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BOTTAH MOCUIIOBUY IITAIITHUK
(28.09.1937—22.02.2017)

22 mororo 2017 poxy Ha 80-My poOIi KUTTS BiAiAMIOB y BiuHicTH Bor-
man Mocunosna ITamuuk — BujaTHUN YKPATHCHKMAH MATEMATHK, 4/I€H-KO-
pecnorgenT HAH Ykpaitn, 1oKTop Pi3nKko-MaTeMATHIHUX HAYK, TPodecop,
3aBijyBay Bilny maremarndnol dizuku Incruryry npukiajgaux npobsem
Mexanikn 1 maremaruku im. . C. Tligcrpuraga HAH Vkpainn.

B. I1. Itamuux sapoauscs 28 Bepecus 1937 poxy B cemumi Boropoguanm
IBano-®pankiscbkoi obacti. ¥V 1959 pori 3akinuus hi3uKo-MaTeMaTUIHAM
dakyabrer IBaHo-@paHKIBCHKOTO AEp:KABHOTO MEJATOTITHOTO IHCTUTYTY.

TpymoBy aisibHiCTE po3mouas y ceprnri 1959 poky BumTesem marema-
TUKU Ta BupobHm4oro Hauanus Pocimpusuchkoi CII Boropomuanchkoro
paitony IBano-PpankiBchbkoi 006J1acTi.

Y 1961-1963 pp. mpaioe acucrenToMm Kadeapu maremarwku I[Bamo-
D paHKiBCHKOr0 JEP2KABHOIO I1e1aroriauoro incruryty. ¥ 1963 p. Bcrymae 10
acmipauatypu lacruryty martemarunkuy AH YPCP y Binmin audepennianbamx
piBHsIHB, sikuM 3aBijysas djen-kopecnonjgentT AH Vipainu FO. /. Coxko-
Ji0B. HaykoBum kepiBaukom acmipanTa 0yB mpodecop B. . Ckopoborarsbko.
Oo6wumsa i Bugarsi ueni, FO. /1. Cokosor i B. 91. Ckopoborarsko, Bijirpan
BEJINKY POJib y opmyBanHi B. 1. TIramuuka sk HAYKOBIA 1 TPOMaITHUHA.

[Ticng 3aximgenns acnipantypu 3 1966 mo 1969 pik Bim mparoBas acu-
creaToM Kadeapu audepeHIiaTbanX PiBHIHD JIbBIBCHKOTO J€PKABHOTO YHi-
Bepcutery iMeni IBarna @panka (3 1969 p. mo 2000 p. — 3a CyMiCHUIITBOM).
Tyt y 1968 pori 3axuctus gucepraiiio ,3agada Bajte Ilyccena ra mesiki
KpaiioBi 3ajau4i /g JiHifiHUX Tinepbo/ivHuX pPIBHAHB HA 3700yTTd HAYKO-
BOI'O CTYNIEHs KaH/In1aTa (Pi3UKO-MaTEMATHIHUX HAYK.

I3 1969 poky i mo Kinng csoro xkurtg B. I1. [ITammuk npaiosas B ycTa-
HoBax Akajsemil Hayk Ykpaiau. Y 1969-1972 pokax BiH — crapiiuii Hay-
KoBWit criBpobiTHEK Pizmko-mexamiunoro incturyry AH Ykpainnm, 3 1973
POKY TIPAITIOBAB CTAPIIAM HAYKOBUM CHiBpOOITHUKOM JIbBiBCHKOTO istia-
sy maremarnauoi dizukn Incruryry maremarnku AH Vxpainu (3 1978 po-
Ky — lmcruryr npukiaagaux mpobsem Mmexaniku i maremarnku (ITITIMM)
AH Vkpaian). 3 1982 mo 1990 pik kepysas 1a60paTOPIEI0 HEKTACUIHUX 3a-
maua marematnarol dizukn [IIIIMM AH Yxpaiau. ¥ 1989 porii 3axuctus B
[acturyTi maremaruku AH Ykpaiau JOKTOPCHKY gucepraiiiio ,Hekaacuaui
KpaiioBi 3aa4i fjsa qudpepeHIiaj bHuX PiBHAHD i3 YaACTUHHUMU TTOXITHUME,
a B 1990 pomi itomy mpucBoeHo Buene 3Banus npodecopa. 3 1990 poky —
3aBiyBad Bijiiy maremarudnoi dizuku, 3 2003 poky — rojioBa CexIrii Te-
OPEeTUYHMX 1 TPUKJIaIHNX mpobsem maremaruku npu Bueniit pagi ITITIMM
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im. . C. Iligcrpurasa HAH Ykpaimun.

VY 1989 poui B. 1. ITramuuk crae 4aeHOM MOHHO BiAHOBIEHOrO B YKpa-
ini HaykoBoro Tosapucrsa imeni Illesuenka. Y 2002 pomi B. I1. Iltammuka
obpano akajemikom Akajiemil HayK BUIIOT IIKOIM YKpainu (3a peKOMEH 1ali-
eto Buenoi paan Incruryry npukiaananol MmareMaTnkn ta pyHIaMeHTaATbHIX
Hayk HarmionansHoro yuiBepcurery , JIbBiBcbKa mositexnika®), y 2003 pori
— ujmenHoM-kopecrongeaTroMm HAH Vkpainu, a 8 2006 porii — mificaum qje-
noM HaykoBoro toBapuctBa imeni IIleBuenka. Y 2007 p. #ioMy TpPHCBOEHO
sBannd ,llovecunit mokTop [Ipukapnarchbkoro HaIiOHAILHOIO YHIBEPCUTETY
imeni Bacuna Credannka“.

3a 3acayrn B po3BuTKy Haykw Ta ocsiti B. V. Tltamunky mpucyikeno
I'PaHT J71d BUeHUX 1 BUK/Ia7a49iB MixKHaApOTHOT HAYKOBO-OCBITHROI TPOTPAMU
Mixuapogaoro douay ,Bigpokenns”, maropojzkeno [louecnoio rpamMororo
[Ipesunii HAH VYxpainu (2003 p.); Bin € maypearom npemii HAH Vkpainn
imeni M. O. Jlaspenrsesa (2007 p.).

B. I1. IITamsuk cTBOpUB HAYKOBY LIKOJTY 3 T€OPii YMOBHO KOPEKTHHX 3a-
Jlad JUid PIBHAHDB 13 YACTUHHUMM TTOX1JIHUMY, SKill MPUTAMaHHl OpUTiHAJIbHI
HaIpPIMKH JOCHiAKeHb. Bin — aBTop momaz 250 HAyKOBUX WIpaIb 3 TeOo-
pii nudepenniaibHUX PIBHAHD 13 YACTUHHUMHU [TOX1JHUMU, TEOPIl Ti/iscTux
JIAHITIOTOBUX JIPOOIB Ta icTOPil MareMaTnku, a TaKOXK moHa | 20-Tu HaAyKOBO-
nonynsprux crareit. I1i kepisrunreom B. 1. IlTammuka yeHinmao 3aXHINeHo
18 kangupaTchkux i 3 JOKTOPCHKI JucepTailtii.

Pazowm i3 yuamamu B. I1. Iltamuuk po3po6us opurinaasi Meromn (gKi 6a-
3YIOTHCsl HA METPUYHOMY TT1IXO/I1 JI0 aHAIIZY TTPOOJIEeMH MaInX 3HAMEHHWKIB)
JTOCJTIT?KEHHsT KOPEKTHOCTI Ta TMOOYI0BU PO3B’3KiB HAraTboxX HEKJIACHIHUX
3a/1a4 /1t PIBHSIHD Ta CUCTEM PIBHSIHD 13 9aCTUHHUME MOXiHUMEU (JHiHIFHIX
i crabKoHeMHIHIX) CKIHIEHHOTO Ta OE3MEKHOrO MOPS/IKIB, a TAKOXK s
mudepenIiaTbHO-0IePATOPHUX PIBHAHD: 1) 3a1a4i 3 JIOKaJIbHUME HAraToTo-
YKOBUME yMOBaMu; 2) 3ajad4i tumy 3aja4 ipixse; 3) 3amaqi mpo mepiognani
Ta Maiizke nepiogmuni po3s’s3ku; 4) HesloKa bHI KPalioBi Ta 6araroToYKOBI
zagaqi. Brkazani 3ama4di €, B3araji, HEKOPEKTHUMHA, & 1X PO3B’s3HICTH y Oa-
raThOX BHUMAIKAX OB 's13aHa 3 MPOOJIEMOI0 MaInX 3HaMeHHuKiB. [Ipu moci-
JYKeHHI WX 3a7a9 /s TinmepOoaiaanx, mapaboivanX i Oe3TUTHUX PIBHSIHD
Ta CHCTeM DIBHSAHBL (B TOMY WHC/ He PO3B’A3aHUX BIJIHOCHO CTApIIOl TMOXi-
JTHOT 33 9ACOBOIO 3MIHHOI0) BUHUK/IM MaJli 3HAMEHHUKH CKJIAHOI HEeJIHIAHOT
CTPYKTYPH, OIIHIOBAHHS 3HNU3Y AKWX IPU3BEJIO JI0 HOBUX, ITTe HETOCIITKEHIX
3ajad MmeTpudHOl Teopii uuce, 1o Oysm po3s’a3ani B. [. Beprikowm, 3aBity-
BaueM Bigay Incruryry maremaruku HAH Benapyci, B. 1. Iltamuukom
Ta IXHIMU KOJIETAMHU.

CsoiMu 3HaHHAMHE i J0CBiTOM mpodecop B. 1. Irammux e IPO JTLINB-
cd 3 MoJIoZ110. BipomoB2k 6araTtb0xX POKIB BiH YnTAaB CIENKYPCH TA KEPYBaB
HayKOBOIO pOOOTOI0 MAariCTpiB, acmipaHTiB i mokTopanTiB y Ilpukapmarchko-
My HarioHagbHOMY yHiBepcuTeti imeni Bacuna Credannka, Hamionaabho-
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My yHiBepcureTi ,JIbBiBcbka mositexuika®, IIIIIMM im. d. C. Ilizcrpura-
ga HAH VYxkpaian, JIbBiBChKOMY HaIioOHAJIBHOMY yHiBepcuTeTi imeni IBana
®paHKa.

Bararo cun i wacy Bigmasas B. I1. Iltammuk HayKoBO-opramizariitmiit
poboTi 3 KOoOpaAWHAIT HAYKOBUX TOC/IIKEHb Ta IiJITOTOBKW HAYKOBUX Ka-
JIpiB BuCOKOI KBasidikarii 3 MaTeMaTuku B 3axigHOMY perioni Ykpainu. I3
1976 poky Bim OyB cexkpeTapeMm CeKIlii MeXaHiKi i MaTeMaTUKH, TOJIOBOIO Ce-
kil maremarukn (1991-2000 pp.), 3aCTyIHAKOM TOJIOBH CEKITil MATEMATHKN
i maremaruunoro mozemosanas (2001-2006 pp.), a 3 2007 poky — KepiBHu-
KOM BifmiieHHa (pi3UKO-TEXHIYHAX 1 MATEMATHIHAX HAYK Ta TOJTOBOIO CEKIIil
MaTeMaTUKU 1 MATEeMaTUIHOIO MOJIEJIIOBAHHST 3aXiJHONO HAYKOBOI'O LIEHTPY
HAH VYxkpainn ta MOH Vkpainn.

VY 1993-1998 pp. B. . rammuk OyB 4IEHOM €KCIIEPTHOI PaJu 3 MaTe-
Maruka BAK Vkpainn, a y 1993-2000 pp. — 3acTyIHAKOM TOJIOBH CIIEIia-
JII30BAHOI PaJIN 1O 3aXUCTY JOKTOPCHKUX AMcepTariit y JIbBIBCBKOMY HAITiO-
HaJabHOMY yHiBepcuTeTi imeni Iana @panka.

