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ABSTRACT. A variational equation of the third order in three-dimensional space is
proposed which describes autoparallel curves of some connection

We shall focus on three-dimensional (pseudo-) Euclidean space and consider the
problem of finding a third-order variational-type equation which can be put down
in the form of the autoparallel tansport equation for some non-linear connection.
It is common to introduce the latter in the following form:

TP = fr(a? iP, iP). (1)

On the other side, an Euler-Poisson third-order equation is always of the affine
type,
Ay B 4 k07,37, 5) = 0, ®)

with a skew-symmetric matrix A = (A,3), and, consequently, in the case when the
number of equations equals three, can not be solved with respect to the derivatives
of the third order. What one can undertake in this situation is at most to look
for such a variational equation, which describes the geodesic curve only up to
reparametrization.
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1. General setting

One algorithm for building up an attached connection to a third order dif-
ferential equation of a certain class was presented in [1], and we shall follow
it here. Although only (pseudo-) Euclidean space will be considered, to give
the Reader a sense of general setting, some constructions will be described as
developed over an m-dimensional manifold M. A differential equation of the
third order will be understood to be a cross-section of the third-order velocity
manifold T"M = J;(Ry; M) = {x;u,u, i}, fibred over the second order one,
T'M = J,(Ry; M) = {x;u,u, }. These fibred manifolds are associated, as fibre
bundles, to the principle fibre bundles of the third-order and second-order frames,
H" = J,(R?; M) = {25l s, 3, and H' = Jo(R?: M) = {257, b
where the tilde means that only invertible jets count, and also we shall denote the
inverse to the matrix (1) by (7'7). The cotangent space to the manifold H' is
spanned by the following set of differential forms (with coefficients from above the
manifold H")

—1
wl=r Zd:r“

P Zpg.n _ Tlpom Tluogo A
wﬁfrudrﬁ r rﬁyr)\dm

P Tlpgn m A
W, =T drﬁ7 ra rﬁy r )\dr HT,W r )\drﬁ
o w v, ATl Tl 1y 7.
+ ra “rﬁy ra )\r,ﬂ ra vdx? + rur,yy TG, T v dx? 7’H7"VﬁV Ndx

To span the cotangent space to the manifold H” one more string of forms drops
in (we present their definition through a recurcive relation, which appears more
simple for any order as well),

7‘5(«0 =drls szwga, - TZgwftw - TZVWZL - TZL,@W’;YA - rZ’vﬁwﬂ - rﬁwwg - TZLﬂ'ku
These dlfferentlal forms constitute a global object, intrinsically defined in [2].

Rather then to proceed with the cross-section f: 7'M — T"”M, one could
wish to develop some calculus on the corresponding principle bundles. By the
commutative diagram

H" < V" o T M

o] E )

H xV — T'M
P’

the mapping ® has to be both an equivariant one and a cross-section. The typical
fibre V" = J,(Ry; R?) = {UP,UP,UP} undergoes such left action of the group
GL"(n) = Jo(R?; R?) = {S/B’SB’Y’Sﬁ’Yé} that the quotient map p”(r.s,s™*.U) =
p"(r,U) is described explicitly by

uf = TZU B

W = rfU* +rf, UMUY

i = U + 3rf, UMU + ol \UMUYU?.
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A tangent vector to the product manifold H"” x V",
0 0 0 o 0 0 0 0

a=a"—+a—5 +a’, +a + v” + 0P —— 4+ VP —
drr MOy M Orn, Aot our our our’
is vertical with respect to the projection p” if and only if
a® =0

P PITH —
iU +a#U 0

T PITH P OTTRTTY _ 9P AR ATTUTTL
rp ot 4+ a U +ap, UMUY = 2r), r\a; UU" =0

rhot + aZU” + 3aZVU“U” + afwAU“U”UA
—STZV?*ALU”(a;\UL +a) U U — 21 _rlbagU”Ué)

