5.17)

where A € H"*", B € H"*" are given, X € H"*" is unknown. The general
solution of (5.17) is found to be

X(t) = Bexp (—At) ( / exp (At) dt) .

If A is invertible, then by (5.12) the general solution of (5.17) is X(t) =
B{A™! + exp (—At) G}. If A is noninvertible, then an explicit form for a
general solution of (5.17) is

X(t) =

A A2 Akfl
B {AD +(I—AAP) (I -5t ?tQ + ...(—1)’“1715’“) + G} .

If we put G = 0, then we obtain the following partial solution of (5.17),

(-
k!

X(t) = BA? + (B—BAAP)i— %(BA—BA2AD)#+... (BA* "1 _BAFAP)*,

(5.18)
Theorem 5.3. If A € H"*" has index k and rank ARl = rank AF = r <n,

then the partial solution (5.18), X(t) = (zi;), possess the following determi-

nantal representation,
1. when A € H™"*" is Hermitian,

A )5 (2 e (a0 6):
aclyr niJ acly nij
Tij = . + |bij — t
! > (AR gl ! > [(ARF) g
acly pn a€lrpn

- (k2 o
(1) > oY (A?'H (b§'+ >)) )
61 _ @ rn

N > (A1) gl

acly pn

2+

1
2

> rdet; (A?fl (BEQM)) py
(—l)k j=1 _ a€lrn{j} ik
k! ” > l(Ak+1) gl '

acly pn
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where BAl =: B() = (Z)Z(é)) e H™" for all | = k, 2k;
2. when A € H™" is arbitrary,

£ (L, o (30 o) @) a)

Tij = Z |(A2k+1 (A2k+1)*) g|
D‘EIT‘, n
S 3 et (A% (A7) @) g )al)
b, — =t €l aish s .
+ | bij — S [(A2k+T (AZRF1)) g
D‘EIT', n
> > rdets ((A%+1 (A2k+1)*) (&(2))) o ai’;)
1]y s=t\aelnafs) 8 2
2 ij Z |(A2k+1 (A2k+1)*) g| + ..

a€ly n

- 2k+1 (A 2k+1)* T o | (k)
(=" | yoe-1) 52::1 <QEI§L{s}rdet5 ((A (A™) ).5 (d )) a) " k
I S AT (AT 3

a€ly n

where BAFH A2k — BAIA =: DU = (dl(é)) € H™" foralll = 1,k
and foralli,j =1, n.

Proof. The proof is similar to the proof of Theorem 5.2 by using the determi-
nantal representation of the Drazin inverse (3.6) and (3.14), respectively. |

5.3. An Example

Let us consider the matrix equation

X'+ AX = B, (5.19)
where
1 k —i i 7
A=|-k 2 j|,B=|1 -k j
1 -5 1 1 0 1
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3 4k =31
Since A2 = —4k 6 45 |, detA = detA? = 0, and
3i —45 3
1 k 3 4k
det (—k 2) =1, det ik 6 ) = 2, then, by Theorem 2.11, Ind A =1

and 1 = rank A = 2. Since A is Hermitian and Ind A = 1, then we shall find
the solutions (z;;) € H>*3 by (5.15),

) (HMY)) 8 (2)
Tij = ﬂe%{;{z} et <A2.Z (b'] )) ﬂ-l— bij — Be Iz, s{i }Cdetl <A2 ( ’ >> t
RSN > |a2
BEJ2, 3 BE T2, 3
foralli,j =1,2,3. Wehave, > |(A2) g} —4

BeJ2, 3

ko 1+j 1—i+k
BO=AB=|2 i-2k 1+2j—k]|,
i i+k 14i—j
4k  4+3j 3—4i+3k
B® =A’B=| 6 4i—6k 4+6j—4k
—4j 4i+3k 4+3i—3j

Therefore,
1 k 4k 4k 4k
m11:Z<cdet1 (2 6)+cdet1 (_. )) ( ——[cd t1< 6)+
4k -3 1
e (2 9]+ (5 ) o= -0+
1 145 4k 145 —3i 1 4435 4k
Ti2 = 1 (cdet1 (i—2k 6) + cdet; (i+k 3 ))+(] 1 {cdetl (4i—6k 6 +

4+3j -3 1 N T . L
cdety <4i+3k 3 )])t— Z(_2+2])+< — 1[2]])26— 0.5+ 0.55 4+ (0.57) ¢;

=itk 4k l—itk —3i
x13—1<cdet1<1+2j_k 6)+Cdet1<1+ij 3)>+
3—4i+3j 4k 3—di+4k -3\, _
( _[Cdet1<4+6j—4k 6)+Cdet1<4+3i—3j 3)])“
1
1

1
(2 + 2i + 2k) + (k -2+ 11k]) t =0.5+0.5i + 0.5k + (—0.5 — 4.5k) t;
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1 3 k 2 45 1 3 4k
To1 = 1 (cdetz (—4k 2) + cdet1 (—j 3)> + (1 1 [cdetz (—4k 6 ) +

odets (_ij ‘g)]) - 3(4) + (1 - % [—4k]) t=1+(1+k)

1 1+ i— 2%k 4y
Too = 1 (cdetz ( i Zk) + cdet1 (i—i—k 3 +
1 443 4 — 6k 45 B
(‘ _Z[Cdet2< Ak 4 — 6k>+Cdet1 <4i+3k 3 ) )=

i(—Zi — k) + (—k - i [—4k]) t= —0.5i — ks

1 3 1—i+k 1+2j—k 4j
x23—1<cdet2<_4k 1+2j—k)+Cdet1<1+i—j 3)>+
1 3 3—4i+3k 4465 —dk 45 B
(9 Z[Cdet2<—4k 4+6j—4k>+Cdet1<4+3i—3j 3)])“
1 . 1 .
(2445 +2k) + (g -3 [4]]) t = —0.5+j + 0.5k;
1 3k 6 2 1 3 dk
m31—1<cdet2 <3i _j)—i—cdetz (—4j _J))—l—(l—z[cdetz <3i —4j)+
6 6 1, (1 .
cdeta (—4j _4].)]) t= 1(2]) + (z 1 [O]) t=0.5] + ¢
1 L+ 6 i—2k
T30 = 1 (cdetz ( ) + cdets (—4j it k)) +
1 3 443 6 4i—6k\TY), _
(0_Z[det2 <3i 4i+3k)+‘“'det2 (—4j 4i+3k)]>t_
i(—Zi +2k) + (—% [Zk]) t = —0.5i + 0.5k + (=0.5k)¢;
1 3 1—i+k 6 1+2—k
x33_4<Cdet2<3i 14i— )+Cdet2<—4j 1+i—j)>+

1 3 3—4i+3jk 6 4+6j—4k\]), _
(Z 4[Cdet2<3i 4+3i—3j)+‘“'det2<—4j 4+3i—3j)]>t_

(=24 2i — 2j) + (z - i [2i — Zj]) t = —0.540.5i — 0.5j + (0.5i — 0.5;)t.
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6. Determinantal Representations of the W-Weighted
Drazin Inverse for an Arbitrary Matrix

The properties of the complex W-weighted Drazin inverse can be found in [1,44,
45,46,47,48]. These properties can be generalized to H. In particular, if A €
H™*™ with respect to W € H"™™ and k = max{Ind(AW), Ind(WA)},
then

Agw = A (WA)?))” = (AW)P))? A, 6.1)

AgwW = (WA)? WA, w = (AW)P. (6.2)

Determinantal representations W-weighted Drazin inverse of complex matrices
have been received by a full-rank factorization in [37] and by a limit represen-
tation in [49].