B. I1.IItamuux 6yB kepiBEnKoM JILBIBCHKOr0 MiCBKOro ceminapy 3 mude-
peHIia bHUX PIBHAHBL NPH JIHBIBChKOMY HaIllilOHAILHOMY yHiBepcHTeTi iMeHi
Ipana ®pamnka, a TaKOXK 3araJbHOIHCTUTYTCHKOTO MAaTEMATHIHOTO CEMiHADY
B IIITIMM im. 4. C. Iigcrpuraua HAH Ykpaiau, wieHoMm pegkoseriit H6a-
TaTbOX MaTeMATHIHUX JKYPHAIIB Ta BICHUKIB, OPTaHi3aTOPOM MEPIOAMIHOL
Mirkuapogaoi Mmaremarudnol kordepentil im. B. ¢. Crkopoborarbka. Bara-
TO MAaTEMATHUKIB YKpPaiHN yIPOJOBIK CBOT'O HAYKOBOTO 3POCTAHHS BiTIYBAIA
BesmKy migrpuMky npodecopa B. 1. Iltamuuka sax asropurerHoro dpaxisis,
KOHCY/IbTaHTa 94U OMIIiHHOTO OTIOHEHTa HA 3aXUCTaX JUCEPTAILiA.

Bupomosxk 6ararbox pokis b. 1. IIramuuk g0KIa1aB 6araTto 3YCUIb IS
36epexkenHs maM aTi Tpo 3acHoBHUKIB Haykosoro Tosapuctsa imeni [1les-
YeHKa, TBOPIB YKPATHCHKOI MaTeMaTUIHOI TEPMIHOJIOTI, BUMTEIB HaraTbox
mokoJIiHb — Bostognvupa Jlesuibkoro, Mupona 3apuiiskoro, Muxaiiaa Yaii-
KOBCBKOI'0, 1 3aBXK/IM 3raIyBaB IX 3 0COOIMBOIO IOBATOI0 Ta BAAIHICTIO. Bis-
Terep ciTiry mam’sTh mpo Borgama Mocumosnaa sk TaIaHOBATOTO BYEHOTO,
Tefarora, MOMyJIAPU3aTOpa MATEMATUIHOI KYJIbTYPH, BUTOHIEHOTO 3HABII
Ta HATXHEHHOI'O JIEK/IaMaTOpa yKPATHCHKOI 110€e3ii, BeJIMKOTo narpiora Y Kpa-
M, TpeKpacHy @ 4yiiHy Jiio/uHy 306epiraruMyTh Ta IIepe/laBaTUMyTh HOTO0
y4HI, KOJETH, yCi, 3 KHM BiH CHIJIKYBaBCS Ta IPAIIOBAB.
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IIPO ABCOJIFOTHY CTIMKICTH 10 3BYPEHbDb
ABOBUVMIPHUX HEITEPEPBHUX JIPOBIB I3
KOMIIVIEKCHNMUM EJIEMEHTAMMN

as deosumipnur nenepeperux dpobis, eAeMennu AKUL HAAEHCATVD
do deaxrot Kymosoi MHONCUHU NPABOT NIBNAOUUHY, BCMAHOBAEHO 00~
CMamHi ymosu ix abcoaromuoi cmitikocmi do 36ypens ma odepacano
OUIHEY GOCONOMHOT NOTUOKY 0as IT PieypHUT HAOAUHCERD.

Henepepsui npobu Ta ix GaraToBuMipHi y3arajbHEHHSI — TiAJISCTI JIaH-
rorosi apobu (I'JI/1) ta nBoBumiphi HenepepsHi apobu (IH/I), marors Biia-
CTUBICTH 0OMEXKEHOI0 HAPOMA/PKEHHST MMOXUOOK, 10 BUHUKAIOTH y MPOIECi
ix obumcens [3,13,16]. IIpobiema criiikocTi HemepepBHEX ApO6iB mOCTATA
npu JIOC/IIZKEeHHI agropuTMiB o0uncienns ix HabanKenb (1miaxigaux Japo-
6iB), sokpema, F'R- ta BR-anropurwmis |17,18].

Y poborax II.I. Bonnapuyka, B.4. Cxkopoborarbka Ta iX y4HIB J0CTi-
JeKyBasachk acumnrorrdna cridikicrs IJIJT [1] 3a gomomororo BracruBocreit
BITHOCHHUX ITOXUOOK.

VY poborax [4] — [7], [9,10,14] 6ym Bcranosseni hopMyn ji/s BiJHOCHUX
Ta abcostoTHux moxubok migximaux apobis I'JI ta JIH/I, 3a momomororo
JKUX JTOC/IIZKyBaJsIach mpobsema ix crifikocri 10 30ypens. Tak, 30xkpema, B
pobotax [2], [5] — |7], BcTanoBeno mocTaTHi YMOBH BiZHOCHOI CTifiKOCTI 70
360ypens I'JIJI 3 pificiumu ta KoMiuiekcHuMu esiemertamu. Pobora [11] npu-
CBAYEHA JOC/III2KEHHIO BiIHOCHOI Ta abCOJIOTHOI cTifikocTi 1o 30ypens ['JI/1
3 KOMILJIEKCHUMY €JIEMEHTAMU, sIKi 3a/I0BOJIbHAIOTH YMOBH OaraTOBUMIDHO-
ro anajory teopemu Cemuncbkoro — [Ipiarcreiima. A6coioTHA CTIHKICTD
o 30ypensb JIH/I 3 KOMIJIEKCHUMU eJieMeHTaMu, 10 HaJIeXKaTh J0 KPYro-
BOI 0b6s1acTi, BuBUaaach y poborax [4,10,14]. V pobori [12] gocsimkyBanachk
CTINKICTh /10 30ypeHb IHTErpaJbHUX JIAHIIOTOBUX JIPOOIB.

V miit poboTi HoCTiIKYETHC aOCOTIOTHA CTIfKICTh /10 30yPEeHb MPaBUIb-
aux JJH/T Tuny Ban ®@neka [15].

Posrigremo weckingennuit JTH/T Burasmy

D —, &= +D—, k=0,1,..., 1
k=0 by i + Py, g 7=1 bkt 5=1 bk k+j W

;[ebiJEGC(C, 1,5 =0,1,....

! Hamionansanit yrisepcenrer ,JIbBiBchKa mostiTexmixa®,
tamara__antonova@ukr.net

?IacruryT npukaagHnx mpobaeM Mmexamixn i Maremaruru iv. S1.C.ITizcTpurata
HAH Ykpainu, olja_susQukr.net



[Ipo abcomroTHY CTIfKICTD 10 30ypeHb... 9

Osnauenns 1. Hassemo n-mu dizyprumu nabausicenmnamu (abo n-mu
pieyprumu nidrionumu dpobamu) TH/ (1) cxinwenni JHJT euzandy

o= 12 o
= D , n=12 ...,
n k=0 bk,‘,k‘ + q)l(in—Qk—l)

1 p 1

a0 0 o® — b + 3
F M = bk G=1 bkt

L k=01,...,p=12..., (3)
de a] — wina wacmuna Jiicnozo wucia a.

Bupazu Burssigy

0 1 1
Q§- ) = bjjs Q§- ) = bjj + <I>§~ ),

1 .
Q§p+2) :bj7j+q)§p+2)+v7 J5p=0,1,..., (4)
Q)

HA3WBAIOTH JBOBUMIDHUME 3ajmiikamu (irypaux wabamxkenb (2), (3), a
CKiHYeHH] HemepepBHi apodbu

0 +1 1
Cﬁ#$=bHM7Qg¢?:%ﬂk+‘674ﬁ
k+j+1,k
0 +1 1
Qihes = by QU = by + ow )
ke ktj+1

k,p=0,1,..., j=1,2,...,

HA3WBAIOTH X OJHOBUMIPDHUMU 3AJIAIIKAMU.

Hexait b; i, bitji, biitj, ©=0,1,...,5=1,2,..., — 30ypeni 3HaueHHd
eJIEMEHTIB bi,i biJrj,i bi,i+j 1= O, 1, ey ] = 1, 2, ceey ILHﬂ; (1)

Tomi JIHT Burasamy

%) 1 e 1

~ e 1
s, P®pr=D = + D = , k=0,1,..., (6)
k=0 by 1, + Py, 5=V bgyjk I=1 bg kg

oynemo masuBaru 30ypennm JIH/I.
Posryiggaroan critikicrs JIH/I sk ix HenepepBHy 3a/1€2KHICTD Bijl e/1eMeH-
TiB, 3a anasoriero 3 ['JI/1 [7], o3Haunmo abcooTHY CTIHKICTD 70 30ypeHb

AR (1).

OzsuaueHHst 2. Muoowcuny G Hazeemo MHodcuHow Gizyphoi abcoato-
muoi emitikocmi do 36ypens JHI (1), axugo:

1) mmoorcuna G e mmoorcunoro dieypnoi 36iocnocmi JH/ (1) ma AHJT
(6), mobmo 3 ymos b; j € G, 3” €G,i,j=0,1,..., euniusae iCHYSaHHA
CKINYeHHUT epanuyy lim f,, lim fn;

n—oo n—ro0
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2) daa dosiavrozo diticnozo wucaa € > 0, icnye make diticne wucao 6 > 0,

wo das koorcnozo b j € G, 1,5 =0,1,..., i Koorcnozo b; ; € G, 1,7 =0,1,...,
MAKUT UL0

bii — bi; bivji—bitji| <90, |biiyj — biivji| <9,
i=0,1,...,7=1,2,..., sukonyromoca nepisnocmi |fn — fn| <e, n>0.

Bennunnn BULJIAY

Abi; = bi; —big, Abiyji=birji—bitii, Abiivj =biirj—biiri, (7)
i= 0,1, =12,

Ha3UBAIOTHCA aOCOTIOTHUMY TTIOXNOKAMU eJIeMeHTiB b; i, biyji, biiyj,
i=0,1,...,7=1,2,..., IHJ (1), a Bupasu

Afp=fn—fo,mn=1,2 ...,

Ha3WBAIOTHCS aOCOIOTHUMA MOXUOKAME HOTO N-X MAXITHUX APOOIB fi,
n=12....

Buxopucrosytoun merojauky, 3anpononosany B [10,14] mas BcranosieH-
Hel GopMy/In aOCOTIOTHOI TTOXUOKY J1/1sT aDCOTIOTHOI OXUOKY N-X (pirypHUX
nigxigaux apo6is JTHI (1), ogep:xumo Bupas BULIsiLy

(254]

- -1 i+1Ab”
i—0 H an 25—1) H Q(n 2j—1)
J=0 J=0
[nT_l} (_1)i+1 n—2i—1 (—].)ZAZ)'_M ]
+2 5 Z ; e
P (n—2j—1) A(n—2j—1) = (n—2i—1—j) A(n—2i—1—j)
0 11 @; Q; I1 Qiyj Qit i
j=0 =1
n—2i—1
(—1)*Abjipe
" ¢ 2i—1 2ic1-j) | ®)
=ILeng e
j=1
e Ab;j, 4,5 = 0,1,..., Busnagatorscs 3a dopmyaamu (7), Qgp), Qgﬁ)j’i,
QP ., i=01,...,5=12...,p=01,..., samuxu THI (1), axi saza-

10rbest bopmynamu (4), (5), Qz(p), QH-Jz’ QZ i+ 1=0,1,...,7=1,2,...,
p=0,1,..., —3amumku 36ypenoro JTH/I (6), axi Busnagarorscs 3a Gopmy-
namu (4), (5) y sxux esementu b; j, 4,5 = 0,1,..., Biguosigno 3amineno na

esiementu b j, 4,7 = 0,1,....
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Hexait enementu b; ;, bitji, bi,i+j7 i=0,1,...,5=1,2,..., JH/ (1) ra
eqneMenTH b; i, biyji, biiyj, @ = 0,1,...,7 = 1,2,..., 36ypenoro JHJI (6)
HaJIEXKATh KYTOB1fI MHOXKWHI 1TPABOI MIBILIOIIUHA

ng{z:|argz|<9<g}.