Lo

—3r0, T {a}UMU" = 310\ T Nl UMUMU” = 0.
If the map ® is equivariant, then its Lie derivative with respect to an arbitrary
pair of vertical vector fields a” and a’ on the manifolds H” x V” and H' x V' is

zero (i.e. vector fields a” and a’ are ®-related):
TP oa" =a’ o d.
The map n='®: H' x V' — H"” x V", induced by the projection n: H" — H’,
O, U) = B, U).
is not fibred over the identity in H”. Nevertheless, there can always be found an

element (67,0,s" ) € GL"(n) such that

LTI VDN
TgSZVA + TZ,I/)\ = (PZUA (mﬁ’ T?’ ’I"ﬁy, Uﬁ’ UB) . (4)
We define the fibred morphism F over the identity in H” as a family of cross-

sections F(r) of the fibration 7: V” — V' by means of

Fp(xg;rg,rﬁwrfu)\,Uﬂ, Uﬁ) =dr + st Utuou,
with s, defined from (4). Then, by virtue of ® equivariant, for every vertical
vector field a on the manifold H” x V" we have
TF o (T(id)xTn)oa =ao Fo (idxm), (5)
as can be seen from the next diagram by the appropriate chose of paths
TH' xTV" X TH"xTV'
TH" x v LY p sy
aT T(T(id)xTw)oa
H" x V" idxm H" x V'
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The kernel of Tp” annuls the following one-forms:

w?;

AUP =dUP + U wy;

AUP = dUP + Urwh, + UFU wh, (6)
AUP = dUP + Urwf, + 3UFUY W, + URUY UM,

By calculating the Lie derivative of the differential forms (6) along a vertical vector
field it turns out that the exterior differential system, generated by (6) is invariant
under the action of the group GL”(n) upon the manifold H"” x V".

If the functions F* satisfy (5), then the differential forms

AF? = dF? + Ul + 3UFUY W, + UMUY UM

expand into the differential forms (6) alone:
AFP = FP2 AU + FP, AU" + FPOwh. (7)

The concept of second order connection involves the quotient manifold TH’ =
TH'/GL'(n) with respect to the standard action of the group GL'(n):

AP Aot P
+ (Sp,ua’A + S/LSVGAL

0
+af — a’ — + sYa”

+ P
" orh., Az THVOrY

P P
a’ — +a’ — —
oz~ Hory ) Orjw

The manifold 'H’ projects onto the manifold 7" M by means of the following
mapping of TH’, compatible with this action:
—1

(0%, af,,af,) = (a”,af v

A
o

)

o

p

—1y—1 —1 —1y)—1 -1 -1
W v LoV P o AT owov pte ATln v
y a0y, T, T ama—ag T ’I“)\L’I“M’I“VCL a—i—abr/\aurl,a )

Definition[3]. A second order connection is given by a map v: T'"M — TH’,
which is identity in TM

By means of the commutative diagram

rH —— T'"M

ﬂ %

"M —— T'M

every connection v defines a morphism of manifolds 4. The very similar way to
(7) this map v may be described through the structure equations,

AT% =T02AU* + 5L AU + Thowh,

P _ TP . P P L
AT, =Ty nAUY + T, AU + Tg ",



A FIRST ORDER PROLONGATION OF THE CONVENTIONAL SPACE 407

where the differential forms AT, AFE7 are build up from the differentials of the
functions (T'f, ng), which represent the map -, as follows:

P P B,op TP, P
AI‘ﬁ = dFB + Fﬁwu Ihws +U W, s
P P I o I I p I o

AFﬁ’Y - drﬁv + meﬁ o F,Buw’l; o FZV”B + Fﬁw/ev + Fl‘:wuﬁ a Fﬁwﬂv + Uﬂwﬁw )

Connection ~ is called stable if it projects onto the identity in 7M. In this
case the morphism ¥ is a cross-section and thus defines a third-order differential
equation of the type (1).

To discuss a weaker condition of a quasi-stable connection, we recall that the
group GL'(1) acts on the right upon the space T'M by parameter transformations.
The generators are:

0 0
— P o
P =l s T2
0
pz:up%~

The quotient space with respect to this action is the manifold C’'M of contact
elements, locally arranged as R x 7'R"~!. Connection 7 is said to be quasi-stable
if it projects onto the identity in C’'M.

In case of quasi-stable connection it is possible to introduce[1,3] the notion of
parallel transport in such a way, that the autoparallel curves of this connection
will be described in the typical fibre V" of the fibre bundle 7" M by means of the
equation ) ) )

Ul =THU" + T8, UMUY + \2UP + XVUP. (9)
If the quasi-stable connection ~ is stable, the functions A® and A\® both vanish.

