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Â îáëàñòi [t−, t+]×Ωp
2π, äå Ωp

2π � p-âèìiðíèé òîð, 0 < t− < t+, ðîçãëÿ-
äà¹òüñÿ çàäà÷à äëÿ ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè äðóãîãî ïîðÿäêó[

t2∂2
t + ta(∂x)∂t + b(∂x)

]
u(t, x) = 0, (t, x) ∈ (0,∞)× Ωp

2π, (1)

äå a(∂x) =
∑

|s|≤1 as∂
s
x, b(∂x) =

∑
|s|≤2 bs∂

s
x, as, bs ∈ C, ∂t = ∂/∂t, ∂s

x =

∂s1
x1

· · · ∂sp
xp , dxr

= ∂/∂xr, s = (s1, . . . , sp), |s| = s1 + · · · + sp. Ðîçâ'ÿçîê
ðiâíÿííÿ (1) çàäàíèé ó äâà ìîìåíòè ÷àñó t0, t1, äå t− < t0 < t1 < t+,
óìîâàìè

u(t0, x) = φ0(x), u(t1, x) = φ1(x), x ∈ Ωp
2π. (2)

Ðîçâ'ÿçîê çàäà÷i (1), (2) øóêà¹òüñÿ çà äîïîìîãîþ âiäîêðåìëåííÿ çìií-
íî¨ t, òîìó çîáðàæó¹òüñÿ ðÿäîì u(t, x) =

∑
k∈Zp uk(t)e

ikx, äå kx = k1x1 +
· · ·+ kpxp. Ðîçiá'¹ìî ìíîæèíó Zp íà äâi ìíîæèíè Zp = Z1 ⊔ Z2, ïðè÷îìó
äëÿ âåêòîðiâ k ∈ Z2 êîðåíi õàðàêòåðèñòè÷íîãî ðiâíÿííÿ λ2+(a−1)λ+b = 0
¹ ïðîñòèìè i Reλ1 ≤ Reλ2, à äëÿ âåêòîðiâ k ∈ Z1 � äâîêðàòíèìè.

Çíàéäåíi ôóíêöi¨ uk(t) äëÿ k ∈ Z1 çîáðàæàþòü ôîðìóëè

uk(t) = tλ1

(
1 ln t

)
ln τ

(
ln t1 − ln t0

−1 1

)(
t−λ1
0 φ0k

t−λ1
1 φ1k

)
, k ∈ Z1,

äå τ = t1/t0, ln τ > 0, à äëÿ k ∈ Z2 � ôîðìóëè

uk(t) =

(
tλ1 tλ2tλ1−λ2

1

)
1− τλ1−λ2

(
1 −τλ1−λ2

−1 1

)(
t−λ1
0 φ0k

t−λ1
1 φ1k

)
, t1 ≤ 1,

uk(t) =
−
(
tλ1 tλ2

)
1− τλ1−λ2

(
−1 tλ2−λ1

0

tλ1−λ2
1 −1

)(
t−λ1
0 φ0k

t−λ2
1 φ1k

)
, t0 < 1 < t1,

uk(t) =

(
tλ1tλ2−λ1

0 tλ2
)

1− τλ1−λ2

(
1 −1

−τλ1−λ2 1

)(
t−λ2
0 φ0k

t−λ2
1 φ1k

)
, t0 ≥ 1.

(3)
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Íåõàé êîìïîíåíòè âåêòîðà b⃗ =
(
bs(1), . . . , bs(p)

)
ó ðiâíÿííi (1) íàëåæàòü

êðóãó Q∗ = {z ∈ C : |z| ≤ b∗}. Òîäi çàëåæíi âiä k âåëè÷èíè λ1(k), λ2(k),
D(k), ∆(k) çàëåæàòü òàêîæ i âiä öüîãî âåêòîðà íà ìíîæèíi Q∗p. Îñêiëüêè
|a(ik)| ≤ L1k̃ i |b(ik)| ≤ L2

1k̃
2, òî |D(k)| ≤ L2

2k̃
2 i |λj(k)| ≤ L3k̃, äå äîäàòíi

÷èñëà L1, L2, L3 � íå çàëåæàòü âiä k òà b⃗, à çàëåæàòü âiä b∗.
Ïîçíà÷èìî Q0 � ìíîæèíó âåêòîðiâ (a0, b0), òàêó ùî äëÿ (a0, b0) ∈ Q0