[Murannam gocmimpkenns 36ixkuocti Ta diryproi 36ixuocti JTHJ/T (1),
eJIEMEHTH 9KMX Hajexkarb MHOxkuHI (g, npucssueno poboru [8,15]. Bera-
HOBJIEHO, 1110 15 36ixkHO0CT] Ta diryproi 36ikuocTi Takux JTH/I ix enementn
MTOBUHHI 33/IOBOJIbHSITH JIesIKi TOATKOBI YMOBH. Y HACTYIIHIN Teopemi cdop-
MYJIBOBAHO YMOBH, jgoctaTHi gyst roro, mod JITH/L (1) mana Bractusicts bi-
TypHOI abCOJTIOTHOI CTIfKOCTI /10 30y peHb.

Teopema 1. Hezati eaemenmu JJH/] (1) ma 36ypenozo do nwozo JTH/]
(6) nasesrcamv 0o KYMOBOT MHONCUHY NPABOT NIBNAOULUHU

Gg}b:{z: |arg z| <9<g, %z2b>0},
i abconomni noxubku eaemenmis JHI (1) € pishomipno obmescenumu:
|Ab; ;| <A, |Abjygi| <A, |Abiyi| <A, i=0,1,..., k=1,2,..., (9)

rwo icnyromo nocaidoswocma {pi}, {p.}, {pr}, k=1,2,..., doda-
MHUT HUCEN MAKUT, ULO

pti < Rbi1 i 1Rbi s, gy < Rbi—1i 1 Rbig, 1 =1,2,..., (10)

toas ecizt=0,1,...,k=2,3,...,

1y < Rbigr—1.Rbikir iy < Rbigr—1:Rbiypi, (11)
i < Rbj ik 1Rb; ik, py < %Bz‘,wk—lw;i,wrk, (12)
1y < Rbi i Rbit1, 1y < RbiiRbij14, (13)

(1 < Rb; ;Rby i1, py < RbiiRbi i1, (14)

a MaxKoxdc € 30IHCHUMU € PAOU

i

> 1
ZHMj+cost9’ (15)

=0 j=1
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oo £
Z;kl_[l +cos€

(17)

mo das abCOMOMHOL NOTUOKU N-20 NIOTION020 dpoby TH/ (1) cnpasdorcy-
EMBCA OUIHKQ

A A
Af, 48", n=1,2,.. ., 1
[Afnl < b?RbO,OS+ b?Rbo,OS(S +57%), n (18)
de S, 8", S" - cymu padis (15), (16), (17) eidnosiono.

Hosenenns. Bukopucrosyroun dhopmyiy (8), oriiHuMo 3a abCOTIOTHOIO
BesmuuHoo Af,, n =

n=12,....
Hexaii Ab
I(in) = — 1204 (19)
n 275—1 n—2j—1)
L1 H Q)
1
IQ(i,ﬂ) = — i ) (20)
n—2j—1 A(n—25—1
TL Q™ VI T Q)]
7=0 7=0
Ab;
Ti(t,m) = | 1)
L1 H rczz.":] 4
Ty(t,m) = 184 (22)
1 1Q T Qo
7j=1 7j=1
Bpaxosyioun nosnadenns (19)—(22), ominky must |Afap—1], |A fop|
p=1,2,..., mogamMo y BUTJISAIL
p—1
|Afop-1| < Zfl(i,QP -1+
1=0
2p—2i—2
+> L,2p—1) Y (Ti(l,2p—2i—2)+ Ta(f,2p—2i —2)), (23)
i= =0
p—1
Al fop| <D I(i,2p) +
=0
- 2p—2i—1
+> L(i,2p) > (Ti(f.2p—2i — 1)+ Ty, 2p — 2i — 1))
i =0

(24)
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Hns mocnimkenns Bupasis (23) Ta (24) BHKOPHCTaEMO METOIUKY, 3a-
upoioHoBany B pobori [15], ra orpumani y Hifi HepiBHOCTI JyIsd 3a/1MIIKIB
JIHJT (1) ma TH/T (6), siki HaBegeMo 6e3 JOBEIeHHS.

Orxe, 3a ymoB Teopemu s asosumipanx 3aaumkis JTH/T (1) Ta 306y-
penoro 10 uboro JTH/T (6) crpaBaKyroThCs HEPIBHOCTI

Q) > ®Q\” =%y,

’Q(l)‘ > %Q(l) §Rb’b % + COSG + C(()Os)e > bi,i?
’Qerl @‘ ’Qi,i+1
‘Q(p+2)‘ > Rb -+ cos 6 cos 6 cos@ Rb, (25)
7 - 7,2 p+1) p+1) 1,29
‘Qz—‘rl 7 | ’Qz s i+1 ‘ ’Qz—&-l

1=0,1,..., p=0,1,...,

|@§0)’ > %QEO) = %Bi,h

cos cosf N

Q7 = RO = Rbig + — o > Rbi,
|Qi+1,z‘ ’Qz z+1|
A (D2 - cos cos cos 6
‘Q§p+ )‘ Z %bl,z + p+1) p+1) 1,05 (26)
‘Qz—‘rl % | ’Qz ji41 ‘ ’Qz—&—l
1=0,1,..., p=0,1,...,
a g oxmnoumipaux 3aaumkis JTH/T (1) ra TH/T (6) — mepiBHOCTI
0 cos 0
QD k] = Rbiins QT 2 Rbiian + ——— = Rbysns (27)
dithtl
i=0,1,..., k=1,2,....,p=0,1,...,
Ta
(0 - cos 5
Qs il = Rbisris QIR = Rbigrs + —o— = Rbiss,
i+htLl
(0 - cos 0/ 5
\Q;Lk\ Rb;isn, |QPF itk D> Rb i+ —o 2 Wik, (28)
iyitk+1

i=0,1,..., k=12..., p=01,....

st oninkn 3um3y 3namennukis supasis (19), (20) y sBunaaky

i . N
n=2p—1,p=1,2 ..., posrissaemo n106ytku || |Q§-2p—2j—2)Q§2p 2 2)\ ,
3=0

p=12,..., mai=2s,s=0,[(p—1)/2], tai=2s—1,s=1,[p/2].
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Hexait © = 2s. Toni
= 22'22SA22'2 (2p—2) 45—2
) (e R [P

2p— 4J 2p 45-2) (2p—4j—2) 2p 4j—4)
x H ‘sz 1 H 0 @2j+1 ’

p=1,2,.... (29)

Bukopucrosyioun nosnauenns (4) ta wepisuocti (25), maemo:

) o (r— r — cosf r—
‘Qg )Qgﬂz)‘ 2 %QE ) Qv(l+12)‘ > | Roi; + TA—2)] ‘Qv(lJrlQ)‘ st
il
> Rb;; |Q 5112 ‘ + cos@ > Rb; i Rbj4141 +cosb, i=0,1,..., r>2. (30)

Amajioriuna HEpIBHICTL CHPABIKYETHCS 1 I TBOBUMIDHUX 3aJIAIIKIB

36ypenoro JTH/T (6)

QQUL? | = Wby Rbigr i1 +cos, i =0,1,..., 7 =2 (31)

[Tincrasasioun orpumMani wepisrocri (30), (31) y supas (29), omepxumo

H‘QQp 2j— Q)H‘QQp 2j— 2}>‘Q2p 2HQ2p 45— 2)x

(%bgj_lgj_l%bgjgj —+ cos 9) H <§Ri)gj72j§}%i)2j+1,2j+1 + cos 9) >
1 =0

s s—1
]:

s—1
(2p 45—2) ‘ H p2j + cosB) H (2541 + cos ) >

7=0

2p—2)
> |Qf

2s —_—
R —1
> Rbo,0Nb2s, 25 H (tj+cosB), p=1,2,..., s=0, [p} , (32)
j=1
i€ [tj 330BOIBHAIOTE yMoBy (10).
Hexait 1 = 25 — 1. Tomi

2s—1 ] 2s—1 )
H ‘ngp—zg—m‘ H ‘Q§2p—2] 2) ‘ ‘Q(]Qp 2)‘ )Qgp 14s
Jj=0 Jj=0

xH)ng‘P g (2p 4j-2) ‘H‘sz 1j-2) 23;;143 1)

)
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i aHAJIONIYHO, K y MOMEPeHBOMY BHIA/IKY, 3aCTOCOBYIOUN HepiBHOCTI (25),

0J1EPZKUMO
25—1
2p—2j—2 2p—2j—2
H ’Q(p - )‘ H ‘Q(p - )‘ > Rbo,0Rbos—1,25-1 H pj +cost),
J=1
(33)
nep=23,..., s=1, [g}, ki, i =1,2,..., 3ag0BoabHs0TE yMOBY (10).
Bepyun no ysarm oninku (32), (33), ymosn (9) i b; 1, € Gy, l;i,k: € Gy,
i,k =0,1,..., IOXOOMMO BUCHOBKY, IO
: 1 -
1(3,2p — =1,2,...,i=0,p—1 (34

1) < ,
)= bérebo,ojl_ll(uﬁcose) p

Jlai, BCTAaHOBUMO OIHKY 3HU3Y JJId 00y TKIB
(2p—25-2) (2p—25-2) (2p—2i—k—2) (2p—2i—k—2)
H Q; H Q; H Qi H Qitkd

A(2p—2i—k—2)
i,i+k

H‘Q% 2j— Q)H‘QQI) 2j— 2“—1‘@2&’621 k—2)

III0 MICTATBCS Y 3HAMEHHUKAX BUPA3iB

ne supasu Io(i,2p—1), Ty (£, 2p—2i—2), To (¢, 2p—2i—2), six dyHKIii BEpxHixX
inyiekciB MOOYTKIB Ta MOPHAJKIB 3a/IMINKIB, BU3HAYAIOTHCH 33 (OopMyIaMu
(20), (21), (22) BignosigHo. dist 0poro j10c/i Mo 490TUPH BUNIAKN 3HAYEHD
BepxXHiX IHJeKCiB ¢ Ta /.

p—1

1) Hexaii i = 2s, s = 0, {

5 ], {=2r—1,r=1,p—2s—1. Toni

2s
o (2p—25—2) (2p 25-2) (2p—4s—k—2) A(2p—4s—k—2)|
I = H ’Qj Qj H QH—kz Qi+k,i =
Jj=0

(2p 45—2) A(2p—4s—3) (2p—4s—2r—1) (2p— 4] 2p 45—2)
Q541125 Qost2r—125 H Q5,1 x

(o

(2p 45—2) 2p 45— (2p—4s—2k—1) ~(2p—4s—2k—2)
XH‘Q Q311 H Qog ok 125 @ssiok0s x
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(2p—4s—2k—3)

2p—45—2k—2)
X H }Q23+2k 2s Q23+2k+1 2 ‘ : (35)

OmianMo HoOYTOK ABOX CYCIAHIX OJHOBUMIDHUX 3a/IUIIKIB
ngj?Qk-fl,in+2k7, ﬂH,ﬂ; ( ) Ta ’ iﬁ)Qk zinQIgrl 7 36ypeHOFO rHHrH (6)7
(t=0,1,..., k=1,2,..., p=1,2,...), Bukopucrosyoun GbOpMyIn s
omuroBuMipaux 3asumkis (5) JTH/T (1) Ta Bianosinui Bupasu st 36ypeHoro
JH/, (6) i mepisrocti (27), (28).