Not every equation (1) can be rearranged in the form (9). The crucial idea
consists in applying a somewhat technical trick of reparametrization. If the map f
in (1) or (3) defines in the consistent manner some equation on the manifold C' M,
and if we think of f as of a vector field f on the manifold 7"M by the inclusion
T"M — TT'M, then the Lie brackets [p,,f] and [p,,f] differ from a multiply of f
by some vertical field with respect to the projection

p:T'M — C'M . (10)
In fact, a stronger condition holds:

{ (T'e) Ipa,fl

1 (Tp)f
(Tp) [p2.f] =0

In terms of the representation (7) the above condition amounts to the following
two equations with Lagrange multiplies p and A,

3FP — FPIU* — 2FP*U" = 3ul” (11)

307 — FP2U* = 3AU”. (12)
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The multipliers g and A are functions on the manifold H' x V', and in order them
to represent some well-defined functions on the manifold 7'M, they both have to
satisfy the condition of GL'(n)-invariance of the type (a, du) = 0 for any p’-vertical
vector a, which amounts to the following system of partial differential equations:

—a.ﬂ UPUY =¥ On

ou agZ p 8(;57 ou (13)
B ZE B — 9.0 _ZF 6
8UPU 8UPU QTPVaTgV —i—7'p8rg .

Definition[3]. The equation (1) is reducible if (11,12) holds for the representation
(7). Tt will be called strictly reducible if both =0 and A = 0.

Consider now a (second order nonlinear) connection, the coefficients Fg, Fg of
which are constructed from the coefficients of the first-order prolongation of the
differential system (7),

2 2 2 M P 20 21 22 )
dF?h + FFwy, — FPlwy + 3U“wﬁu = FPG Wt + FPG AUY + FP AU,
according to the following prescription:

P 1 .

Iy =3F’%;
1

IPgy =3I, +1175),  where (14)
0, = JFP3L + J(FORLRN, + PSRN + ARV P

Let us agree to call the connection, constructed accordingly to the formulae
(14), be attached to the differential equation (1)

Proposition[l]. The connection, attached to a reducible differential equation, is
quasi-stable. The equation (9) of the autoparallel curves of the connection, attached
to a reducible differential equation, coincides with the initial equation (1). If (1)
1s strictly reducible, then the attached connection is stable.

The functions A and A® in (9) are expressed through the functions p from
(11) and A from (12) in terms of the coefficients of the differential dA,

dA = N wh + X, AU" + X, AU,
according to the formulae below:
AD = XU + A UYRUY + (1= X UY) = AAUY + 2 FVUY) — 207,
A =2).

In view of (13),
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2. Euclidean space. Variational equation.

As declared, we look for a third order differential equation in (pseudo-) Euclidean
space E?, which would be derivable from a Lagrangian. The dimension of the space
is three. As mentioned at the very beginning of the present contribution, we cannot
expect such equation to exist in the form, solved with respect to the highest (i.e
of the third order) derivatives. So we shall first settle down on the manifold

R x T'E;,
and afterwards go all the way back to the manifold 7"E? along the projection of
(10), which in the canonical coordinates is so expressed:

top=12a’
Xaop:xa
ua
viop=—
u()
‘a .
U U
! 0
Vtop=— — —u’.
Uo Uo

Let us concentrate on a system of two third-order ordinary differential equations

E,=0. (15)
We introduce a vector valued differential one-form
€e=E,dx" ®dt, (16)

where the expressions E, are called the Euler-Poisson expressions.! Applying

the general criterion of [5] for an arbitrary system of differential equations to
be a system of Euler-Poisson equations, it was established in [6] that the vector
expression E = {E,} in (15) must have the shape

E=A.V'+(V.8,)A.V +B.Vv +c, (17)

where the skew-symmetric matrix A, the matrix B, and the column vector ¢ de-
pend on the variables t, x, v = dx/dt, and satisfy the following system of partial
differential equations in t, x*, and v [6, 7]

9 1aAbe) = 0
2B — 3D, Ag =0
20 aBrje =40 (oAsje + 8 ¢ Agy +2D10 Agp =0
(')V(acb) —D,By) =0
20 00 [ach) =40 [oBpjc + D18 Agy + 6D, oAy =0
40 [ach) — 2D10 [oC) — Dy’ Awp = 0.

