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Íåõàé G � îáëàñòü ó êîìïëåêñíié ïëîùèíi C i µ : G → C � âèìið-
íà ôóíêöiÿ ç |µ(z)| < 1 ì.ñ. (ìàéæå ñêðiçü) â G. Ðiâíÿííÿì Áåëüòðàìi

íàçèâà¹òüñÿ ðiâíÿííÿ
fz̄ = µ(z) fz , (1)

äå fz̄ = (fx+ ify)/2, fz = (fx− ify)/2, z = x+ iy, fx i fy� ÷àñòèííi ïîõiäíi
âiäîáðàæåííÿ f ïî x òà y, âiäïîâiäíî. Ôóíêöiÿ µ íàçèâà¹òüñÿ êîìïëåêñíèì
êîåôiöi¹íòîì.

Íåõàé σ : G → C � âèìiðíà ôóíêöiÿ òà m ⩾ 0. Ðîçãëÿíåìî íàñòóïíå
ðiâíÿííÿ, çàïèñàíå ó ïîëÿðíèõ êîîðäèíàòàõ (r, θ), z = z0 + reiθ, z0 ∈ G :

fr = σ(reiθ) |fθ|m fθ, (2)

äå fr òà fθ � ÷àñòèííi ïîõiäíi âiäîáðàæåííÿ f ïî r i θ, âiäïîâiäíî. Ó
äåêàðòîâèõ êîîðäèíàòàõ ðiâíÿííÿ (2) ìà¹ íàñòóïíèé âèãëÿä:

fz =

(
z − z0
|z − z0|

)2
σ(z)Nm(f, z, z0)− 1

σ(z)Nm(f, z, z0) + 1
fz , (3)

äå Nm(f, z, z0) = i |z − z0| |(z − z0)fz − (z − z0)fz|m.
Ïðè m = 0 ðiâíÿííÿ (3) çâîäèòüñÿ äî çâè÷àéíîãî ëiíiéíîãî ðiâíÿííÿ

Áåëüòðàìi (1) ç êîìïëåêñíèì êîåôiöi¹íòîì

µ(z) =

(
z − z0
|z − z0|

)2
iσ(z) |z − z0| − 1

iσ(z) |z − z0|+ 1
.

Ïîêëàâøè ó (3) m = 0 i σ = −i/|z − z0|, ìè ïðèõîäèìî äî êëàñè÷íî¨
ñèñòåìè Êîøi-Ðiìàíà. Âñþäè äàëi áóäåìî ââàæàòè, ùî m > 0.

Ãîìåîìîðôiçì f êëàñó Ñîáîë¹âà W 1,1
loc íàçèâà¹òüñÿ ðåãóëÿðíèì, ÿêùî

Jf > 0 ì.ñ. Ðåãóëÿðíèì ãîìåîìîðôíèì ðîçâ'ÿçêîì ðiâíÿííÿ (3) íàçèâà-
¹òüñÿ ðåãóëÿðíèé ãîìåîìîðôiçì f : G → C, ÿêèé çàäîâîëüíÿ¹ (3) ì.ñ. â
G.

Íàäàëi áóäåìî âèêîðèñòîâóâàòè íàñòóïíi ïîçíà÷åííÿ

B(z0, r) = {z ∈ C : |z − z0| < r} , C(z0, r) = {z ∈ C : |z − z0| = r}.
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Òåîðåìà 1. Íåõàé f : G → C � ðåãóëÿðíèé ãîìåîìîðôíèé ðîçâ'ÿçîê

ðiâíÿííÿ (3), ÿêèé íàëåæèòü êëàñó Ñîáîë¹âà W 1,1
loc , β > m+2

m+1 i Cz0 > 0.
ßêùî ∫

C(z0,r)

|dz|(
Imσ(z)

) 1
m+1

⩽ Cz0r
β

äëÿ ì.â. r ∈ (0, d0), d0 = dist(z0, ∂G), òî

|f(z)− f(z0)| ⩽ ν0C
m+1
m

z0 |z − z0|
β(m+1)−m−2

m

äëÿ âñiõ z ∈ B(z0,
d0

4 ), äå ν0 � äîäàòíà ñòàëà, ÿêà çàëåæèòü òiëüêè âiä

m òà β.

Íàñëiäîê 1. Íåõàé f : G → C � ðåãóëÿðíèé ãîìåîìîðôíèé ðîçâ'ÿçîê

ðiâíÿííÿ (3), ÿêèé íàëåæèòü êëàñó Ñîáîë¹âà W 1,1
loc , σ0 > 0 òà α > 1.

ßêùî

Imσ(z) ⩾
σ0

|z − z0|α

äëÿ ì.â. z ∈ B(z0, d0), d0 = dist(z0, ∂G), òî

|f(z)− f(z0)| ⩽ ν0 σ
− 1

m
0 |z − z0|

α−1
m

äëÿ âñiõ z ∈ B(z0,
d0

4 ), äå ν0 � äîäàòíà ñòàëà, ÿêà çàëåæèòü òiëüêè âiä

m òà α.

Ïîêëàâøè ó òåîðåìi 1 β = 2, îòðèìà¹ìî äîñòàòíþ óìîâó ëîêàëüíî¨
ëiïøèöåâîñòi ó òî÷öi z0.

Íàñëiäîê 2. Íåõàé f : G → C � ðåãóëÿðíèé ãîìåîìîðôíèé ðîçâ'ÿçîê

ðiâíÿííÿ (3), ÿêèé íàëåæèòü êëàñó Ñîáîë¹âà W 1,1
loc i Cz0 > 0. ßêùî∫

C(z0,r)

|dz|(
Imσ(z)

) 1
m+1

⩽ Cz0r
2

äëÿ ì.â. r ∈ (0, d0), d0 = dist(z0, ∂G), òî

|f(z)− f(z0)| ⩽ ν0C
m+1
m

z0 |z − z0|

äëÿ âñiõ z ∈ B(z0,
d0

4 ), äå ν0 � äîäàòíà ñòàëà, ÿêà çàëåæèòü òiëüêè âiä

m.

LOCAL H�OLDER CONTINUITY OF SOLUTIONS TO

NONLINEAR BELTRAMI EQUATION

A su�cient condition providing H�older's continuity for the regular solutions of

Sobolev class W 1,1
loc to a nonlinear Beltrami equation is established.
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