Orxe,

Qz(i%:,i + cost >

p—1
Q§+2k?i > Rbi o1,

(p—1)
‘QH—Qk 12Q2+2k1

= %QH—Qk 1,3

> éRbi—l—Qk—l,iéRbi—‘er,i + cosf > /j2k: + cos b, (36)
net=0,1,..., p,k=1,2,.... Ananorigno,
1 . R
‘szm Qi 1a| = Rbior iRbi g 41+ cos >
p,k=12,.... (37)

Z,ul%ﬂ—l—cosﬁ, 1=0,1,...,
st oniukm 106yTKY JABOBMUMIPHOTO Ta omHoBUMipHOTO 3asmmkis JTH/T (6)

Gepemo 1o yBarm HepiBraOCTI (25), (27):

A A(p—1 A 1) - cos 6
‘Qg;) ‘Qg;_l?gs > §RQ o > §Rst,Zs + W
2s+1,2s
‘stﬂ 95| = %823728%625+1,2s +cos > ) + cos . (38)
[Migcrasnsioun oninku (32), (36), (37), (38) y Bupas (35), omepkumo
2s 2r—1
1 > Rbo,0Rb2st2r—1,25 H (kj + cosb) H (kg + cos ), (39)
j=1 k=1
ne pj,j =1,2,..., BusHagatorses 3riguo 3 (10), py —3riguao 3 (13) a pp, k=
2,3,..., —3rigno 3 (11).

. p—1 -
2) dxmo i = 2s, s =0, S ,=2r,r=1,p—2s—1, 10

2p—2i— (2p—2i—k— 2)’

H2 H ‘Q(Qp 2 2)Q =2-2) ‘ H ’Qz—l-kz k_z)QH-kz

(2p—4s—2) A(2p—45—3) (2p—4s—2r—2) (2p— 4] 2p 45—2)
Q2s+1,23 Q25+2r2s H Q2] 1

i
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(2p 45—2) 2p 45— (2p—4s—2k—1) ~(2p—4s—2k—2)
XH‘Q @211 H Qogy 2k 123 Qo 2k,25 x

.
(2p—4s—2k—2) A(2p—4s—2k— 3)
X H ’Q23+2k 2s Q23+2k+1 2 (40)

[Mincrasasoun ouniaku (33), (36), (37), (38) y Bupas (40), omeprumo

2s 2r
I, > §RbO,O3%17254-27"725 H (Mj + cos 6) H (M;g + cos 0) ’ (41)
j=1 k=1
ae pj,J = 1,2,..., pp,k =2,3,..., pj susHagaiorscs 3 ymos (10), (11),

(13) Bigmosisgwo.
3) Posruistnemo Bunajiok, ko i =2s — 1, £ =2r — 1, s = 1,[p/2],
r=1,p—2s.

25—1
o (2p—2j—2 2p 25—2) (2p—2i—k—2) 2p 2i—k-2)| _
3 = H ‘QJ H Qz+kz H—kz -
i=0

2p—2) 2p—4s) 4s 1) (2p 45— 27’+1 2p—437) ~(2p—45—2)
‘Q ‘ ‘QQS 1 Q2s 25— ‘ H ‘Q% QQJ %

2p 45—2) 2p 45— (2p—4s—4k—4) ~(2p—4s—4k—2)
XH ’Q Q511 H Qs 142k,25— 1Q2571+2k+1,2571 x
r—1
(2p—4s—4k+2) (2p—4s—4k)
X H ‘st 142k—1,25— 1Q251+2k,2371 . (42)

(r—1)

Omninroroun ‘st 1@55 95—1|s MaeMo

r r— r T cos
’Qgs)—l‘ ‘Qgs,2i)—1‘ 2 §RQ§3—1 ’Q(Qs 22 1) > | Rbas— 1,2s-1 1 Q(p_l) ’
2s,2s—1

1)
X)Qé’;% 1’>3%25 125—1Rb2s 251 + cos @ > i} + cos O

i i1 Bupasy (42) anasoriano, sk 1e 3p00JIEHO y TOTEPEIHIX IBOX BUTIAIKAX,
OJIEPKYEMO HEPIBHICTH

2s—1 2r—1

Il5 > Rbo,oRb2st2r—2,25—1 H (15 + cos ) H (1k +cosb), (43)
j=1 k=1
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ne pi,j = 1,2,..., pp,k =2,3,..., pj BusHagatorsca 3 ymos (10), (11),
(13) Biguosigso.
4) V unagky i =2s — 1, s =1,[p/2], £ =2r, r = 1,p — 25, maemo:

0, - 2ﬁ1 )Q§2p_2j_2)Q§2p_2j_2)‘ ﬁ ‘Qgﬁ?i_k_mQﬁi—,z‘%_kﬂ)‘ _
5=0 k=1

(2p—2) (2p—4s) ~(2p—4s—1) (2p—4s—4r)
Q QZs—l Q2s,23—1 Q2s 14+2r,2s

(2p— 4J 2p—4j—2)
H @51 X

(2p 45—2) 2p 45— (2p—4s—4k—4) ~(2p—4s—4k—2)
Q311 H Qo 119k 251 @614 2k+1.25—1| X
2p—4s—4k+2) (2p—4s—4k)
= H ‘QQS 14+2k— 125 1Q251+2k,28—1 . (44)

Ba anHasorivHo0 cxemoro it Bupasy (44) ogepKumo OniHKy

2s—1 2r
1, > %b0,0%b%—er—l,Qs—l H (Hj —+ cos 9) H (M;g -+ cos 9) , (45)
j=1 k=1
Je fij, ,ug-, j=1,2,..., BU3HAUAIOTHCA TaK CaMO, sK y ITOIlepe HiX BUIMaIKaX.

Be3 joBenenns 3anuineMo HEPIBHOCTI, SKi CIIPAB/ZKYIOTHCs /s 100y TKiB

2s
. (2p—25—-2) (2p 2j—2) (2p—2i—k—2) 2p 2i—k—2)
I = H ‘Q] ] H Qz itk Zl+k’ >
=0

2s 2r—1
> Rbo oIb2s 251201 H (5 + cos ) H (1 4 cos 9) (46)
j=1 k=1

2s
5 (2p—2j—2 2p 25—2) (2p—2i—k—2) A(2p—2i—k—2)
Iy = H ‘Qj H Qz Jit+k Qi,i+k 2
Jj=0

2s 2r
> Rbo oRb2s 25+2r H (pj + cosB) H (u% + cos 9) , (47)
j=1 k=1
T 1o 0! )
2p—2j—2) A(2p—2j—2) (2p—2i— (2p—2i—k—2
:H‘QJP ’ ]p ” ‘H‘Qwﬁ-k Zlik‘ ‘Z
j=0
2s—1 2r—1
> Rbo o Nbas—1,254+2r—2 H (5 + cos 8) H (1 + cos ), (48)

j=1 k=1
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2s—1
- (2p—25-2) (2p 25—2) (2p—2i—k—2) A(2p—2i—k—2)
I, = H ‘Qj Qj H Qiiyk Qiivk 2
=0

25—1 2r
> %bo7o§]%b25_1725+2r_1 H (/Lj —+ cos 9) H (Mg ~+ cos 0) , (49)
j=1 k=1
ne py, 7 = 1,200, pf, pil,k =2,3,..., sagoonbusiors HepisHocti (10),

(14), (12) Biguosijso.
Bepyun no ysaru ouinku (39), (41), (43), (45), (46)—(49), ymosu (9) i

bir € Gop, bir, € Goyp, i,k =0,1,..., JOXOIUMO BUCHOBKY, ITIO
AT 1 ‘ 1

L0, 2p=1)Th (6, 2p=2i-2) < bRbo o 1_11 (pj + cos0) P (1), + cos )’ (50)
AT 1 ‘ 1

L1, 2p=1)To(6, 2p=2i=2) < bRbo o E (pj + cosb) kl;[l (1 + cos )’ (51)

ne Is(,2p — 1), Th(¢,2p — 2i — 2), To(¢,2p — 2i — 2), BU3HAYAIOTHCA 3a
dopmynamu (20) — (22) 3 BignOBiHUMYU 3HAYEHHAMU 1H/IEKCIB.
Migcrasasroun ominkn (34), (50), (51) y Bupas (23), omepxnmo

p—1 i p—1 i

& fap- 1‘_b§RbOOZH (15 +cos€) b%booznm

2p—2i—

¢
* Z (H ,uk—I-COSG 1;[ +cos¢9)> (52)

[TosTopiotoun HaBejeHwii XiJ MIpKyBaHb, 3 ypaxyBaHusaMm (24) MoxKHA
MMOKa3aTH, MO JJIA JOBIIBHOTO p = 1, ..., CIPAaBXKYEThCs OIiHKA

p—1 i p—1 4

|Af2p|_b§)?b ZH (g —1—0080 b%booZH (1 +6089

2p—2i—1 Y4 1 ¢ 1
. Z (H Iuk—|—cose)+kl;[1(,u%—}-cose)>' (53)

3Baxkaoun Ha 30ixkHicTh psiaiB (15)—(17), 10X0AMMO BUCHOBKY, 110

A A ! 1" .
IAf,| < b%meSjL b%meS(S +8"), n=1,2,...,
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ne S, 8", S"~ cymm panis (15), (16), (17) Biamosinno, a me o3Hadae, mo 3a
ymos reopemu JTH/T (1) mae Bracrusicrs dbiryprol abcotoTHOT cTifikocTi 10
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Tamara Antonova, Olga Sus’

ON ABSOLUTE STABILITY TO PERTURBATIONS
FOR TWO-DIMENSIONAL CONTINUED FRACTIONS
WITH COMPLEX ELEMENTS

The paper deals with two-dimensional continued fractions whose
elements are belonging to angular set of right half-plane. Suffi-
cient conditions of absolute stability to perturbations for these
two-dimensional continued fractions are established. Estimates of
absolutes errors for figured approrimants are obtained.
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ITPO OZTHE Y3ATAJIbHEHHA 3AJIAYI KOIIII JJIA
EBOJIIOLIMHNX CUHI'YJIAPHUX PIBHAHD
ITAPABOJITYHOT'O TUITY HECKIHYEHHOT' O ITIOPAJIKY

Bemanosaeno po3e’asmicms HEAOKAAbHOT 6020MOMOUKOB0T 30 HACOM
3a0aui 0As €60MOUITHUL PiHAHD 13 NcesdobecceesumU ONepamopa-
MU HECKIHYEHH020 NOPAJKY 3 NOUAMEOBON YMOBOW, AKG € €AEMEH-
MOM NPOCTNOPY Y302ANbHEHUT GYHKUIT MUy Po3nodiaie y eunadky,
KOAU HEAOKAADHA BA2aTMOMOYK08A YMOBa MicTnumsb ncesdobeccenesi
onepamopu.