Through the theory of column-row determinants, a determinantal represen-
tation W-weighted Drazin inverse over the quaternion skew-field for the first
time has been obtained in [14] by the following theorem.

Theorem 6.1. Letr A ¢ H™", W ¢ HY™™" with k =
max{Ind(AW), Ind(WA)} and and rank(AW)* = s Suppose that

B¢ HZESL*S) and C* € Hzfgmﬂ) are of full-ranks and
R,(B) = N, ((WA)’“) , N.(C) =R, ((AW)’“) ,
Ri(C) = N ((AW)), Ni(B) = Ry ((WA)").

Denote

WAW B
- [WAW B

Then the W-weighted Drazin inverse Agw = (a);; € H"*"™ has the following
determinantal representations:

m-—+n—s *
. Zk:1 Lkimkj

Qi5 = det M*M 7i = 17m7j = 17”7 (63)
or m+n—s m* Rk,’
aij = S s L=k (6:4)

where Ly are the left (ij)-th cofactor of M*M and R;; are the right (ij)-th
cofactor of MIM*, respectively, foralli,j =1, m+n — s.
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As can be seen, the auxiliary matrices B and C have been used in the de-
terminantal representations (6.3) and (6.4). In this chapter we escape it. We
shall derive determinantal representations of the W-weighted Drazin inverse of
an arbitrary matrix A € H™*™ with respect to W € H"*™ by using the de-
terminantal representations of the Drazin inverse, of the Moore-Penrose inverse,
and the limit representation of the W-weighted Drazin inverse in some particular
case.

6.1. Determinantal Representations of the W-Weighted Drazin
Inverse by using Determinantal Representations of the
Drazin Inverse

Let A € H™*" and W € H"*"™. Denote WA =: U = (u;;) € H"*" and
AW =:V = (v;;) € H™ ™. Due to Theorem 3.6 for an arbitrary element of
the Drazin inverse U”, we have the following determinantal representations,

Sl X edet ((UHF) (U (@) ]

D1 =1 BEJr, n{t}

uy 6.5)
S [(U2kH1)* (U2k+1) g’
ﬂeJr,n
or
i ( S rdet, <<U2k+1 (U2k+1)*> (1'11-,)) g) ug’;)
Do s=1 \a€l, s} s
Yig = S [(UF (U g 6.6)
aEIr,n

where 1 j is the j-th column of (UZ+1)*U* = U = (4;;) € H™ ", and w;,
is the i-th row of U¥(U?*+1)* = U = (u;;) € H"" for all 4,j = T, n, and
r = rank UM = rank U*,

Then, by (6.1), we can obtain the following determinantal representations
of Ad,W = (afj’w) e Hmxn,

n
ai™ =" aig(ul)® (6.7)
=1
where
D, D,f
Z Ugp Up; (6.8)
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foralll, f =1,2. uﬁ ! and uﬁ 2 are represented by (6.5) and (6.6), respectively.
Similarly, using V = (v;;) € H™*™, we have the following determinantal
representations of A w,

af™ = "(vD)Day;. (6.9)
q=1

The first factor is one of the four possible equations

m

()@ => v tol (6.10)

p=1

forall I, f = T,2. An element of the Drazin inverse V can be represented by

m

S Uitk) S cdet, ((V2k+1)* (V2k+1) t(‘?j)) g
D1 = Bedrm{t} '

Yij (6.11)
S ’(V2k+1)* (V2h+1) g’
ﬂeJr,m
or
g ( S rdet, <<V2k+1 (V2k+1)*> (\'fi,)) g) vgf)
D2 571 \a€l, m{s} -
Yij = S }(V2k+1 (V2k+1)*) g} , (6.12)

aEIr, m

where ¥ ; is the s-th column of (V2k+1)*VFk = V= (055) € H™ ™ and v,
is the t-th row of VF(V2kH1)* = V = (v;;) € H™ ™ for all s,¢ = 1, m, and
r = rank VF*1 = rank V¥,

6.2. Determinantal Representations of the W-Weighted Drazin
Inverse by using Determinantal Representations of the Moore-
Penrose Inverse

Consider the general algebraic structures (GAS) of the matrices A € H"™*",
W € H»™, AT € H»™, W € H™" and Agw € H™*" with k =
max{Ind(AW), Ind(WA)} (e.g., [44,45,46,47)).
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Let exist L € H™*™ and Q € H"*" such that

_ Y STR —1 _ Wi 0 1
A_L[ . Aﬂ}Q ,W_Q[ 0 Wﬂ}L .

Then

1 -1
A+:Q[A61 g}Ll, W+:L[W11 O}Ql,

Wi A W)™t 0 _
Ad,W:L[( 11A11 W) O}Q L

0

where L, Q, A11, W11 are invertible matrices, and A9oWoy, Woo Aoy are
nilpotent matrices. Due to [47], the following theorem can be expanded to H.

Theorem 6.2. Let A € H™*" and W € H"™ ™ such that AysWos and
WooAogy be nilpotent matrices of index k in GAS form. Then the weighted
Drazin inverse of A with respect to W can be written as matrix expression
involving the Moore-Penrose inverse,

Agw = {(AW)’f [(AW)Q’““} ! (AW)’f} W, (6.13)

where k = max{Ind(AW), Ind(WA)}.
Similarly, the following theorem can be obtained.

Theorem 6.3. Let A € H™*" and W € H"™™ such that AooWao and
W Aogs be nilpotent matrices of index k in GAS form. Then the W-weighted
Drazin inverse of A with respect to W can be written as the following matrix
expression,

Agw =W+ {(WA)’“ [(WA)%H} ! (WA)’“} , (6.14)

where k = max{Ind(AW), Ind(WA)}.

Proof. Since Wo2A oo is a nilpotent matrix of index k, then due to GAS of
A, W and their generalized inverses, we have the following Jordan canonical
forms,

A 1WA 0 - ko (Wi1A1)* 0]
WA_Q[ 0 W22A22}Q (WA _Q[ 0 O}Q E
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[(WA)%H}+ ~Q [(W11A11)2k1 0} Q.