1This is an alternative way to interpret the notion of the Euler morphism, the latter having
been considered by KOLAR in [4].
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In (18) D, and farther below D, denote the generators of the Cartan distribution,

D, =Vv.8,+D,,
D, =0t+v.0.
Let 6,, 85 denote the canonical contact forms
0; = ia @ (dv'* —V""dt) + 6, ,
ov'

0
_ a 4 _ a __ a
= 5va ® (dv* —Vv'"dt) + ¥ ® (dx* — vadt).

Along with the differential form € we introduce another one, €,

0,

€= Ay dx® @ dv'’ £k, dx* ® dt,
k=(WV.0\)A.v+B.v +c.
Exterior differential systems, generated by the forms € and g, are equivalent:
e—e=(Apd®@dV") A 0, .

Now it is time to put in the concept of symmetry. Let
0 4o 0
= T
t ot ¢ oxa

denote the generator of some local group of transformations of the manifold R x E7,
its successive prolongations to the space J5(R; E;) =~ R x T°E;}, denoted by gs:

(19)

. 0
=0 W“‘Pr

The demand that the exterior differential system, generated by the vector valued
differential form €, be invariant under the infinitesimal transformation ¢ incarnates
into the following equation?

L(t,)(e) =E.€+BN0,, (20)

where the elements of the matrix E and the coefficients of the semi-basic T*Ej-
valued one-form @3 depend upon the variables t, x, v, and v’. Both = and (3
play the role of Lagrange multipliers. Splitting of equation (20) with respect to
independent differentials dt, dx?®, dv®, and dv'®, results in the following system of
partial differential equations

0

L(?l)Aab = Eac Acb - Aacmnc

(21)
L(?2)ka = Eab ky — AabD2Ub — koD, 7.

2The notion of vector bundle valued exterior differential systems invariance was introduced
in [8], see also [9].
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Variational problem in parametric form. Consider for a moment an r*"-order
variational problem in parametric form, set by a Lagrangian

r—1

g(C? x/)?up? M) u p)dc

on the space J.(R;M). As long as we limit ourselves only to the case of au-
tonomous Euler-Poisson equations,

&, =0, see (2), (22)

the differential form
e=E&,dx’ ®d¢ (23)

may globally be deprived of the factor d(, constituting thus a globally defined
T* M-valued density
e=E,dx’. (24)

Now the projection p : T"M — C"M can be employed to generate an au-
tonomous variational problem set over T"M from every one variational problem
over C"M.

Lemma. In terms of a local chart, if in (16) the local semi-basic differential form
€ corresponds to the Lagrangian
Ldt,

then the vector valued density
e =u®(E, o p)dz® +u’(E, o p)dz® (25)
corresponds to the Lagrangian
¢, aP P, .. u'P)de = L(xP,uP, ..., uP)d¢

with the Lagrange function

L=u"Logp. (26)

Let us return to the third-order case. The relations between quantities, al-

located on the space of contact elements C’'M 4 020\ and the correspond-
def 2y , expressed by

ing quantities on the second-order velocity space T'M =
(22, 24, and 25), say that in (2) we have

k= (4.8,)A. 04 +B.1 + c
with
Aaw = (@) (Ao p), Bau=(u)"(Bawop), ca=u(caop), (27)
and that the Weierstrass constraint holds:

A.u=0, k.u=0.
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Circles and hyperbolae. Let in (19) generator ¢ correspond to the (pseudo-)
orthogonal transformations of a three-dimensional (pseudo-) Euclidean plain. Solv-
ing (18) together with (21), we establish the expressions (17) for this case:

xv!’ xv/

3
(1+v-v)3/2 + (1+v-v)5/2

E=- (V-v) + 1+vev)v' — (V-v)v] .