1. Beryn

OpHuM i3 MOXKIMBHX y3arajabHeHb 3aaa4qi Ko € HesokaabHa 6araToro-
YKOBa 3a 9acoM 3aJa4a, Koau ymMoBa u(t,-)|;=p = g 3aMiHIOETHCS YMOBOIO

m
> agult, =i, = 9,
k=0

e to =0, {t1,...,tm} C (0, 7], {a,1,...,am} C R, m € N - dikcosani
ncaa (aKmo ap = 1, a; = - -+ = a, = 0, T0 Maemo, ovueBuHO, 3ama4y Ko-
nii), IpU HOMY BKAa3aHA yMOBa TPAKTYETHCS B KJIACHIHOMY DPO3yMiHHI ab0o
B CJIaDKOMY CEHCi, SKIO g — y3arajibHena ¢yukiiis. Hemokaabai 3a qacoMm
3314l BIJIHOCSATHCS JI0 HEJIOKAJbHUX KPaNoOBUX 3aJia4 Jjisi PIBHAHb 13 4Ya-
CTUHHIMHE IOoXiganMu. Taki 3a7a4ui BUHHKAIOTH IPH MOJEIIOBAHHI 6ararbox
IPOIIECIB Ta 3aJla4 MTPAKTUKUA KpailoBUMU 3aja9aMu Jijisi PIBHSHB 13 4aCTUH-
HUMH [TOX1THUMU 3 HEJIOKAJbHAME YMOBaMu (JUB., HApUKJIAT, [1,2]).
ocaikeHHaM HeJOKATbHIX KpPaloBUX 3a7ad y PI3HUX acleKTax 3a-
fiMaJiocd 6araTo MaTeMaTUKIB, BAKOPUCTOBYIOUH IIPU ITHOMY Pi3HI MeToau it
migxoau (nuB., Hanpukaa, [3—10]). OgepkaHo BayK/IUBI pe3yabTaTh 010
ITOCTAHOBKH, KOPEKTHOI PO3B’si3HOCTI Ta 100y 10BU PO3B’g3KiB, BUBYEHO IIH-
TaHHS 3aJI€?KHOCTI XapaKTepy pO3B’s3HOCTI 3a/1a4 Bij| MOBEIIHKU CUMBOJIIB
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oTIepariif, BCTAHOBJIEHO YMOBU PeTY/ISPHOCTI Ta HEPEeryJIsIpPHOCTL KpailoBUX
YMOB /Il BaXK/IMBUX BUHAJKIB JuEPEHIIaIbHO-0ePATOPHUX PIBHSIHD.
V it poboTi TOCTIIKYETHC HEJIOKAJIBHA 6araToTOYKOBA 33 YaCOM 3a/1a-
4a Jijig eBostoniitnoro pisasuus Ou/0t + f(A)u(t) = 0, ne f(A) — ncesnonu-
(o0}

depeHIiaTBHANE 0NIEPATOp ,HECKIHIEHHOTO TOPSAKY' BUTJISAILY chAk , Je
k=0
A= ngl [aFp,], a = a(c) — cumBoa oneparopa A, Fp,, ngl — TIpaMe Ta
obeprene nepersopennst beccens; f(A) zie B TOKAIBHO OMYyKJIOMY TPOCTOPI,
KUl € MPOEKTUBHOIO T'PAHUIECIO TIEBHUX 3JIIU€HHO-HOPMOBAHUX TPOCTOPIB.
[Tpu obmexkennsix Ha QYHKIHT f Ta @, siki y3araJbHIOIOTH BIJIOMY YMOBY ,I1a-
paboiaHOCTI 11 piBHAHB Mapabosigaoro tumy, oneparop f(A) nomaerbes
y Burusii f(A) = Fgul [f(a)FB,], Tobro f(A) Takox e ncespomudepeni-
anbHuM (mceBmpobGecceniesuM) oneparopoM i3 cumsosiom f(a). Hemokaibaa
0araToTOYKOBa 3a YACOM yMOBA /IJIsi BKA3aHOT'O PIBHSHHS TAKOXK MICTUTH
ncesgobeccenesi oneparopu By, k € {1,...,m}. Bcranosneno BaacTuBocTi
dyHIaAMEHTAJTBHOTO PO3B’SI3KY TaKOl 3a/adi, JTOBEJEHO PO3B’SI3HICTH 3a/1a-
9i y BUIMAJIKY, KOJU § € JIeMEHTOM IIPOCTOPY OCHOBHUX (DYHKIIi abo mpo-
CTOpY, TOMOJIOTIYHO CIPS?KEHOTO 3 HUM; 3HANTEHO aHAJITHIHE 300paskeHHs
po3B’sa3Ky. 3aznaunmo, mo B npangx [11,12] mocaigkena HenokanbHa Oa-
raTOTOYKOBA 33 YacOM 3aJiava Jijisd 3a3HAYEHOTO PIBHSIHHS Y BUMAJKY, KON
BiNOBiHA yMOBa He MmicTuTh ncespobeccenesi oneparopu (to6ro, By = I,

ke{l,...,m}).
2. IIpocTopu OCHOBHUX Ta y3arajJbHeHUX (DYHKIIiit

Hexait 7 — ¢ikcosane umcno 3 muoxunn (1,+00) \ {2,3,4,...}, v —
dikcosane uuncsio 3 muoxuun {3/2,5/2,7/2,...}, po :=2v + 1, 50 == 1+
O]+ o, M(z) := 1+ |af, z € R,

= {p e CR): |Dhp(@)| < cp(l+[2)) ), k € 2.},
¢ = lim prd,,
pP—00

ne ®,, p € Zy, — H6anaxiB IpoCTIp BiTHOCHO HOPMHI

p
el = sup { 3° M@ D@} ¢ €@y pE,
TE k=0

me 0 < e <1 — dikcopanuii mapamerp.
[e]

CumBosioM  MO3HAYNMO CYKYIHICTE YCiX MapHUX PYHKIIN 3 mpocTopy P
3 BiamoBigHOO TOmoJOTIE0. el mpocTip Ha3zmBaTHMEMO OCHOBHUM, & HOTO

o
€JIEMEHTU — OCHOBHUME (DYHKI[isMu. ¥ mpocTopi & Bu3HAYEHA OlEpPAllid
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y3ara/JibHeHOI'0 3CyBY aprymenty 1; § , dKa BiJmoBiae omepaTopy DBeccens
B, = d?/dz? + (2v + 1)z~ td/dz, v > —1/2:

Too(x) = b,,/«p(\/wz + €2 — 226 cosw) sin? wdw, ¢ € &),

ne b, = T'(v+1)/(T(1/2)T'(v + 1/2)). lla onepamnia € HecKinaeHHO aude-
PEHINOBHOIO ¥ TPOCTOPi &) [13]. Crimyroum [14], 3roprky aBox dyHKIii 3

npocropy ® BuzHauuMO (HOPMYJIOI0

(0% 9)(a l/ﬁ¢ (€)e+de.
0

o
Ha ¢yuxkiisx 3 npocropy & BuzHaueHe meperBopentst Beccens

[e. o]

- : 2u-+1 2
Fi,[01(€) = Falpl(©) i= [ o@ia€)s® ida. o € b,
0
ne j, — mopmosana dyukiia Beccens. Ilpu nbomy Fpglp] — mapna, ob6ume-
xeHa, werepepBra Ha R dynkmig. [ami BractuBocTi dyHKIi# 3 mpocTopy
[} o
U = Fp[®] naseaeni B upaui [13].
[TeperBopennst Beccenst B3aeMHO OIHO3HAYHO 1 HeMepepBHO Bigobpaskae

&) Ha \il [13], mpu mpomy Fp ! Busnavaerses Gopuyiown
o
Fy'0l(e) = [ 0(OR O e, ¥ € e, = T2+ 1))
0

CumMBoOM ((I))’ MO3HAYUMO MPOCTIP yCix JiHifHMX HEenepepBHUX (DyH-
[e] [e]
KIOHA/IB, 3ajaaux Ha O, 31 caabkow 36ixkuicTio. Enementn 3 ($) nasusa-
[e]
TUMEMO y3arajbHeHuMu QPyHKIsIMU. Y MpocTopi d Bu3HAUEHA OMEpaIlis y3a-

o
raJLHEHOTO 3CYBY apryMeHTY, TOMy 3TOPTKY y3araabHenol dynkmiil f € (d)’
3 OCHOBHOIO (PYHKITIEIO 33,71aM0 (HOPMYJIOH0

(f*9)(@) = (fe, Tép(2)) = (fe, TE(E)), 0 € @,

npu koMY f* € HecKiHdeHHO audepen iitosroo Ha R GyHKITE, OCKIIbKY

orepariis y3araJbHEHOT0 3CyBY apryMEeHTa HEeCKiHUeHHO audepeHIiiitoBHa B
(o]

upocropi @ [13] (TyT <f§,T£gD($)> nosHadae miro pyHKmionamsa f Ha ng&(l‘)

sk DyHKIi0 aprymenta §).
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[¢] (o]
Ockinekn Fig Ly] € @, sixiio ¢ € W, To nepersopenns: Beccens y3arais-

o
uenol dynkiii f € ($) BuzHaunMo Tax:

(Fslf], ) = (f, F5'[]), Vo €U

I3 BmacTuBoCTE# MiHIHOCTI it HemepepBHOCTI (hyHKIIOHATA f Ta TMEepeTBoOpe-
nust Beccens (npsimoro ta 06epHeHOro) BUILIMBAE JIHIHICTD 1 HellepepBHICTH
dynknionana Fp[f], Busnadenoro wa npocropi ocnosanx dynkuiit Fp [ci)]
Axmo [ € ((%)’, f*xpe (%, Y € (%, Ta i3 cniBBigHOMenHsT @©; — 0 Mpw
Jj — 00 3a TOIOJIOTI€I0 MPOCTOPY c% BUILJIUBAE CHiBBigHOmeHHA [ * ©0j — 0
pu j — OO 3a TOIOJIOTIEI0 MPOCTOPY &), T0 dyHKIiOHAT f HA3UBAECTHCA
3ropTyBaveM y TPOCTOPI (i) Hamani kmac ycix 3ropryBadiB y mpocTopi (i)
[O3HAYATUMEMO CUMBOJIOM (5*)’ Y [15] poseneno, wo skmo f € (&)*)’,
TO JJIst JIOBLIBHOI (DYHKIHT (0 € (i) npasuibHoI0 € dopmyna Fplf * ¢] =
[¢]

Fglf]- Fply], npu nwomy Fp[f] — mynsrunuikarop y npoctopi ®.

Hexait a: R — [0, +00) — menepepsua, napua una R dbyHskiis, ogHopigna
nopsiziky 7y, To6To a(Axr) = Ava(x), A > 0, axa: 1) neckinyenno gudepenti-
itoBHa mpu x # 0; 2) i1 moxiHi 33/ 0BOJIBHAIOTH YMOBY

Vke N3¢, >0Vz e R\ {0} : |DFa(x)] < ez 7F;
3) icaytors crazi ¢, ¢ > 0, 0 > 7 Taki, mo
Alz]” < a(z) < (1 +|z°), & >czeR
(npuksagom Takol GyHKI{l € dbyukuis a(x) = |z|7).
Bugimumo wiac meckinuenno gudepentiitopaux dynkuiii f(r) =

o0
= Y qaf, € R, 3a monomoron skux MoxHa OygyBaTn mncespobeccete-
k=0

o0
Bl omepaTopm HeCKiHUeHHOro nopsaaxy suraamny f(A) = chAk, e A =
k=0
Fgl[aFB] — TceBgobecceneBnii - oneparop, moOymoBaHWit 3a (DYHKIIIEI-
cuMBoIOM a. Ilpu mpoMy BBazKaTEMeMmo, mo omepatop f(A) Busmadenmit
(o] [¢]

KOPEKTHO B IIPOCTOPi P, AKIIO Jjist KOXKHOI OCHOBHOI (DyHKIIT ¢ € O psif
o0
k
(f(A)p)(x) =D ex(Arp) ()
k=0

o
300pazkae Jjiesiky ocHOBHY (dyHKUi0 3 npocropy &®. Coigyioun [16], npuiy-
cTuMoO, 1o GyHKIS f AOIMyCKae aHAJITUIHE MPOJIOBKEHHS Y BCIO KOMILIE-
KCHY IJIOIIUHY 1 3a/10BOJIbHAE YMOBU:
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a) Vk € Zy 3p, >0 3b, > 0 Vo € R: |DEf(2)| < bp(1 + |z])P*;
2—-A
6) Py < hl +v+3/ 0, me Ay € (0,1) — dikcoBannii mapamerp,
(] +v+3/2)
Po = max{po,p1,--.,Ps}, Po,P1, - - -, D5 — CTami 3 ymoBu a), § = v+3/2+[y] €
N, § — crana 3 ymosu 3); )
B) Ve > 0dc. >0Vz=x+iy € C: |f(2)] < ce(1 + [z])P° exp{e|y|'/19]}
(po — crasa 3 ymoBH a), [0] — Iija YacTHHA Yucaa 0);
r) 3o > 0 Yz € R: f(z) > Bolal.

VY mpani [16] BcTaHOB/IEHO, 110 TPU BUKOHAHHI BKA3aHUX YMOB OIIEPATOD
[e]

f(A) BusHAYeHUIT KOPEKTHO, € JiHIHUM 1 HemepepBHUM y mpocTopi &, mpu
mouy f(4) = F5'[f(a)Fp).