0

Simple computing of W+ {(WA)’“ [(WA)2k+1] * (WA)’“} proves the theo-

rem,

W {(WA)k [(owayrn]” (WA)k} _
L {W(—)il g] [(Wua&u)k 8} {(W11A(1)1)2’“ g} {(Wu(;*n)k 0] Q=
L [Wl_ll(W11A11)k(w11A11)_2k_1(W11A11)k 0} Q! =
0 0
L {Wﬁl(W&lAu)_l g] Q=

WA W)™t 0]
L[( 11 16 11) O}Q -

O

Using (6.13), an entry afjfw of the W-weighted Drazin inverse A 4w can be
obtained as follows

m

W — i i > ol (oG )%fl’“)w; 6.15)

s=1t=1 [=1

foralli =1,m,j = 1,n. )
Denote by W;. the t-th row of VFW* = W = (w;;) € H™*" for all
t = T, m. It follows from 3" v{F'w# = w; and (3.12) that
]

. > . }rdetj (WW?), (w]) o
k), + (k)  @€lr1,nid
v W = Uy =
; o Z > [(WWH) g

DtEITl, n

LZ et (Ww"), (#e)) @
> (WW) gl ’

DtEITI, n

(6.16)
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where 71 = rank W. Similarly, denote by v;_ the ¢-th row of V¥(V2k+1)* —.
o . *

V = (0;;) € H™ ™ forall t = 1, m. It follows from ) | vff) (vgkﬂ)) =V,
and (3.12) that ’

m m > rdet ((V%+1 (V%“)*) (Vg.%“))*) o
ngk) (U(Qk+1))+ _ N ) E I m ) t _
=E =t S (VA (V) g
- = acly m
S xdety ((VEFL(VEY)T) () 8
DtEIr,m{t} t.

6.17)

2 (VAL (VER ) g ’

a€ly m

where r = rank W*™! = rank W*. Using (6.16) and (6.17) in (6.15), we
obtain the following determinantal representation of A g w ,

dW __
a;; o =
S8 xdety ((VEH(VE)T) (@) 8 8 xdet; (WWT), (W) &
t=1 acl, m{t} t. aelrl,n{j}
> l(VERRL(VEER T gl 3 [((WWX) g
a€ly m aelrl,n

(6.18)
Thus, we have proved the following theorem.

Theorem 64. Let A € H™" and W € H™ with k =
max{Ind(AW), Ind(WA)} and r = rank(AW )**1 = rank(AW)¥. Then
the W-weighted Drazin inverse of A with respect to W possesses the deter-
minantal representation (6.18), where V.= AW, V = Vk(VQkH)*, and
W = Viw*,

Similarly we have the following theorem.

Theorem 6.5. Let A € H™" and W € H*™ with k =

max{Ind(AW), Ind(WA)} and r = rank(WA)**! = rank(WA)*. Then
the W-weighted Drazin inverse of A with respect to W possesses the following
determinantal representation,

AW _
ag” =
> > cdet; ((W*W) ; (W.t)) g > cdety (((U2k+1)* U2k+1) (ﬁ.j)) g
t=16€Jr,, m{i} ’ BEJTr, n{t} 't
> |wew) g‘ ) ‘((U%H)* U2kl g‘
ﬁeJﬂ"l,WL BEJTr n

(6.19)
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where U = WA, U = (U1 *UF and W = W*UF.

Proof. Using (6.14), an entry a%w of the W-weighted Drazin inverse A w
can be obtained as follows

ZZZ% uf) (D) ul (6.20)
s=1 t=1 [=1

for all i = 1,m, j = 1, n. Denote by W, the ¢-th column of W*U* = :W =
(tb;;) € H™" for all t = T, n. It follows from YW <™ = W, and (3.11)

that
Y. cdet; (W*W) , (w)

n
ﬂeJr ,m{l} k
szs Uy _Z : ugt) =

i > wew) ]
ﬂeJ’I‘l,m
3 edet (W*W),; (W.))
BETry, m{i}
5 , (6.21)
> |wew) ]

ﬂeJ’I‘l,m

where r;1 = rankW. Similarly, denote by 1 ; the j-th column of

(U2k+1)*Uk = U = (a;;) € H™™ for all j = 1,n. It follows from
*

> (u,(l%ﬂ)) ul(]k) = and (3.11) that

1

Z( 2k+1> ]1;):

=1
n >, cdety (((U%H U2k+1> ( (2k+1) ) )
Z BEJTr, n{t} g

u =
P 3 ’((U2k+1) U2k+1) ’ LJ
ﬂeJr,n
T cdet (((U2k+1)* U2k+1> (ﬁ.j)> g
BEJr nft} !
. (6.22)
S )((U2k+1)* U2k+1) g)
ﬂeJr,n
where 7 = rank(AW)**! = rank(AW)*. Using the equations (6.22) and
(6.21) in (6.20), we obtain (6.19). O
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6.3. Determinantal Representations of the W-Weighted Drazin
Inverse in Some Special Case

In this subsection we consider the determinantal representation of the W-
weighted Drazin inverse of A € H™*"™ with respect to W € H"*"™ in a special
case, when AW =V = (v;;) € H™ and WA = U = (u;;) € H"™" are
Hermitian. Then, for the determinantal representations of their Drazin inverse
we can use (3.6) and (3.7).

For Hermitian matrix, we apply the method, which consists of the theorem
on the limit representation of the Drazin inverse, lemmas on rank of matrices
and on characteristic polynomial. By analogy to the complex case [39] we have
the following limit representations of the W-weighted Drazin inverse,

—1
Agw = lim (AIm n (AW)k+2) (AW)*A (6.23)
and _1
Agw = lmA(WA)* (AL, + (WA)*2) (6.24)

where A € R, and R, is a set of the real positive numbers.
Denote by v(k) and v( ) the j-th column and the i-th row of V¥, respec-
tively. Denote by Vk (AW)kA € H™ " and W = WAW € H"™*™,

Lemma 6.6. [f AW =V = (v;;) € H"™™ with IndV = k, then
rank (V¥2) (907) < rank (VH+2). (6.25)

Proof. We have VF*2 = VFW. Let P, (—wjs) € H™™, (s # i), be a
matrix with —0; , in the (4, s)-entry, 1 in all diagonal entries, and O in others.

The matrix P; ¢ (—w;s), (s # 1), is a matrix of an elementary transformation.
It follows that

Z oo .oa L ; 3 g
(V’““) (+%) TIPis (~ms0) = TR
: (k) (k) (k)
s#i Z VmnsWs1  «vv ppi oo Z U sWsm
S#] S#]
i—th
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‘We have the next factorization of the obtained matrix.

