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We prove the generalized weak Harnack inequality for non-negative super-
solutions to quasilinear elliptic equations with the generalized Orlicz growth

div
(
Φ(x, |∇u|) ∇u

|∇u|2
)
= b(x)f(u), b(x) ⩾ 0, x ∈ Ω, (1)

where Ω is a bounded domain in Rn, n ⩾ 2.
Throughout the paper we suppose that Φ(x, v) : Ω × R+ → R+ is a

non-negative function satisfying the following properties: for any x ∈ Ω

the function v → Φ(x, v)

v
is non-decreasing and lim

v→0
Φ(x, v) = 0,

lim
v→+∞

Φ(x, v) = +∞. We also assume that

a(x)G(v) ⩽ Φ(x, v) ⩽ b(x)G(v), G(v) :=

v∫
0

g(s) ds, (2)

where a(·) ⩾ 0, b(·) ⩾ 0 and g(·) > 0.
And moreover, we also assume that u → f(u) is increasing and (Fδ)there

exists δ > 0 such that

(1 + δ)F (u) ⩽ f(u) u, F (u) :=

u∫
0

f(s) ds, u > 0.

The function f(u) = uδ f1(u), δ > 0 satis�es condition (Fδ), provided that
f1(u) is non decreasing. We note that in the case δ = 0, condition (Fδ) is a
consequence of the fact that f is increasing.

The aim of this paper is to prove the weak Harnack inequality for non-
negative super-solutions to equation (1). Before formulating our main result,
let us remind the reader of the de�nition of a weak super-solution to equation
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(1). We write W 1,Φ(Ω) for the class of functions u ∈ W 1,1(Ω) with∫
Ω

Φ(x, |∇u|)dx < ∞ and we say that u is a weak super-solution to

equation (1) if u ∈ W 1,Φ
loc (Ω) and the following integral inequality

−
∫
E

Φ(x, |∇u|) ∇u

|∇u|2
∇φ dx ⩽

∫
E

b(x)f(u)φ dx (3)

holds for every open set E ⊂ Ω and for all non-negative φ ∈ W 1,Φ
0 (E).

To formulate our results set

µ(x0, r) :=
( 1

Br(x0)

∫
Br(x0)

[a(x)]−tdx
) 1

t
( 1

Br(x0)

∫
Br(x0)

[b(x)]mdx
) 1

m

In what follows we assume that the function r → µ(x0, r) is non increasing.
Our main result of this paper reads as follows.

Òåîðåìà 1. Let u be a weak non-negative super-solution to equation (1)
and let conditions (2) and (Fδ) be ful�lled. Denote mρ := inf

Bρ(x0)
u, then there

exist constants C, C1 > 1, depending only on n, p, q, t, m, δ such that for

any θ ∈
(
0, min(p−1,δ)nt

n(t+1)−pt

)
there holds

1

Br(x0)

∫
Bρ(x0)

exp

(
θ

2u∫
2mρ

dt

t+ ρG−1
(
F (t)

)) dx ⩽ exp
(
C[µ(x0, ρ)]

C1
)
, (4)

provided that B8ρ(x0) ⊂ Ω. Here G−1(·) is the inverse G(·).
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Äîâåäåíî óçàãàëüíåíó ñëàáêó íåðiâíiñòü Ãàðíàêà äëÿ íå-

âiä'¹ìíèõ ñóïåððîçâ'ÿçêiâ êâàçiëiíiéíèõ åëiïòè÷íèõ ðiâíÿíü iç

óçàãàëüíåíèì çðîñòàííÿì Îðëi÷à

div
(
Φ(x, |∇u|)

∇u

|∇u|2
)
= b(x)f(u), b(x) ⩾ 0.
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