AbcrpakThai pyukii. Hexait X — siniitauit Tonmosioriaanit mpocrip, P
— JledKa MHOXKHHa 4ucesl. Bigobpaxenns P >y — ¢, € X HaszusaioTh ab-
CTPaKTHOIO (BYHKIE mapamerpa p B mpoctopi X; (mpo abcrpakTai (yHKIT
auB. [17]). Bokpema, aberpakraa QyHKIisS HA3UBAETHCs JUbDEPEHITHIOBHOIO
y Touti pg € P, axmo B mpocTopi X iCHy€e IpaHHIlS

dou — lim Puo+h — Puo
d/.,L H=L0 h—0 h '

3. HesokaspHa 6araTroToYKoBa 3a 4acoM 3a4ada

JL1s1 €BOTIONITHOTO PIBHAHHS
du
T fAu=0, (ha) €O, x R, =0, M

ne f(A) — oneparop, nobymoBanuii y n. 1, po3rysinemo HeJIOKaIbHy Gararo-
TOYKOBY 32 JaCOM 33Jady

m
pu(t, -)|e=0 — ZMkBkU(t7 M=ty =, p €, (2)
k=1

e m € N, {u,p1,..., im} C (0,400), {t1,...,tm} C (0,7] — dikcona-
Hi mapamerpu, t; < to < --- < t, < T, By,..., B, — nucesmobecceesi
oriepaTopu, odyAoBaHI 3a byHKIisIME b1, . . ., by, BIATOBIIHO, IKi 38 J0BOJIb-
HAIOTH yMOBH, aHajoridni ymosam 1)-3) 3 m. 1, a came, by: R — [0, 00),
ke {l,...,m}, — nenepepsni, napui na R dynkuii, neckinuenno audepen-
miftoHi pu = # 0, ogHOPiAHI oKy [ > 1 Biamosigao, f1 < fo < -+ <
Bm <7 (v > 1 - nopsiox opuopignocti dynknii a) Taki, mo:

1y Vk € {1,...,m} Vs € N Jdis > 0 Vo € R\ {0}: |Diby(z)]
dks|x‘ﬁk_s§

2V Vk € {1,...,m} Jog,ar > 0 ag > ag, Vo € R\ (=1,1): aglz|?
bk(l’) < dk]x\ﬁk.

IN

IN
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I3 HaBemeHMX OOMEKEHDb BUILIUBAE, MO QYHKIIIL by, . .., by, € MynIbTHILTI-
(o]
karopamu B npoctopi &, a By, ..., B, — siuiiini nemepepsHi oneparopu B
IHOMY TIpocTOpi. BBarkaeMo Taxoxk, 1110

m
p>AY g, A=max{l,Ly,..., Ly, d1,...,0mn},
k=1

_ S‘k
Bochtr’

ne ¢{, — craja 3 ymoBH 3), a p — crasa 3 ymosu 2) 3 1. 1.

kEe{l,...,m},

o
Knacwanmit poss’szox u € CH((0,T], ®) samzaqi (1), (2) mrykaemo 3a jo-
TTOMOTO0I0 TIeEpeTBOpeHHsT Beccenst. ¥V obpazax IIbOr0 MEPETBOPEHHST BKa3aHa
3a/1a4a HaObyBa€ BUTJIALY

dv(t, o)

L9) 4 Fla(o)(to) =0, )

t U ’t 0= Z:U’kbk t U)’t ty — 95(0')7 o €R, (4)

ne v(t,o) = Fplu(t, )](a o(0) = Fplp](0). Baranbumii po3s’si30K piBHS-
uug (3) mae Burssg v(t, o) = cexp{—tf(a(o))}, ne ¢ sHAXOAMMO 3 yMOBU

(4):
— (o) (1 Zukbk Jexp{~tif(a(0))}) . 0 €.

(t,0) = 3(0) exp{~tf(a(0))} (1 Zukbk exp{~tf(a(@)}) .

Tozi po3s’sizok 3amad4i (3), (4) mae Bursa:

o
= cl,/v (t,0)j,(ox)o® Tdo, (t,x) € Q.
0

Axmo Beectn nosmauenns G(t, x) == F5t[Q(t, 0)](x), xe

Qlt:) = exp{~tf(alo)) (i Zukbk Yesp{—tuf(a(o))})

TO st po3B’s3Ky 3azauqi (1), (2) aicraemo 306pazkennsi:

o0

ut.a) = [ T56(t,2)p(O g = Glt,2) * p(a), (t.3) €

0
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Cupasni,
)= [ Qo) [ e©in(oe e () o
0 0
Ocxinbku j, (0€)j, (ox) = Tsj,(ox) [14], 10

/ o / QU )T ()0 o ) p(€)€2 1t =

[e.o]

— [ 156()p O g = Glt.0) + olo),
0
110 it moTpibHO 6YJI0 TOBECTH.
BayBaxkumo, 110 i3 oOMexkerb Ha GyHKII @, f, b1, ..., by, BUNIUBAIOTH
HEPiBHOCTI: AKIO o > 1, To

= =L <A, k 1,... ;
50tk66 k= 4}, G{ ’ 7m}a

axmo 0 < o < 1, To
bi(0) exp{—tif(a(0))} < b(0) < arlo|™ < ay < A.

Orxe,

i= Y mbi(o) exp{—tif (@)} > =AY >0, o € (0,00)
k=1

k=1

Y rouni o = 0 MmaeMo
p— Z puebe (0)e @) =y > 0.

Tomi

(1= D mbrlo) expl~tf(a(@))}) >0, o € [0,+00),
k=1

1IPU IILOMY

= Zukbk e—tef(a(0) (1 =z Zukbk e—tefla (a))>7
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1 & AT
- Zukbk(o)e_tkf(“(”)) < — Z,uk <1l, o>0.
M= Hi=
CKOpHUCTABIINCH OCTAHHBOIO HEPIBHICTIO Ta, MOJIHOMIAIBEHOIO (DOPMYJIOL0,
3Hai1emMo, 110

(0 ST T i) R P S o P )
k=1 H r=0 k=1

- —(r 71! — al\o T
= Y ——— (bi(o)e )15
r=0 ’

il
ISEm————— m

X (mbya (o)t d @D yrm — § =41
r=0
1,71 m
X Z Tfl'%“ﬂ'%b? (0)... b:;ln(J)e—(tlrl+...+tm7“m)f(a(g))'
ri4-+rm=r IR ?“m.

3Bijcu gicraemo 300pakerHst st GyHKINT G:

T

1 rlpt oo

|
STT— T1:...Tm:

e

m

GO +t,2) = e, / B (a) ... b (o)e OO ()0 da, ()
0

Ai=tir1+ -+ typrm, G(t, x) — byanamentanbamit po3s’a30k 3aaqi Ko
qutst piBHsiHas (1), U151 KOO IPABUJIBHUME € TaKi OliHKM, orpumani B [18]:

|DSG(t, z)| < at™/7(1+ |z[)~C+0) seN,

ne ws = (0ps + y)ms, mg = v +3/2+ 4]+ s, 6 > v — crana 3 ymosn
3), ps = max{p1,...,Pm.}s P1, --+, Pm. — CTANi 3 ymoBHU a), as > 0 He
zasiexuTh Bij t. CkopuCcTaBImUCh BIacTuBOCTIMU DYHKINMA f, a, by, ..., by,
BCTAHOBII0EMO, 1110 G(t,2) € HemepepBHO AUQEpPEeHIIHOBHOI0 Ha TPOMIKKY
(0, T] dbynknieto (mpu dikcosanomy x € R) i neckinuenno audepeniiiioBHoo
dbyuxiieo aprymenty = (npu dikcosanomy ¢t € (0,7]). Ouinku dyukuii G
Ta i MOXiIHMX 33 apryMeHTOM T (3 BUJILJIEHOIO NPU I[LOMY 3aJIEXKHICTIO Bijl
mapameTrpa t) JIaloThCd B HACTYIIHOMY TBED/KEHHI.

JIema 1. Jlas gynruii G(t, x) ma ii noxionuz (3a 3minnoro x) npasuis-
HUMU € OUIHKU

|DEG(t, x)| < cst™CTD/V (14 |2)~00Fs) ¢ e (0, 7%, T* = min{1,T}, (7)



30 B.B. Topogenskuii, O.B. Mapruniok, T.C. Tomopiko

T € R; 5 € ZJr; Yo = 21/—|—2—|—['y]; q :wa—l_(fy_'_w(l)a_[’ﬂ; o= U+3/2+[’Y];

Obe - v+ vy, amwpo |o| > 1,
Wo =
ot axuo |o| < 1,0 #0,

bo = max{pi,...,Pa}, 0€ P1, ..., Pa — CMAATL 3 YMOBU @), 6>~ - cmaaa 3
ymosu 3), cmana cs > 0 ne sanescumo 6id t.

Hosenenns. Ilepenaycim posrisaemo Bumaok § = 0 i BUKOpUCTAEMO
METOJUKY OIHIOBaHHS (DyHIAMEHTAIBHOTO pO3B’a3Ky 3aadi Kot mist pie-
usuast (1) [19]. Orke, Bpaxysasum Burisi Hopmosanoi dbyHkii Beccesst jy,
nogamo G(t,x), z # 0, y Burss [19]:

G(t,xr) = A (t,z) + Ao(t, ),

=~ d
Al(t,:c):cnz n+]+1J17](t x), n=v-—1/2
=0

Jij(t,x) = /Q1(t, 7)Q2(0)0" 7 sin (wa B %T)da’
0

n—1 1
d;
Ao(tz)=cn Y —2— —r 2 (6 @),
j=1

Tas(t2) = [ @u(t.7)Qa(o)™ 7 cos (w0~ "7 ) do,
0

" -1
Qu(t,0) = e @) Qy(5) = (u -3 Mkbk((,)e—tkf(a(a))) .
k=1

Oujnumo, vanpukian, Ji j(t, z). Inverpan Ji j(t,x), « # 0, siurerpyemo
JacTHHAME M pasis, ge m; = n —j+ 2+ [y], 0 < j < n, i nogamo meit
IHTErpas y BUIVIST

Tty = T gy T s @t @atoo™ )

"™ a—>+0

X sin (xa—n%—i—mjg)da—i—@(e,x) , x#0. (8)

Bpaxysasmu dopmysny Jleiibuina mudepenmiroBanus m100yTKy ABOX (yH-
KIIiil, 3HaWiIEeMO, II10

D (Qu(t,0)Qa(0)0™ 1) = 3 CL, DL(@Qu(t, )™ ) DI Qa(or) =
=0
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n—j+1

= 2 CnDb(@ult-)o" 7D 0x(o).
Ouirnmo |D;nj_ Q2(0)|. st nporo 3ayBakumo, 1o

D, o @2(0 Zuk b (o _tk-bk(U)f’(a(o—)))e_tkf(a(a)) _

= —Q3(0) Dy R(0),
ae
_ Zukbk(U)e_tkf(a(U))-

Orxe, nua | € Z4

[
D.,D}Qa(0) = —DL(Q5(c)DyR(0)) = = Y CLD;Q5(0) - D5 R(0).

s=0

Ockinbkn Q3(0) = R7%(0), To mns oninku noxinnoi D5Q3(0) cxopucrae-
mocst hopmysioro @aa 1 Bpyso mudepenmnitoBanus ckiaagnol Gyskiii [12];

TO1
52 ~ &, s!
D3 =Y R Y
j=1 1+ Hiv=j v
1259+ viv=s

Jv

x (DL R(o))i (%DZR(U))jQ .. <%D(’;R(U)>

Hauni, ckopucraBmmcs ymoBo 1), sy 3a10B0/bHAIOTE DYHKIIT b1, . . ., by,

HEPIBHICTIO
1 m —(2+7) -
WS(”‘A;W) =5

Ta HEPIBHOCTAMUA

1D2Q1(t,0)] < cst®e DU |g|ws=s s e N, (t,0) € Q, (9)

e fBo > 0, ¢ > 0 — craui, He 3anexni Bijg ¢t (qus. [18]), 6e3nocepesHbo
BCTAHOBJIIOEMO, IO

|D;Q3(0)| < dslo™°, o] <1, o #0,
[D5Q3(0)] < 8lo]0F 715, o] > 1.