(28)
(The dual to some vector w is known to be defined with the help of the skew-
symmetric Levi-Civita symbol e,, by means of (*w), = ey,w’.) To convert (28)
into a “homogeneous” three-dimensional form one applies (27) and obtains the final
Euler-Poisson equations, which are naturally connected to the second prolongation
of the transformation group [E(3,1), E3]:

v

giﬁxu uxg(uu)+mu(uu)U(uu)O (29)

EE I

Il

Furthermore, we can indicate a general formula for the family of the Lagrange
functions which produce the expression (29):

uf 11, u, €]

Ly = —mlul| + 4.0, ¢ + a.u,

[l flu < e |2
where an arbitrary row vector a is constant and a function ¢ depending on the
variable u is subject to the constraint .8, ¢ = 0. (Recall the notation [, , ]
for the parallelepipedal product of three vectors.) The vector e, denotes the p-th
component of the (pseudo-) Euclidean frame. Each L, fits in.

Although there does not exist an invariant (even in extended sense) Lagrange
function, the equations (29) are invariant with respect to the group under consid-
eration. Namely, let

Y = [w,2,0.] + [w,u,0,] + [w,1,0:] + [w,ii, Ou) (30)

stand for the third-order prolongation of the infinitesimal (pseudo-) Euclidean
transformations to the manifold 7" M with == for the group parameter. Then

LE")E) = wxE.

Remark. Assuming m = 0 in (29), we recover geodesic circles as integral curves,
and in the case the index ¢ in E(3,4) equals 2 this amounts to uniformly accelerated
motion in three-dimensional special relativity.

2. Euclidean space. Connection

In a (pseudo-) orthonormal frame of reference, the corresponding third-order
frame takes on the shape

= h =0, =0, 1
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so the structure forms wg, wl’év, and wgw vanish and we can identify u, %, and i

with the “invariant coordinates” U, U , and U respectively.

In order to construct a connection, consistent with the equation (29), we first
supplement the two independent expressions, entering in (29), with an arbitrary
additional one. Without loss of generality we can search for the latter in the form

i.u = ||u)® V(u,a). (32)

The system of equations (29) and (32) can now be solved with respect to the
third-order derivatives to produce:

u
[[e]? [[e]*

i = 3 u—muxt+ ¥ u. (33)

Now we proceed further to define more precisely the arbitrary function ¥. With
(11 and 12) we calculate p and A for the equation (33):

1 A A
u-U 1 0w

In the reference frame (31) by virtue of (13) we conclude that p and A are constant.
Then the compatibility conditions for the system of partial differential equations
(34) and (35) show, that A must be equal to zero,

A=0. (36)
Set, 3 )
U= ¢-+u2).
Ful? ( g Il

For the function ¥ we now get

(w20 - -

Introducing the intermediate variable z = u X @ we see by (37) that the function
¢ depends on u and 4 via the variable z only. Now we express the equation (34)
in terms of z to get

oy

_ = — 2
3z- o~ =4 — |ullp. (38)

Again, the compatibility conditions for (38) turn u to zero,

[=0. (39)
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To settle the matter definitely, we call upon the demand of (pseudo-) Euclidean
symmetry (with the generator (30)) for the equation (33), which gives

B
Zx -9 = 0. (40)

Altogether (38, 39, and 40) produce for the determination of the function ¢ the
equation

871/1
0z

4 =z
3 (]

=112

with the solution 1 = ||z||*/3. Thus the function ¥ has been found,

|4/3

3 al® o, lla <yl

U= =
2 [|ul? fuf®

A is a real number.

Let us introduce the following obvious definition:

Definition. For any smooth transformation group G acting upon a manifold M
let a curve o: I — M, I C R be called an autogeodesic path if

(1) the image o(I) is an extremal submanifold of some parameter-independent
variation problem;

(2) the curve o is autoparallel with respect to some (nonlinear, higher-order)
connection on M;

(3) the corresponding autoparallel transport equation is G-invariant.

In view of the preceding considerations we now are capable of calculating the
coefficients (FZ,FZW) of the connection, given by (14). Rather then make this, it
appears more economic to accomplish only with the presentation of the explicit
expression for the corresponding autogeodesic path equation.

Proposition.

(1) The third-order autogeodesic paths of the three-dimensional (pseudo-) Euclidean
space are the solutions of the next differential equation:

.. .. 2 . 112 X 4/3
iyt [l
[ [l 2ful [

u—muXxXu (41)

(2) The corresponding connection is stable.

Proof. Tt is necessary to calculate I’g and ng from (14) and to show that the right-
hand side of (9) coincides with the right-hand side of (41). The second statement
follows from (36 and 39) B
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