
Êîíôåðåíöiÿ ìîëîäèõ ó÷åíèõ ¾Ïiäñòðèãà÷iâñüêi ÷èòàííÿ � 2021¿

26�28 òðàâíÿ 2021 ð., Ëüâiâ

ÓÄÊ 517.955, 517.957

Cauchy problem for nonlocal nonlinear Schr�odinger

equation with step-like initial data: asymptotics and

inverse scattering

Yan Rybalko

B.Verkin Institute for Low Temperature Physics and Engineering of the
National Academy of Sciences of Ukraine, rybalkoyan@gmail.com

We consider the initial value problem for integrable nonlocal nonlinear
Schr�odinger (NNLS) equation

iqt(x, t) + qxx(x, t) + 2q2(x, t)q̄(−x, t) = 0, x ∈ (−∞,∞), t ≥ 0, (1)

q(x, 0) = q0(x), (2)

where the solution q(x, t) satis�es the following step-like boundary conditions
for all t ≥ 0:

q(x, t)→ 0, x→ −∞, and q(x, t)→ A, x→∞, (3)

with an arbitrary constant A > 0.
The NNLS equation was introduced by M. Ablowitz and Z. Musslimani

in [1] as a nonlocal reduction of the classical integrable Ablowitz-Kaup-Newell-
Segur (AKNS) system (a.k.a coupled Schr�odinger equations):

iqt + qxx + 2q2r = 0, (4à)

−irt + rxx + 2r2q = 0, (4á)

with r(x, t) = q̄(−x, t).
For studying the Cauchy problem (1)�(3) we apply the inverse scattering

transform (IST) method in the form of the 2 × 2 matrix Riemann-Hilbert
factorization problem, which allows us to �linearize� the initial nonlinear
problem (i.e. we reduce it to a series of linear problems).

Moreover, we analyze the long-time behavior of the solution q(x, t) in the
physically interesting region x

t = O(1), i.e. along the rays x
t = const. We

show that the asymptotic picture involves two qualitatively di�erent regions:
decaying region for x < 0 and �modulated constant� region for x > 0 [2].
This is in sharp contrast with the classical local integrable equations, parti-
cularly with the local counterpart of the NNLS equation, the classical nonli-
near Schr�odinger equation (with r(x, t) = q̄(x, t) in (4)), where there always

http://www.iapmm.lviv.ua/chyt2021



Êîíôåðåíöiÿ ìîëîäèõ ó÷åíèõ ¾Ïiäñòðèãà÷iâñüêi ÷èòàííÿ � 2021¿

26�28 òðàâíÿ 2021 ð., Ëüâiâ

exists three di�erent asymptotic zones: decaying region, modulated wave regi-
on and a transition elliptic wave region with straight line boundaries. Also we
partially address the problem of description of the solution in the curved
transition zones between decaying and constant regions, where we obtain the
asymptotics of the solution along the curves t = const · x2−α with α ∈ (0, 1).
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