VYpaxysasmu opmyny Jlehibuina mudepentiroBanis J00yTKY IBOX (DyH-
KIIii1, JiicTaHeMO, 1110

IDL(Q1 (¢, 0)o™ )| < [DLQ1 (t, o) o™+ . 1
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+(n—j+1-D|Qi(t,0)|e" 7, ¢>0,1<I<n—j+1. (10)

[Tpu ominmi momaskiB y cymi (10) ckopucraemocs mepiBHOCTsIME (9); ¥ pe-
3yAbTATI JICTAHEMO, IO

|DL(Q1(t, o)™ It < gon It 4 eIt =L
Ak |o| <1, 10

X(0) = |D5" (Q1(t,0)Q2(0)o" )| < |Qu1(t, 0)0™ T - | D57 Qa(0) |+
n—j+1
— — s, &
+ Y ChLIDLQu(t,0)0" T DS Qa(0)] < (0 + 0 + o),
=1
mea=n—j+l+y-—mj=-1+y-[={1}-la=n—j+1+7y-
lty=—mj+l=y+{7}-1>0,a=n—j+1-l+y—mj+l={y} -1,
mj =n—j+2+[y]. Ockimekn 0 < 1 — {v} < 1, o bynxmia o + ¢ + o&
inTerposua B okoui Hysist. OTKe, IHTErpOBHOIO B OKOJI Hy/1d € hyHKIisa X (0).
I3 maBemenwx BuIille MipKyBaHb BUILINBAE TAKOXK, III0 lirﬁo@(s,x) = 0 g
E—>

koxkuoro x # 0, ne ®(e,x) — dbyukuis 3 dopmynu (8).

Bunagox 0 > 1 posrisaerbCsi aHAIONTYHO, IPU [BOMY Y BLAIIOBIIHUX
oninkax dyukuii Q1(t, o) cmig 36epertn muokunk exp{—>Got|o|’} (mus. (9)),
sKuii 3a6e3neuye inTerposHicTh dyHKIil X (o) Ha Heckinuennocti. 3 (10), 3
ypaxyBanusM (9), BUIINBAE HEPIBHICTH

|D2(Q1 (t, U)J”*J’Jrl)‘ < con—it1=ltw g —Potlol” ’

3 K0T BUILIMBAE ouiHka dyHkuii x(0):

x(0) < co

3
wa+(V+wa )a—[y]—1 —Botc™ _
< co@at(rtwa)a=hl-1, , a—u+§—|—[7],021.
3a3HAYUMO TAKOXK, IO HA HECKIHYEHHOCTI Mo3aiHTerpajbHi BUpa3d y
dbopmyii (8) mepeTBOPIOIOTHCS B HY/Ib, 60 BOHE MICTATH MHOXKHHUKOM (DyH-

kuito exp{—LFoto?}. Ipu upomy

+oo

| xoyio <

1

o0
gPag=bBota” 1~ o=z Ct—(pa+1)/v/zpae—ﬁoz7dz =

0

= Clt_(paJrl)/’ya Pa = Wa + ('7 + wa)a - [7] -1
Ockinmpku t € (0,7*], TO 3 OTpUMAHUX PE3YJILTATIB BUILIUBAE OI[IHKA

P —(pat1)/y

L
/1,5t @) < T[] x # 0.
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Tomi
A1 (t,2)] < cnt™Pe)/TN "y L || (D | (20D <
§=0
= Gt~ Pat D/ | = @D £,

Amnasoriuno ouimoemo |Ag(t, x)|,  # 0. Y pesyabrari npuiigemo g0 He-
piBHOCTI

|G(t, )| < et @tV g7 220, ~vg=20+2+ 4]

3 immoro 60Ky,

(e 9]

|G(t,x)| < 5/€_tf(a(a))02u+lda U:t;l/wy et~ (v+2)/v
0
X /e—tf(t—la(y))y2l/+1dy < 5t—(2u+2)/’7/6—50a( ) Y2y = o~ (2042) /7
0 0

Ockisibku po, +1 > 2v+ 2, 10 3Bijcu jgicraemo, 1o y KoxkHiit roumi « € R
CTIPAB/IKYETHCS HEPIBHICTH

G(t.2)| < et (A + )70, te (0,17,

1o # moTpibuo Oysio moBecTu.
Y Bumajiky s € N maemo, 1o

D;G(t, ac) = D;\Ill(t, 1‘) + D;\Ifg(t, LI?),

e

nm

DV, (t,x) = andJ Qj(t,o)Di(x ~( 7)) gin (:1:0— 7)(10,

j=0

n

DUy (t,x) =cp Y d;

Q,(t, o) D2 (z~ D) cos <a:a — %)da,

<.
Il
—

Q;(t,0) = Q1(t,0)Qz(c) o™ 11,

Cxopucrapmmch GhopMy 10t IndepeHIiioBantst T00yTKY IBOX (PYHKIIIHA,
3Hal1emMo, 110

n s
D;\Ijl (t, l’) = Cp, Z dj Z C’éalx_(”+j+1) X
7=0 =0
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X /Ql(t, 0)Qa(0)o It s lgin <:1:0 - n?ﬂ + (s — l)g)da =
0

s

=cp, Z d; Z Clagae= 0D (¢, 2),
0 =0

Jj=
e =(—)!n+j+1)...(n+j+1+1),

Ty (t, ) = / Qu(t,0)Q2(0)0" 71+ sin (a0 = 5+ (s = 1) ) do
0

Oninka dyskiil 'y 3/ificHIOETBCST 3a CXEMOI0, HABEIEHOIO BHIE. Y pe-
syabrari fayst |DEW(t, x)| orpumaemo oninky surisy (7). Taki xx ouninku
orpumytorbest st byskuii |[DiWa(t, )|, a orxke, 1 jyis bynkuii |[D3G(t, x)|.
JleMmy moBejieHO. [ |

BayBaxkenns 1. I3 ominok (7) moxiguux dyukiii G BUILIHBAE, 10 TPU
koxxaomy t € (0,7] dynkuis G, g9k dyHKIiT apryMeHTy &, € eJeMEeHTOM
[¢]
npocropy ®.
Jlema 2. Ipasusvrumu € meeporcera.
1. Qynwuyis G(t,-), t € (0,T], ax abcmpaxmmna Pynryia napamempa t i3
[¢]

3Havernnamu 6 npocmopt ®©, dupeperyitiosna 3a t.

0 0G(t,-) o
2. — G(t,-)) = LY "
579 * (,))o g*x = Y9 € (D)
3. ¥ npocmop ((I))’ cnpae@ofcymmbm 2PAHUYHL CNIBBIOHOULCHHA:
a) m, hm G(t Z,uk hm BiG(t,-) = 6;
k=1
m
6) p lim w(t,- kZMk Jim Byw(t,") =g,

de w(t,x) = g+ G(t,x), g € (0.), (t.2) € .
4. Qynxuyia G(t,-) sadosoavhse pienanms (1).

Trepmkentsi jjemMu 2 JOBOAUTHCS 33 CXEMOIO JIOBEIIEHHS aHAJJIOTIUHUX
TBep/KeHb 13 npani [12] (Bunagok By = I, k € {1,...,m}), Tomy nosegemo
TYT, HAIPUKJIAJI, TBEPJZKEHHS 3 a).

Cxopucrapmuch BJIACTUBICTIO HETIEPEPBHOCTI TlepeTBOpeHHsT beccesst Ta
dbynkuii G(t, ), ax abcrpakTrol hyHKIil mTapaMerpa t i3 3HAYEHHAME B IPO-

[¢]

cropi @, CHiBBiIHOIIEHHS 3 a) 3aMIHUMO IPAHUYIHUM CITiBBITHOIIEHHSIM

p Jim FplGIt, Z“k lim Fp [B:G(t,-)] = Fpld] (11)
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(o]
y mpocropi (U)". Vpaxysasmm 306paskenns dyuknii G Ta omeparopis By,

ke {1,...,m}, pisaicrs (11) nomamo y Burmsiii
p Jim Q- Zuk Jim b (0)Q(t,) = 1. (12)

(o]
Jns nosenenns (12) Bisbmemo noinbay dyuknio ¢ € () i, ckopu-

CTABIIICH TEOPEMOIO PO T'PAHUYHUN Mepexi mi] 3HaKoM iHTerpasia Jlebera,
3HaliIeMo, 10

o lim (Q(t, ), ) — > lim (b1 ()Q(t, ), %) =

t—+0

= i Jim, / Qt, 0)b(o)o? do—

=S fim [ Qoo o -
k=1 0

— [ [100.0) = Y- mibn()Qtr. ) () s =
0 =1

o0 /1/ B
0/ g ki () exp{—tx f(a(o))}

_iﬂk b ( )GXP{—tkf(a(U))} :|¢(0’)0’2V+1d0' —

k=1 - Z piebi (o) exp{—ty f(a(c))}

k=1
- / b(0)o? do = (1,1)
0

(tyr Q(t,-) po3ymieMo K peryisgpHy ysarajbHeHy (DYHKINIO 3 TPOCTOPY
[e]
(¥) npu koxkuaomy ¢t > 0). 3Bigcu Bxke BunIMBaE, WO crissiaHomenns (12)

[¢]
BUKOHY€eThCs B ipocTopi (¥)', a oTxe, npaBuibauM € crigsignomenns (11).
I3 TBepKenHs 3 6) JIeMu 2 BUILIUBAE, 110 Jist piBHAHHS (1) HeJIOKAIbHY
M-TOYKOBY 3a YaCOM 33/[a9y MOYKHA CTABUTH TaK. 3HalTn dyHkiio u(t,-) €

o
C1((0,T],®), sixa € po3s’s3kom pismsiams (1) i 3370B0IBHSIE YMOBY

)i=0 —ZukBku WNe=t, =9, g€ (@), (13)
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Yy TOMY CEHCI, TI10

m
li . lim B )= b,
ﬂt—lg—ri—lOu(t, ) kz_:l:u/k’ tig}g kU(t, ) g9, gE€ (q) ) ’

(o]
Jle TPaHUIl PO3TIATAIOTHC B poctopi () (mapamerpu f, {1, - .., fim, t1,
.+, tm 32J0BOIBHAIOTE YMOBH, chopmyTboBaHi Buiie). [IpaBuabaum € Take
TBEPIKEHHS.

Teopema 1. 3adaua (1), (13) € poss’asnoro, po3s’asok 3006pascyemves y

suzandi u(t,z) = gxG(t,x), (t,z) € Q, npu yvomy u(t,-) € > npu KOAHCHOMY
t e (0,T].
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Gorodetskiy Vasyl, Martynyuk Olga, Todoriko Tetyana

ON A GENERALIZATION OF THE CAUCHY PROBLEM FOR
EVOLUTIONARY SINGULAR PARABOLIC TYPE
EQUATIONS OF INFINITY ORDER

We establish the solvability of a nonlocal multipoint for a time problem
for evolution equations with pseudobessel operators of infinite order
with initial condition which is an element of the space of generalized
functions of distribution type in the case when the nonlocal multipoint
condition contains pseudobessel operators.
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Biraniii Ipons', Crenan Isacumien 2

I'NIAAKICTD OB’€EMHOTO ITIOTEHIIAJIY OJIA
BNPOJ2KEHUX %—HAPABOJ’II“IHI/IX PIBHAHDb TUITY
KOJIMOTOPOBA

Poseasdaemovca s3adauwa Kowi 0as eupodiscenozo pieHanHAs muny
Koamozoposa 3 27)-napa6omuuom YACTNUHOIO 30 OCHOBHUMUY 3MIHHU-
MU 13 3GAEAHCHUMUY AuUe 610 4aco6ol aminnoi t Koediuienmamu. Y
npocmopax Teavdepa spocmaromux npu |x| — 0o Pynryii euevaro-
MbCA NOKA3HUKY 2400K0cmi 610N06101H020 Makily 3adawi 06’emHoz0
NOMEHYIANY 6 3ANEHCHOCTMI 610 2aadK0cmi 020 2YyCcMUHU.