S oWy @§’;) o e,
s#£j s#j
> @ﬁ’fgwsl . 177(7’;) Y @ﬁ’fgwsm
S5#j s#j
i—th
(k) _(k _(k w 0 w
R A
— | a1’ U3 Vo 0 1 0 j—th
k) (k (k
Tl g o Bn ) \ oy e O oe. B
i—th
wyp ... 0O .. Wi
Denote W := 0 ... 1 .0 j — th. The matrix W is
Wp1 .. 0 ... Wpm
i—th

obtained from W = WAW by replacing all entries of the j-th row and
the ith column with zeroes except for 1 in the (7, j)-entry. Since elementary

transformations of a matrix do not change a rank, then rank V'ki+2 (\7?) <

min {rank Vk, rankW}. It is obvious that

rank V¥ = rank (AW)*A > rank (AW)*+2,
rank W > rank WAW > rank (AW )*+2,

From this the inequality (3.1) follows immediately. U
The next lemma is proved similarly.

Lemma 6.7. [f WA = U = (u;;) € H"" with IndU = k, then
rank (U’H?) ' <ﬁ§k)> < rank (U’H?) ,

where UF := A(WA)F ¢ H™*",
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Analogues of the characteristic polynomial are considered in the following
two lemmas.

Lemma 6.8. If AW =V = (v;;) € H™*™ is Hermitian with IndV = k and
A €R, then

cdet; ()\Im+V’“+2>'i (?07) = At N2 i), (6.26)

where cgl 7) cdet; (V’”?).i (VF?) and

= ¥ cdeti<<Vk+2>'i<‘7.(jk)>>g

B€Js, ni{i}

foralls=1,n—1,4i,5=1,n

Proof. Consider the Hermitian matrix (tI + V’”Q)' (v (k+2)) e H"*". Taking
into account Theorem 2.13, we obtain

.1

det ()\I n V’f“) (v“?“)) = AN L A2 d,, (627

where ds = > | (Vk+2)g| is the sum of all principal minors of order
BE s, n{i}
s that contain the i-th column for all s = 1,n— 1 and d,, = det (V’”Q).
11 Wid
l
(k) -
Z Uél Wi
Consequently, we have va+2) = ‘l = ; va)wli, where VFl’C) is
— (k) -
Z ”r(d)wli

the I-th column of V¥ = (AW)FA and WAW =W = (wy;) foralll =1, n.
By Theorem 2.5, we obtain on the one hand

det (/\I + Vk”) (vff+2>) — cdet; ()\I + VW) (VFf“)) _

= Zl: cdet; ()\I + Vk“). (v(k)wlz) = Xl:cdeti (/\I + Vk+2).i (\‘f(];)) T

(6.28)
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On the other hand, having changed the order of summation, forall s =1,n—1
we have

do= 3 det (V’f“)gz 3 cdet; (V’f+2

ﬂejs,n{l} ﬂEJS n{ }
)

ST0Y cdet, ((V’f”) i(vff)wzi)
BETs n{i} 1

Z Z cdet; ((V’”?) i (’\_/'(lk)>> g -y (6.29)

I Beds n{i}

By substituting (6.28) and (6.29) in (6.27), and equating factors at w;; when
[ = j, we obtain (6.26). O

By analogy can be proved the following lemma.

Lemma 6.9. If WA = U = (u;;) € H"*" is Hermitian with IndU = k and
A €R, then

rdet; (AL + UM2); (@) = pAn= 4 0Nn=2 ),

where i = S rdet, ((Uk”)j, (ﬁz(k))> ¢ and R
a€ls n{j}
rdet;(UM2);. (ﬁl(-,lg))foralls =1l,n—1landi,j=1,n

Theorem 6.10. If A € H™ ", W € H"*™, and AW € H™*"™ s Hermitian
with k = max{Ind(AW), Ind(WA)} and rank(AW )*+1 = rank(AW)* =
r, then the W-weighted Drazin inverse Ay w = a?jw € H™ ™ with respect
to W possess the following determinantal representations:

, (k)
G%W ) Bng{i} cdet; ((AW)’“Z+2 (vf )) g

s Jawpg Y
BeTr, m

where v(j ) is the j-th column of VF = (AW)F A for all j =
Proof. The matrix (AL, + (AW)’”Q)f1 € H™*™ is a full-rank Hermitian
matrix. Taking into account Theorem 2.9 it has an inverse, which we represent
as a left inverse matrix
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L1 Loy ... Lmi
-1 1 Lis Lo ... L
k42 . 12 22 m2
(L (AW)*52) = o (\L. + (AW)F12) U
Lim Lom - Lmm

where L;; is a left ij-th cofactor of a matrix AL, + (AW)**+2. Then we have

(AL, + (AW)F+2) T (AW)FA =

m m m
Z lef).g’lg) Z lef).g’;) - Z lez’)gﬁ)
S;Ll S;Ll S;Ll
_ 1 Z LSQT)g’f) Z LSQ'Dg’;) A Z LSQT).gfL)
T det(ALn+(AW)R+2) | s=1 s=1 s=1
m m m
S Lan®® S Lont® S Loyl
s=1 s=1 s=1

By (6.23) and using the definition of a left cofactor, we obtain

cdety (AL +(AW)F+2) (vf’f)) cdety (AL, +(AW)F+2) (vfﬁ))
det (AL, +(AW)k+2) T det( ALy, +(AW)k+2)
Agw = lim
a—0 cdety (AL +(AW)E+2) (1) cdety (AL +(AW)E+2) (31
det( ALy, +(AW)k+2) T det( ALy, +(AW)k+2)
(6.31)

By Theorem 2.13, we have

det ()\Im + (AW)’““) = AT AT d N2t dy,

where ds = Be; ’()\Im + (AW)F+2) g’ is a sum of principal minors of
(AW)*+2 of order s forall s = 1, m — 1 and d,,, = det(AW)*+2,
Since rank(AW )*+2 = rank(AW)¥*! = rank(AW)* = r, then d,,, =

dm-1 = ... = dpry1 = 0. It follows that det ()\Im + (AW)’“”) .
AT do N2 4 d AT
Using (6.26) we have

cdet; ()\Im + (Aw)k+2> ' (V(jk)> _ Cgij))\mfl + Céij))\me +. o+ C%j)

fori = 1,mand j = 1, n, where ) — ST cdet; ((AW)’Z+2 (\72“)) g
BEJTs, m{i}
foralls =1,m — 1 and cgff) = cdeti(AW)i’.+2 (\7?).
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We shall prove that c,(jj) =0,whenk >r+1fori=1mandj=1,n.
Since by Lemma 3.2 ((AW)E.+2 (’\_/'(jk)>> < r, then the matrix

J
Consider ((AW)E.+2 (V(k)>> g, when 3 € J, ,,{i}. It is a principal sub-

((AW)’“Z+ 2 (%®)) has no more r right-linearly independent columns.

J
matrix of ((AW)’“Z+ 2 (VFJE)>> of order s > r + 1. Deleting both its i-th row

and column, we obtain a principal submatrix of order s — 1 of (AW )*+2. We
denote it by M. The following cases are possible.

o Lets =7+ 1 and det M # 0. In this case all columns of M are right-
linearly independent. The addition of all of them on one coordinate to

columns of ((AW)E-+2 (\72“)) g keeps their right-linear independence.

