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The method of a priori inequalities in negative norms is one of the approaches
that has been actively used to investigate various issues in mathematical
modeling and optimal control, including correctness of the initial-boundary
value problem formulation, existence of optimal control, various controllability
issues, convergence of computational methods, etc.

Using this approach, S.I. Lyashko and his colleagues obtained various
results regarding optimization problems for di�erent models described by
partial di�erential equations with partial derivatives [1]. In particular, variety
of results were obtained for the systems that are described by pseudo-parabolic
di�erential equation.

Let us assume that the evolution of the system is described by the equation
Lu = f , with a linear integro-di�erential operator given by

Lu ≡ −
n∑

i,j=1

(aij(x)uxj
)xit + a(x)ut −

n∑
i,j=1

(bij(x)uxj
)xi

+ b(x)u.

Here, the unknown function u describes the system state in the domain Q =
Ω×(0, T ), where Ω ⊂ Rn is a bounded spatial domain with a smooth boundary
∂Ω. The function u satis�es homogeneous Dirichlet-type initial and boundary
conditions

u|t=0 = 0, u|x∈∂Ω = 0. (1)

Let us assume that {aij}ni,j=1, {bij}ni,j=1 ⊂ C1(Ω), a, b ∈ C(Ω). In [1]
author additionally uses the following assumptions:

aij(x) = aji(x), a(x) ≥ 0, (2)

bij(x) = bji(x), b(x) ≥ 0, (3)

there exists α > 0, such that functions aij(x) satisfy inequality

n∑
i,j=1

aij(x)ξiξj ≥ α

n∑
i=1

ξ2i (4)
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for all ξi ∈ R, i = 1, n, and �nally

n∑
i,j=1

bij(x)ξiξj ≥ 0 (5)

for all x ∈ Ω.
Based on (2)�(5) author proves a priory inequalities of the form{

C2 ∥u∥WBR
≤ ∥Lu∥W−

BR+
≤ C1 ∥u∥HBR

,

C2 ∥v∥WBR+
≤ ∥L∗v∥W−

BR
≤ C1 ∥v∥HBR+

.
(6)

Here WBR, HBR denote the completions of the space of smooth functions
C∞, satisfying (1), with respect to the norms

∥u∥WBR
=

(∫
Q

u2
t +

n∑
i=1

u2
xitdQ

) 1
2

,

∥u∥HBR
=

(∫
Q

u2 +

n∑
i=1

u2
xi
dQ

) 1
2

,

and W−
BR, H

−
BR are the corresponding negative spaces with respect to L2(Q).

In our work, we prove the same inequalities (6) basing only on assumptions
(2) and (4), without requiring the ful�llment of conditions (3), (5). Thus,
the theorems regarding the correctness of the initial-boundary value problem
formulation and the existence of optimal control from [1] remain valid under
weaker assumptions.

1. Lyashko S.I. Generalized optimal control of linear systems with distributed

parameters. London: Kluwer Academic Publishers, 2002.

ÏÐÎ ÀÏÐIÎÐÍI ÍÅÐIÂÍÎÑÒI ÄËß ÑÈÑÒÅÌ, ÙÎ

ÎÏÈÑÓÞÒÜÑß ÏÑÅÂÄÎÏÀÐÀÁÎËI×ÍÈÌÈ

ÄÈÔÅÐÅÍÖIÀËÜÍÈÌÈ ÐIÂÍßÍÍßÌÈ

Ó ðîáîòi äîâîäÿòüñÿ àïðiîðíi íåðiâíîñòi â íåãàòèâíèõ íîðìàõ äëÿ ñèñòåì,

ùî îïèñóþòüñÿ ïñåâäîïàðàáîëi÷íèìè äèôåðåíöiàëüíèìè ðiâíÿííÿìè. Áà-

çóþ÷èñü íà äîâåäåíèõ íåðiâíîñòÿõ ìîæíà ñòâåðäæóâàòè ïðàâèëüíiñòü

òåîðåì ïðî êîðåêòíiñòü ïîñòàíîâêè ïî÷àòêîâî-êðàéîâî¨ çàäà÷i, iñíóâàí-

íÿ îïòèìàëüíîãî êåðóâàííÿ, çáiæíîñòi îá÷èñëþâàëüíèõ ìåòîäiâ, òîùî.
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