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The Sharpe ratio is a key measure in portfolio theory, quantifying the
trade-o� between risk and return. In high-dimensional settings�where the
number of assets k is comparable to or exceeds the sample size n�traditional
estimators of the maximum Sharpe ratio portfolio become unreliable. Shrin-
kage-based methods address this by combining sample estimators with struc-
tured targets, reducing estimation error.

Portfolio optimization in high dimensions is increasingly relevant, as inves-
tors consider large asset universes. The ratio c = k/n fundamentally alters
estimator properties and requires new theoretical tools, such as random matrix
theory.

The following results provide guarantees for the proposed shrinkage esti-
mator in both c < 1 and c > 1 regimes.

Theorem 1. Let α∗ be de�ned as the optimal shrinkage intensity for

c < 1. Then:

|α∗
n − α∗| a.s.−−→ 0 as n → ∞, k/n → c < 1. (1)

This theorem ensures that, as the data set grows, the estimated shrinkage
intensity converges to its optimal value, improving portfolio performance.

Proof. The proof uses random matrix theory to show that, under suitable
conditions, the di�erence between α∗

n and α∗ converges to zero almost surely.
■

For c > 1, an analogous result is obtained, important for very large
portfolios.

Theorem 2. Let α+ be de�ned as the optimal shrinkage intensity for

c > 1. Then: ∣∣α∗
n − α+

∣∣ a.s.−−→ 0 as n → ∞, k/n → c > 1. (2)
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This result extends the consistency guarantee to the ultra-high-dimensional
regime, where the sample covariance matrix is singular and shrinkage is essenti-
al.

Simulation results show that the shrinkage estimator (measured by the
relative deviation of its variance from the true value) is superior to the sample
estimator for all c except when c is close to 0. For moderate and large c, the
shrinkage estimator provides substantial risk reduction and more stable out-
of-sample performance.

The shrinkage estimator is relevant for institutional investors and analysts
managing large portfolios, especially when traditional methods fail due to high
estimation error. It is useful for equity, bond, or multi-asset portfolios with
limited historical data, and helps achieve better risk-adjusted returns.

Conclusion
This paper addresses the estimation of the maximum Sharpe ratio portfolio

in high-dimensional settings, proposing a shrinkage estimator with optimal
intensity derived by minimizing out-of-sample variance. Consistent estimators
are constructed using random matrix theory. Simulation results con�rm the
superiority of the shrinkage estimator over the sample estimator for most
values of c. The approach is broadly applicable for modern portfolio manage-
ment.
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ÑÒÈÑÍÅÍÀ ÎÖIÍÊÀ ÏÎÐÒÔÅËß IÇ ÌÀÊÑÈÌÀËÜÍÈÌ
ÂIÄÍÎØÅÍÍßÌ ØÀÐÏÀ ÍÀ ÎÑÍÎÂI ÌIÍIÌIÇÀÖI�

ÄÈÑÏÅÐÑI�

Ðîçãëÿíóòî îöiíþâàííÿ ïîðòôåëÿ ç ìàêñèìàëüíèì âiäíîøåííÿì Øàðïà

ó âèñîêîðîçìiðíîìó âèïàäêó. Çàïðîïîíîâàíî ñòèñíåíó îöiíêó ç îïòèìàëü-

íîþ iíòåíñèâíiñòþ ñòèñíåííÿ, âèçíà÷åíîþ ÷åðåç ìiíiìiçàöiþ ïîçàâèáiðêî-

âî¨ äèñïåðñi¨. Ïîáóäîâàíî êîíñèñòåíòíó îöiíêó öi¹¨ iíòåíñèâíîñòi òà ïðà-

êòè÷íó ñòèñíåíó îöiíêó âàã ïîðòôåëÿ.
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