Hence, they are basis in a matrix ((AW)’Z+ 2 (VF?)) g, and the ¢-th
column is the right linear combination of its basis columns. From this
by Theorem 2.8, we get cdet; ((AW)’Z+2 (\_f(k)>> g = 0, when 3 €

J
Jsn{i}and s =r + 1.

elf s = r+1and detM = 0, than p, (p < s), columns are ba-

sis in M and in ((AW)]Z+ 2 (\7?)) g Therefore, by Theorem 2.8,

cdet; ((AW)ZH (‘\_/'(k)>> g = 0 as well.

J
e Ifs > r+1,thendet M = 0 and p, (p < r), columns are basis in the both
matrices M and ((AW)ZH (\7?)) g Therefore, by Theorem 2.8, we

, k+2 (S(R)\) 6 _
also have cdet; ((AW)Z (v.j )) 5="0.
J
andr +1 < s <m. Fromhereif r+ 1 < s < m, then
i = 37 cdet; (AW (v17)) =0,
BeJs, m{i}

and ¢{?) = cdet; ((AW)kl+2 (‘_’.(f)>> =0foralli,j =1,n.

Hence, cdet; (AL + (AW)’”Q)J. (\7@) = cgij))\m*1 + c;ij))\m*Q +...+

Thus, in all cases we have cdet; ((AW)kl+2 (‘\_/'(k)>> g =0,when 3 € Jg,n{i}

cﬁfj NPT for § = 1, m and j = 1, n. By substituting these values in the matrix

from (6.31), we obtain
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cgll>)\m’1+...+c£11>)\m’T c§1n>)\m’1+...+c£m>)\m’T
AT pdi A1 d AT T AMd A I d AT
AdW:)l\im =
’ 0
- cgmn)\m’1+...+c£m”)\m*r cgmn>)\m’1+...+c£mn>)\mfr
A pdi A1 d AT : A pdi =14 d AT
(11) (1n)
T C’I‘
T . T
C7(N'm1) C7(N'mn)
T . T
(49) k+2 (=(F)\\ 8
Here ¢, = Y. cdet; ((AW)77 (Vv 5 and dp =

BE€Jr, m{i}

> ’(AW)’“+2 g’ Thus, we have the determinantal representation of
BEJTr, m
A 4w by (6.30). O

The following theorem can be proved similarly.

Theorem 6.11. If A € H™*", W € H"*™, and WA € H"*" is Hermitian
with k = max{Ind(AW), Ind(WA)} and rank(WA )*+1 = rank(WA)* =
a?j?W> € H™*™ with respect
to W possess the following determinantal representations:

r, then the W-weighted Drazin inverse Ay w = (

S rdet; (WA @P)) o
dw _ a€lrn{j}
W — S (WA)MQ) : (6.32)
aEIr,n “

where @™ is the i-th row of UF = A(WA)” foralli = 1, n.

6.4. An Example

Let us consider the matrices

2;0 E 0 i 0
A:loé,W:—jk01
1k —; 0 1 0 —k
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Then
k=i 0 i o
IR . . i 7 0
ViAW = | P70 iR T g Cwa = (o koo,
k 0 7 0 00 0
itk 1—j i i—k

and rank W = 3, rankV = 3, rank V3 = rankV? = 2, rankU? =
rankU = 2. Therefore, IndV = 2, IndU = 1, and k£ =
max{Ind(AW), Ind(WA)} = 2.

It’s evident that obtaining the W-weighted Drazin inverse of A with respect
to W by using the matrix U by (6.19) is more convenient. We have

-1 i+k 0 i 2435 0 —i 0 0
ul=|o0 -1 ,UP=1(0 k& , (U =(2-3 —k ,
0 0 0 0 0 0 0 0 0

1 —2i—3k 0\ i 1+ 0
(U°)"U° = [ 2i+3k 14 JU=(U)U*=|-243] —i+6k ,

0 0 0 0 0 0
-k 3 0 2 0 —=j g
R B | =i 2 0 —2
W=l o ofWW= o 1 o |
0 1 k —j 2% 0 2
“k 1-2 0
oo o itk 0
W=WU'=1, 14 o
0 -1 0
By (6.19),
dW _
a1 =
3
> Y edet (W'W), (W) 0 edety (((U)"UP), (51)
t=1Bels 4{1} Bedz 3{t}
> |ww) i > |y
BE€J3, 4 BEJ2, 3

where

S cdets (WW), () } -

BeIz 4{1}
~j ki k=i g
0 | +cdet; |0 2 —2k | +cdety | ¢ 1 0
1 0 2k 1 0o 0 2

k
cdet; [ O
)
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> cdets (W'W) | (W) §=-2j, > cdets (W'W), (W3)) =0,
Bels 4{1} BEI3, 4{1}

3 ‘(W*W)g‘:z

BEJ3, 4

and

cdet (((U5)*U5)'1 (ﬁ.1)) g —

BEJ2, {1}
cdet; (_213]. _2i1; 3k> + cdet; (8 g) =1,
> edeta (((U9)'0%) (@) 5 =0,
BEJ2, 3{2} 2
> cdets (((09)'0°) @) i=0, 3 |(@)v) 4 =1
BeJ2 3{3} 3 BEJ2, 3
Therefore,

A (0-i)+(=25-0)+(0-0)
11 2.1

Continuing in the same way, we finally get,

=0.

0 —1 0
0 0 0

Adw = -1 51—-2k 0 6.33)
0 0 0

By (3.11), we obtain

N (—i —342j 0) . (—i -5 0)
U =10 -k , (AW)P =UuP =U? (U°)" U= 0 -k :

0 0 0
We can verify (6.33) by (6.2). Indeed,

g Ol g k 0 i 0 —i =5 0

AgwW = . -5 k0 1|=(0 -k = (AW)”
-1 5i—2k 0
0 0 o/ N0 1 0 -k 0 0 0

We also obtain the W-weighted Drazin inverse of A with respect to W by (6.7),
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then we have

0 - 0
> |~k 6+5 0

Agw = A (WA)P))"=| | sivsk 0| (6.34)
~1 5i+6k 0

The W-weighted Drazin inverse in (6.34) different from (6.33). It can be ex-
plained that the Jordan normal form of WA is unique only up to the order of
the Jordan blocks. We get their complete equality, if A, w from (6.34) be left-
multiply by the nonsingular matrix P which is the product of multiplication of
the following elementary matrices,

1 0 0 0
, 0 1 0 —k

P =Poa(=k) Pas(=1) P3a(=6) Paa(=j)= | ,  ~ _;
0 -1 1

7. Cramer’s Rule for the W-weighted Drazin Inverse
Solution

7.1. Background of the Problem

In [46], Wei has established Cramer’s rule for solving of a general restricted
equation
WAWx —b, xR [(AW)’“} : (7.1)

where A € C™*", W € C™"™ with Ind (AW) = k1, Ind (WA) = k3 and
rank (AW)* = 7y, rank (WA)*2 = ry. He proofed if b € R [(W)*2A] and
r1 = ro, then (7.1) has a unique solution, x = A4 wb, which can be presented
by the following Cramer rule,

o WAW(j — b) U, WAW U,
x]—det< Vil o 0) O)/det( v, o)’ (7.2)

where U; € CX0 7", Vi e C """ are matrices whose columns form
bases for N'((WA)"2) and N'((AW)#1), respectively.