çíàìåííèê ∆(0) = 0. Ó ïðèïóùåííi (a0, b0) ̸∈ Q0 äëÿ äîâiëüíèõ äîñòàòíüî
ìàëèõ ε > 0 i ïîñëiäîâíîñòi εk ≥ 0, äëÿ ÿêèõ

∑
k ̸=0 ε

2
k = ε/2, íà ìíîæèíi

b⃗ ∈ Q∗p \Q çíàìåííèêè ó ôîðìóëi (3) çàäîâîëüíÿþòü íåðiâíiñòü

|1− τλ1−λ2 | ≥ min
(
|∆(0)|, 3

8
,
3

4
L4k̃

1/2εk

)
≥ L5k̃

1/2εk, k ∈ Zp,

äå measQ ≤ ε i L4 =
ln τ

pL2b∗(p−1)
√
m0πp

> 0, L5 > 0.

Ââåäåìî ïðîñòîðè Φq,g i Uq,G ç íîðìàìè ∥φ∥2q,g =
∑

k∈Zp k̃2qg2k̃|φk|2,
∥u∥q,G =

∑2
r=0 maxt ∥tr∂r

t u(t, ·)∥q−r,G(t), äå g > 0 i G äîäàòíÿ ôóíêöiÿ.

Òåîðåìà. ßêùî φ0 ∈ Φ(p∗+3)/2,g0j , φ1 ∈ Φ(p∗+3)/2,g1j , äå t1 ≤ 1, g01 =

t
−λ+

1
0 , g11 = t

−λ+
1

1 äëÿ j = 1, t0 < 1 < t1, g02 = t
−λ+

1
0 , g12 = t

λ−
2

1 äëÿ j = 2,

t0 ≥ 1, g03 = t
λ−
2

0 , g13 = t
λ−
2

1 äëÿ j = 3, p∗ > p òà (a0, b0) ̸∈ Q0 i âèêîíó¹òüñÿ
óìîâà −λ−

0 k̃ ≤ Re(λ1 − λ2) ≤ λ+
0 k̃, −λ−

j k̃ ≤ Reλj ≤ λ+
j k̃, j = 1, 2, òî äëÿ

äîâiëüíîãî ε > 0 iñíó¹ òàêà ìíîæèíà Q ⊂ Q∗p ç ìiðîþ measQ ≤ ε, ùî
äëÿ äîâiëüíîãî b⃗ ∈ Q̃ ⊂ Q∗p \Q iñíó¹ ¹äèíèé ðîçâ'ÿçîê u çàäà÷i (1), (2) ç
ïðîñòîðó U2,Gj

i ñïðàâäæóþòüñÿ îöiíêè

∥u∥22,Gj
≤ 16L2

6ζ(p
∗)

εL2
5

(
∥φ0∥2(p∗+3)/2,g0j

+ ∥φ1∥2(p∗+3)/2,g1j

)
, j = 1, 2, 3,

äå ζ(p∗) =
∑

k∈Zp\{0} k̃
−p∗

, ç ôóíêöiÿìè G2(t) =

{
tλ

−
1 , t ≤ 1,

t−λ+
2 , t ≥ 1,

G1(t) =


tλ

−
1 , t ≤ t1,

tλ
−
2 t

λ−
0

1 , t1≤t≤1,

t−λ+
2 t

λ−
0

1 , t ≥ 1,

G3(t) =


tλ

−
1 t

−λ−
0

0 , t ≤ 1,

t−λ+
1 t

−λ−
0

0 , 1≤t≤t0,

t−λ+
2 , t ≥ t0.

THE TWO-POINT PROBLEM FOR EULER TYPE PARTIAL

DIFFERENTIAL EQUATION

A two-point problem for partial di�erential equations of the second order with
coe�cients dependent only on time variable (Euler type equation) is considered.
This problem is ill posed, and its solvability is related to the problem of small
denominators. Existence and uniqueness of the solution are established, based on
lower bounds estimations for the small denominators.
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