Recently, within the framework of the theory of column-row determinants
Song [14] has considered a characterization of the W-weighted Drazin inverse
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over the quaternion skew and presented Cramer’s rule of the restricted matrix
equation,

W, AW,; XW,BW, = D, (7.3)
R (X) C Ry (AW)F)  NH(X) DN, (WyB)R2)
Ri(X) € Ry (BWa)R2),  Ni(X) DN (WA

where A € H™", W; € H™™, B € HPYY, W, € H?P,
and D € H" P with ki = max{[nd(AWl),Ind(WlA)}, ko =
max {Ind(BWs), Ind (W,B)}, and rank (AW 1)*1 = s, rank (BWy)*? =
s2. He proved that if

(7.4)

R.(D) € R, ((WlA)kl, (WQB)k2) , Ry(D) € Ry ((AWl)kl, (BWQ)k2)

and there exist auxiliary matrices of full column rank, Ly € H; 7", M} €

H 0" Ly € HI*T %, M5 € HP ™% "* with additional terms of their ranges

and null spaces, then the restricted matrix equation (7.3) has a unique solution,
X =A;w,DByw,.

Using auxiliary matrices, Ly, M1, Lo, Ms, Song presented its Cramer’s rule
by analogy to (7.2). In this chapter we avoid such approach and obtain explicit
formulas for determinantal representations of the W-weighted Drazin inverse
solutions of matrix equations by using only given matrices.

7.2. Cramer’s Rules for the W-weighted Drazin Inverse Solutions
of Some Matrix Equations

Consider the matrix equation (7.3) with the constraints (7.4). Denote ADB =:

D = (Jlf> € H™X4, and VDU = D = (c?lf) € H™X4, where V :=
(AW)" A, U := B(W,B)k2,

Theorem 7.1. Suppose D € H"*P, A € H™*", W; € Hﬁlxm with
ki = max{Ind(AW1),Ind (W1A)}, and B € HP*I, Wy € HL?
with ko = max {Ind(BWs), Ind (W2B)}, where rank (AW;)¥1 = s,
rank(BWQ)k2 = S9. IfRT(D) € R, ((WlA)kl,(WQB)k2), RI(D) S
Ri (AW 1)k (BWy)*2), then the restricted matrix equation (7.3) has a
unique solution,

X =A;w,DByw,, (7.5)
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which possess the following determinantal representations for all i = 1,m,
J=Laq
i)
m  q ~
zig =Y > () Pdip(uf)®, (7.6)
=1 f=1

where (v7) = VP is the Drazin inverse of V.= AW and (v2)®) can be
obtained by (6.10), and (u?j) = UP is the Drazin inverse of U = W3,B and
(u2)2) can be obtained by (6.8).

qj
ii) If AW, € H™"™ and WoB € H9*? are Hermitian, then

> cdet; ((AVVl)’.Ci'+2 (d%>> g

BEJTsy, m{i}
g = ki+2 B ko2 o’ (7.7
> awyR el s [(waB)R gl
ﬂejsl,m a6152,q
or
S xdet; (WaB)J2*2(df))
a€lsyq{j} '
Tij = , (7.8)
3 (Awl)k1+2g ) ’(\7\]2]3)162+2g
ﬂejsl,m a6152,q
where
%= [ 3 rdet; (WoB)(dy)) | e B, t=Tm (7.9)
a€ly o {5} @
d = Y cdet (AWM (@) ) € HP, 1=Tg (7.10)
BEJTsy, m{i}

are the column vector and the row vector, respectively. d; and a,j are the i-th
row and the j-th column of D foralli =1,n, j = 1, p.

Proof. The existence and uniqueness of the solution (7.5) can be proved similar
as in ( [14], Theorem 5.2).
To derive Cramer’s rule (7.6) we use (6.1). Then, we obtain

X = ((AW})P))” ADB (W,B)?))”. (7.11)
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Denote ADB =: D = (diy) € H™4, V := AWy, and U := W,B. The
equation (7.11) can be written component-wise as follows

- ZZ W1y bd W2) ZZ (Z alt) ds (le bsf(u?j)@))

s=1 t=1 s=1t=1

By changing the order of summation, from here it follows (7.6).

i)If A € HJ*", B € HP Y and AW, € H™ ™ and WoB € H2*? are
Hermitian, then by Theorems 6.10 and 6.11 the W-weighted Drazin inverses
Aqw, = (af"™) € B and By, = (65"*) € H posses the follow-
ing determinantal representations respectively,

> cdet; ((AW1)HP (7)) ]
dW1 — BEJsl,m{i}

a T : (7.12)
> |awyhe
BEIr, m
where ¥ ; is the j-th column of V = (AW;)* A forall j = T, m, and
> rdet; (WoB)P (@) &
o€l j
piWe — 2Ehall) — , (7.13)
> |[(W2B)» ™ g
OLEIsg,q

where ;. is the i-th row of U = B(W3B)*2 for all i = T, p. By component-
wise writing (7.5) we obtain,

Tij = Z (Z a Wldt5> b (7.14)

s=1

Denote by d_, the s-th column of VD = (AW{)" AD =: D = (CZU) e H™*P
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forall s = 1, p. It follows from ) v ;d;s = d , that
t

> cdet; ((AW1)I?1i+2 (V.t)) g

- "\ BETsy, m i
Do al e = 37 iy =
=1 =1 > ‘(AW1)I“+2 g‘
ﬁerl,nL
S edets (AW (w0) frd T edets (AW ()3
ﬁerl,ﬂL{i} t=1 o ﬁerl,m{i}
> |aw)he gl > [aw )t gl
BEJsy, m BEJTsy, m

(7.15)

Suppose e and e are respectively the unit row-vector and the unit column-
vector whose components are 0, except the s-th components, which are 1. Sub-
stituting (7.15) and (7.13) in (7.14), we obtain

> cdet (AW (A1) 8 rdet; (WaB)2 ¥ (n,)) &

A z”: BEJsy, mii} a€lsy i}
iy —
i S [awye ] > |WaB)t?g
BEJTsy, m a€lsy, q
Since

d.S = Z e.tdt57 ﬁ& = Z 'aslel., Z dtsﬂsl = dtl7 (716)
t=1 =1 s=1

then we have

Tij =

M
M=
M=

> edet: (AW (1)) fdiiiar 3 xdet; (W2B)**(er)) &
18€T0 m i} aeliy qli}

S |aw)R gl s |(WaB)R g

BEJsy, m a€lsy, q

o
Il
—
o~
Il

11

S cdeti (AW)"2 (e.0)) fdn X rdet; (WaB)12*(er)) &

18€Jsq, m{i} a€lsy q{i}

S |(waB) g

a€lsy, g

NgE
M=

o
Il
-
Il

> |awyh2 g

BETe . m

(7.17)
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Denote by

d4 = Z cdet; ((AWl)I.ﬂz‘+2 (a'l)) b=
ﬁerl,nL{i}

i > cdeti (AW 7 (e.1)) fdu

t=1 QEJsl, mii}

the I-th component of a row-vector d® = (d4, ..., d;%) forall [ = 1, q. Substi-
tuting it in (7.17), we have

q
3 dﬁ > rdet; ((WQB)§2+2(9L)> a
=1 aels,q{j} '

> |awyRe )l s [(waB) P a|
BEJTsy, m a€lsy q

xij =

q
Since > dfe;. = dA, then it follows (7.8).
=1
If we denote by

q a
dg= du Y rdet; ((W2B)??+2(el-)) -
=1

. a
= aelsg,q{]}

Z rdet; ((WzB)?Z,H(at.))a

X a
aelsg,q{]}

the ¢-th component of a column-vector d?‘j = (d]f‘j7 s d%)T forallt = 1,n
and substituting it in (7.17), we obtain

S8 cdet; (AW (o))  dB
t=18eJs;, m{i} ! fo

xij =
> |ana)g] 2o imBg
ﬂEJrl,n aelrg,p
n
Since Y- edp; = dB, then it follows (7.7). O

t=1

Remark 7.2. To establish the Cramer rule of (7.3) we shall not use the de-
terminantal representations (6.30) and (6.30) for (7.5) because corresponding
determinantal representations of it’s solution will be too cumbersome. But they
are suitable in the following corollaries.
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Remark 7.3. In the complex case, i.e. A € C"™*", W1 € CI*™, W € CLe,
and D € C™"*P, we can substitute usual determinants for all correspondmg row
and column determinants in (7.6), (7.7) and (7.7).

Because in the case ii), the conditions AW, € H™*™ and WB € HI*?
be Hermitian are not necessary, then we have,

(AW1)"*2 (aB) |

g — BEJTsy, m{i}
] Z ’(AW )k1+2 5 Z ’(W2B)k2+2 g )
ﬂejsl,m 04€152,q
or
> [(WaB)P(af)e
Tis — a€lsy,q{s}
J Z (AW )k1+2 5 Z ’(WQB)’C2+2 g )
ﬂejsl,m 04€152,q
where
dai=1{ > ’(W2B)§?”(at.)z eC™, t=Tn
a€lsyq{j}
d;A: Z (AW )k1+2 ’ E(Clxq7 I1=Tq
BeJsy, m{i}

are the column vector and the row vector, respectively. d, and a,j are the i-th
row and the j-th column of D for all i = 1,n, j = 1,p. These determinantal
representations are most applicable for the complex case.

Corollary 7.1. Suppose the following restricted matrix equation is given,
WAWX =D, (7.18)
R.(X) C Ry ((AW)), Mi(X) DN ((WAF), (719

where A € H™", W € H*™ with k = max {Ind(AW), Ind (WA)}, and
D € H™? . If R (D) C R, ((AW)*) and Ni(D) > N; ((WA)¥), then the

restricted matrix equation (7.18-7.19) has a unique solution,

X = AqwD, (7.20)
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which possess the following determinantal representations for all 1 = 1, m,
J=Lp
i)
Tij =
S Y cdeti (W'W), (W) ¥ cdet, (@) v+ (@)}
t=1 ﬁEJﬂ"l mi{i} ’ BEJTr, n{t} R
S jwew gy fusey o
ﬁeJﬂ"l,WL BEJTr n

(7.21)

where U = WA, d] is the j-th column of D = UD = (U2+1)*UkD,
W = W*U¥, and r = rank(WA )**+! = rank(WA)¥.

ii)
m
zij = () Pry, (7.22)
q=1
where (v£)<2) can be obtained by (6.10) and AD = R = (ry;) € H™*P.

iii) If AW € H™*™ is Hermitian, then

det; ((AW)*T2(f;)) 5
o — QEJrz,;n{i}C ) (( o J)) ’
ij =

> |aw)g

B
BEJTr, m

(7.23)

where £ j is the j-th column of F = VD = (AW)*AD.
Proof. Toderive a Cramer’s rule (7.21), we use the determinantal representation
(6.19) for A g . Then

P
_ dW 5
mij—§ a;y ds;
s=1

Y Y cdeti(WW), (W)l 2 cdets (U ) U #9) @’
Xp: t=1B8€Jr,, m{i} BETr, n{t} * s i
Y [wew) gl x |(uey Uz |
QEJT'I,WL BEJTr n
(7.24)
Denote D = UD = (U%*1)*U*D, where D = (

ci ) H"™*P. Since

p A
Z ;=d;
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where 61 j 1s the j-th column of ]f), then (7.21) follows from (7.24).
Cramer’s rules (7.22) and (7.23) immediately follow from Theorem 7.1 by
putting W; = W, WyB =1. O

Remark 7.4. In the complex case, i.e. A € C™", W € CI*™, and D €
C"*P, we substitute usual determinants for all corresponding row and column
determinants in (7.21), (7.22), and (7.23).

Note that in the case iii), the condition AW € C™*™ be Hermitian is not
necessary, then in the complex case (7.23) will have the form

k+2 o \) B
., (W) (£,)) §|

Z )(AW k’+2
ﬂeJr, m

xij =
g

where £ ; is the j-th column of F = VD = (AW)*AD.
Corollary 7.2. Suppose the following restricted matrix equation is given,
XWBW =D, (7.25)
Ri(X) C Ry ((BW)’f) , N (X) DN, ((BA)’f) : (7.26)

where B € HP*4, W € H} P with k = max {Ind(AW), Ind (WB)}, and
D € H™*?. [fRy(D) C R, ((Bw)k) and N;,(D) > N, ((WB)*), then the

restricted matrix equation (7.25-7.26) has a unique solution,

X =DBgw, (7.27)
which possess the following determinantal representations for 1 = 1,n, j =
Lq,

i)
Tij =
2 S rdet (VEFL(VET) (di)) s S xdet; (WWY), (W) @
=lacl, p{l} L aclry qii} '
> VAR (VERD T gl 3 I(WWH) g
a€ly m aelrl,n

(7.28)
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where V.= BW, d;_is the i-th row of D = DV = DVF(V2+1)* ) is the
I-th row of W = VFW*, and r = rank(BW)**1 = rank(BW)*.
ii)
q
vy =y li(uf)?, (7.29)
=1

where (u@)m can be obtained by (6.8) and DB = L = (l;;) € H"*.
iii) If WB € H?*Y (s Hermitian, then

5> rdet; ((WB)F2(g,)) &
2y = 2Ehrald} . (7.30)

> |(WB)*?q

aEIr, q

where g;_is the i-th row of G = DB(WB)* foralli = 1,n.

Proof. The proof is similar to the proof of Corollary 7.1 in the point i), and
follows from Theorem 7.1 by putting Wy = W, AW; = 1. O

Remark 7.5. In the complex case, i.e. B € CP*9, W ¢ Cgf”, and D € C**P,
we substitute usual determinants for all corresponding row and column deter-
minants in (7.28), (7.29), and (7.30). Herein the condition WB € C"*" be
Hermitian is not necessary, then in the complex case (7.30) can be represented
as follows,
> |[(wWB) () &
aEIr,q{j}
> [(WB) gl

aEIr, q

where g;_is the i-th row of G = DB(WB)* foralli = 1,n.

xij =

7.3. Examples

1. Let us consider the matrix equation

WAWX =D (7.31)
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with the restricted conditions (7.19), where W and A are the same as in Exam-
ple 64., and

ki
D=1[:i —j
1 —

Therefore, the matrices V. = AW, U = WA, (U5)* U, W*, W*W, W =
W*U? are the same that in Example 64. as well, and

) i—j—k —j
D=(U°)'U’D = [ 1+3i+6j—2k 4i—2k
0 0
So, by (7.21)
3 N
> > cdet1((W*W)'1(vAv,t))g > cdett(((U5)*U5)'t(d,1))g
o t=18el3 4{1} BeJ2, 3{t}
> jwew) g s fu)un) g
BEJ3, 4 BEJ2, 3
where
Y edeti (W*W) | (W.r) § =
Belz 4{1}
ki —j ki g k —j j
cdet;y [0 2 O | +cdet;y |O 2 —2k|+cdet; |72 1 0] =0,
i 0 1 0 2t 1 0 0 2

> cdety (W*'W) 4 (W) § = —2j,
Belz 4{1}

3 edety (W'W), (W) 5 =0, S ’(W*W) g’ — 9,
Bels, 4{1} BEJ3, 4

and

> edets (((U7)07) (@) =

BeJa, 3{1}

i1—7—k —21 — 3k i—j—k 0y _ .. .
cdet <1+3i+6j—2k 14 +cdet = —-2i—j—k,
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> cdets (((U7)° U5>'2 () =5

BeJa, 3{2}
S edets (09 0%) (@) f=0. 3 [((07)0°) ] =1
BEJ2,3{3} 3 BEJ2,3
Therefore,
0-(=2i—j—k)+(-2j)-7+0-0
T = =1,
2-1
0-(—2+4+2j)+(-25)-i+0-0
Tri2 = 2.1 :k7
27 - (=2i—75—k 107 — 4k) - 5 .
g =P 2] =R H A0 dR) JH0-0
2-1
@2:2]-(—2+2j)+2(1(iz—4k)'z+0-0:_7_4j7
106 (-2t — 45—k -54+0-0
gy =200 (72 J2 1)+*7 IH00 954555k
10 - (=2 + 24 '
gy =0 (24 2)) 41400 g0
21
We finally get,
1 k
X = 1+i+ 7k —7 -4y
9.5+ 55 —5k —10¢+ 9.5k
2. Let now we consider the matrix equation
W1 AW XWyBW;, =D, (7.32)
with the constraints (7.4), where
k 0 ¢ O Ig _k:j (1) k —i
A= _j k0 1 7W1: i 0 0 7W2_ j 0 )
0 1 0 —k 0 1 —k 0 1
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[k j O ke o0
B_<j 0 1)’D_ 0 j
0

Since the following matrices are Hermitian

2 i 0 0 —i —i
V=AW, =[-i -1 0|, U=Wy,B=[i -1 0 |,
0 0 0 i 0 -1

then we can find the W-weighted Drazin inverse solution of (7.32) by its deter-
minantal representation (7.7). We have

k1 = max {Ind(AW,), Ind (W1A)} =1,
ko = max {Ind(BWy), Ind (W3B)} =1,

and s; = rank (AW;) = 2, s9 = rank (W3B) = 2. Since

—-13 & 0 0 -3 -3
(AW ) = -8 -5 0] ,(WyB)*= (3 -3 o0 |,
0 0 0 3t 0 3
then
> }(AW1>3§}=17 > ’(W2B)33 =—27.
B€eJ2, 3 acls 3
Therefore,

2i+j —-T+k —5+2k
D=AW,ADBW;B= | -1+k —5i—j —4i—2j
0 0 0

By (7.9), we can get

36i — 9j 27 9 — 9k
dB=|-27-9k|, dB8=|-18i|, dB=|9i+3j
0 0 0
Since
36i—95 8 0
(AW,)?, (dB) = | —27—-9k -5 0],
0 0 4
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then finally we obtain

cdet; ((AW)?, (aB))
BE Iz, 3{1} 361 — 275  —41+3j
T = = = ,
3 _
> (AW ¥ [(WaB)? g 27 3
BeJ2, 3 a€cly 3
Similarly,
927 8 99k 8i
| odets (—1&' —5) e <9i 3 —5)  _o—k
2 97 N 97 -9
13 36i—9j 13 —27
cdets (—8i 27— Qk) _ —7-5k B cdets (—Si —18i) =y
e —27 ~ T3 T —27 3
13 —9- 9k
cdet (—Si 9i + 3j ) 15i — 11§
T23 = = , 31 = 32 = x33 = 0.

27 9

So, the W-weighted Drazin inverse solution of (7.32) are

~12i4+95 3 —9—Tk
X =5 |-21-15k —6i 15i— 11
0 0 0

Conclusion

In this chapter, we have obtained determinantal representations of the Drazin
and W-weighted Drazin inverses over the quaternion skew field. We have de-
rived determinantal representations of the Drazin inverse for both Hermitian and
arbitrary matrices over the quaternion skew field by the theory of column-row
determinants recently introduced by the author. Using obtained determinantal
representations of the Drazin inverse we have get explicit representation formu-
las (analogs of Cramer’s rule) for the Drazin inverse solutions of the quater-
nionic matrix equations AXB = D and, consequently, AX = D, XB = D
in both cases when A and B are Hermitian and arbitrary. We also have obtain
determinantal representations of solutions of the differential quaternion-matrix
equations, X’ + AX = B and X’ + XA = B, where A is noninvertible.
Also, we have obtained new determinantal representations of the W-
weighted Drazin inverse over the quaternion skew field. We have gave de-
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terminantal representations of the W-weighted Drazin inverse by using previ-
ously obtained determinantal representations of the Drazin inverse, the Moore-
Penrose inverse, and the limit representations of the W-weighted Drazin in-
verse in some special case. Using these determinantal representations of the
W-weighted Drazin inverse, explicit formulas for determinantal representations
of the W-weighted Drazin inverse solutions of the quaternionic matrix equa-
tions WAWX = D, XWAW = D, and W; AW XW;BW;,; = D have
been obtained.
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