1. Beryn

PosrngamatmmeMo 0fHOBUMIPHY UaCOBY 3MIHHY ¢ 1 N-BUMIPHY IIPOCTOPOBY
BMIHHY T, fKa CKJIQJAE€ThCA 3 Pyl 3MIHHUX T; = (le,...,a?jnj) e R™,
j€{1,2,3}, ne n1 > ng >ng >0, n=ny + ng + ns.

Hexait by, ..., by, — mesxi uncya 3 N. [Toraunvo gepes 2b BexTOp (201, ...,
2by,, ), gepe3 b — maiiMeHmre coinbHe KpaTHe wuces by, ..., by, depes m; —
aucso b/bj, j € {1,...,n1}. O6’ekroM Jocii/KeHHsT B Il cTaTTi € 3ajJa4a
Kormi suriiamy

T2 n3
((‘% — Z l'lja:pgj —Z x2j8x3j - Z Ak, (t)@l;i)u(t, x) = f(t,x),
j=1 j=1

[[1[<2b
(t,:(}) S H(O,T} = (O,T} x R™ (1)
u(t, z)|t=0 =0, x€R", (2)
ni
ne nokmaneno ||kl = ) mjki; naa mymsruingexca ki = (ki1 ..., kin,) €
j=1

71, T — nomarwe wnciyo. lpumyckaerses, mo koedimientn ay,, ky € Z1*,
||k1]] < 2b, € memepepBHUMEI KOMILTIeKCHO3HAUHUME yHKIisvMu Ha [0, 7] i

Takmmu, mo Andepenriambanit Bupas & — > ag, (t)OF! pismomipno 2b-
[k [| <20
napaboniunnii wa [0, 7] x R™ 1060 icaye crana § > 0 Taka, mo aas BCix

! Incrnryr npukmaganx npobiem Mexamin i maremarakn iv. 51.C. Iligcrpurada
HAH Ykpainu, JIssiB, vdron@ukr.net

2 HanionampHnit Texmivamil yaiBepenTer YKpainn ,, Kuiscokuil moiTexmiTamit in-
cruryt imeni Irops Cikopcpkoro, ivasyshen.sd@Qgmail.com
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t €[0,7]1 01 € R™ BukoHyeTbCsl HEDIBHICTD
n1
kL < 25
Re ”kﬂzl::% ag, (t)(iop)™ < 5;:1 o1
Tyt ¢ — yaBHA OIMHUTIA.

Axmo ng > 1, To piBastaEs (1) BUPOIKYETHCS 32 IBOMa TPYNAMU 3MiH-
uux 22 i 3. Koo ng = 0, a ng > 1, ro y piBugni (1) Bigcyras apyra cyma
i € BUPO/KEHHS 33 OJHICIO I'PYNOI0 3MIHHUX To. Y BUMAAKy Ny = ng = 0
piBasHH: (1) He Mae mepImx JBOX CyM i BOHO HEBUDOIZKEHE.

Pigusinua (1) 3 ng > 0 € Bupojkennm pisasinasiv tuiry Koamoroposa
3 2_13—Hapa60ﬂqu010 JaCTUHOIO 33 OCHOBHUMHU 3MiHHUMHU. [I71g HBOTO iCHYyE
dynaamenranpauit poss’szok 3agaui Komi (PP3K) G, aeranbui Baacru-
BocTi sikoro HasezieHo B |1]. @yukiig G mopomKye 00’eMHUIT TOTEHIHAT 3
TYCTUHOIO f BUTJISTY

t
uta)i= [dar [Gnr i@ o, (Gn)elon. G
0 R
st Bumazky, ko pisastaast (1) 2-ro mopsiaky, tobro by = 1, j €

{1,...,m}, B [1] mocaimxkysamucy Baactusocti dbyHKIUI (3) B mpumymeHni
JIOKAJILHOI T€JIbJIEPOBOCTI H EKCIOHEHIIaJIbHOrO 3POCTaHHS mpu |r| — 00
dbyHKIii f. 38’s130K reJibAepiBCbKUX BIACTUBOCTER | moBeMiHKY npu || — 00
rycruan f 1 dyHKIET uw Ta i1 noxignux 3’sicopyBascs B (2| st pisasians (1)
2-ro nopsiziky, B [12] — gosinbrOro mopsaky mpu b; = b, j € {1,...,n1}. ¥V [4]
HaBeJleHO aHasioriuni Biactusocti (3) jyist piBasiaas (1). Tyt mu yrounu-
MO TeJIb/IEPIBCHKI MOKA3HUKY, [IPU AKUX 30€pira€TbCs BiAIOBIIHA IVIAJIKICTh

o6’emuoro norenuiauny (3).

2. O3HaveHHd HOPM i MPOCTOPIB

Kopucrysatumemoch Takumu —nosmauenmavu: M = {1,2,3};
s mny
Ny =Y S (2b(1 — 1) +m;)/(2b), s € M, N := N3; Z, — mnoxuna seix
I=1j5=1
l-Bumipuux mysnvruingexcis; k= (k1 ..., kip,) — €1eMeHT MHOXKUHU ZT,

l € M; k = (ki,ka, k3) — enement muoxwunn 275 |k = ki + ... + ki,
ny

akuo k; € 2, 1 € M; Ny, = Zl(Qb(l — 1) +mj)ki;/(20), ky € Z1', 1 € M,

]:

g == 2b;/(2b; — 1), 5 € {1,...,m1}; ¢,¢" — naiibinbme i naiivenme 3 un-

cexn qj,j € {1,..,m}; m',m"” — maiibineuie i maiimenme 3 4ducen myj,j €

{1, ...,nl}; flj(t) = 15, JjE {1, ...,m}; fgj(t) = X2 + t:clj, JjE {1, ...,ng};

fgj(t) = x3; + twe; + (t2/2)1'1j, j € {1, ...,ng}; Tl(t) = (fll(t), cees Tlpy (t)),

le M;

Xi(t) := (Z1(t), T2(t), T3(1));  Xa(t) := (1, T2(t), T3(t));
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Xoj(t):= (€11, s E1ny > §215 -5 €2,(51), T25 (1), €2, (541) > -5 E2na s
E31, -+ €3,(j-1)s T35 (1) €3, (1)1 -+ E3nz )
X3(t) = (61,62, T3(t));
X35(t) = (§115 5 E1ngs €215 s E2ngs €315 o E3,(5-1)

E?’](t)? 53 LG+1) e 5377,3)7
pt,z,€) : ZZ“ () — &%
=1 j=1

E.(t,x;7,8) = exp{—cp(t — T,2,§)}, axmpo ¢ — momarna crana; [a,z] =
3

> > agjlag;|%, axmo a = (a1,a2,a3) € R", v = (x1,22,23) € R"; |1y :=
I=1j=1

ny 9 1/2 ) )

(Z :Elj) , 2 € R™ 1 € M; 0, 0y — onepariii 1udepeHIitoBannst meproro
i=1

MOPSAJIKY BIJANOBIJIHO 3a 3MiHHUMU &, Y; 85 — oneparisg gudepeHIiioBaAHHS

. i
nopsaaky s > 0 3a 3MiHHOWO ¥; 355 = 9k 9" axmo x; € R™, K € Z,

1t Ing?

le M; Ag,f('?'%'? ) = f('vxv ) - f(-,.%'/,-);

CC 5’ Zz‘xl] gl |o¢lJ (2b(1-1) +m])

=1 j=1

akmo {z,{} C R", o = (a1, a2,03) € R", ayj € [0,m"], j € {1,...,n1},
Qg; € [0,2b+m]’], J € {1,...,1”&2}, aszj € [O,4b+mj], J € {1,...,’03};

3 n

d(w,&7) = 3 Y oy — &/ mano 2,6} € R,y > 0;
I=1j=1

d(z,€) :=d(z,§;1); Br :={z € R"|d(z,0) < R}.

BayBaykumo, Mo icHyIoTh JofaTHi uncia ¢, ¢’ Taxi, mo aas JoBLILHNIX
{z,} CR™ i~ > 0:
d(d(z,£)) < d(x,&) < (d(w,)).
O1HAKOBO MO3HAYAIOTHCA PI3HI CTAJ, SIKIMO 1X BEINYNHN HAC HE IIKAB-
JIATH.
st nogarsoro wmena o i Habopy a = (ai,az,as3), a; = (a1, ..., am,),
I € M, meBig’emnux umcen aj;, j € {1,...,n}, | € M, rakux, mo T <

i )(20;—1)/(2b5(1-1)+1) i1
min C a y O3IJIAHEMO HKIT11
zeM,je{l,...,m}( o/ai;) p dbynxmii [1]

kit ary) = coalj(cgbjfl — a?;jflt%ﬂ'(l*l)*l)lfqi, jed{l,..,m}, le M,
k‘(t) = (kll(t, all), ceey k1n1 (t, alnl), k?gl (t, (121), ceuy k2n2 (t, a2n2), kgl(t, a31),

- kans (L, asny));
Slj(t) = klj(t, alj)+2qj_19(n2—j)tqjkgj(t,azj)+2qj_20(n3—j)t2qjkgj(t, agj),
je{l,...nm};
ng(t) = qu_lkgj(t, agj) + 4‘11'_10(713 — j)tqjkg,j(t,agj), je{l,...,na};
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$3j(t) = 4Qj_1]€3j(t, agj), j e {1, ...,n3};

S(t) = (Sll(t), ey S1ng (t), Sgl(t), ey S2n9 (t), 831(t), evy S3n3 (t)), t e [0, T],

ne O(t)=1ama7>01i6(1) =0 anma 7 < 0. Beegeni dbyskiii maoTs Taxi

BJIACTHUBOCTI:

k(O) =a, aj < /Clj(T, alj) < k;lj(t7a’lj) < Slj(t), 0<7<t<T,

jed{l,...,m}, l € M; (4)

kij(t — 1, kij(m,a05)) < kij(tay), 0 <7 <t<T, je{l,..,m}, L € M; (5)

—cop(t, 2, ) + [a. €] < [k(t), Xa(t)] < [s(t).a], t € (0,T), {z.6} CR™ (6)
JIerko mepekoHaTHCs, M0 CIPABIKYIOTHCH I1€ TaKi HEPIBHOCTI:

—cop(t —7,2,8) + [k(7),§)] < [k(t), X2 (t = 7)] < [s(2),2], 0<7<t<T,

{z, & CR™; (7)
_COp(t - T>£7’S) =+ [k'(T)?le(t - T)] < [k(t)aXl(t - T)]a
0<7<t<T {x,(}CR" je{l,....,m}, L€ M. (8)

Osmaunmo HopMmu i mpoctopu dyukiiit. Hexait « := (o, ag, a3) € R™,
al; € (O,m”], je{l,...,n}, Qg; € (mj,2b—|—mj], Jj € {1,...,na}, Qazj €
(2b + m;,4b + mj], j € {1,..,n3}, ;p € {0,1,...,2b}, {p2,p3s} C {0,1},
p := (p1, p2, p3). BukopucroBysarnmemo Taxi reibaeposi npocropu byHKIii
w : H[O,T} - C:

Cl() — mpocrip ycix nenepepsuux byHKUifl w, /i SKUX CKIHYEHHOIO €
HOpMA

wllicy i=  sup (ot ) exp{~[k(t). «]}):
(t,x) €Il 1)
Ck(~) — mpocTip ycix PyHKIIH w, A1 IKUX CKIHIYEHHOIO € HOPMa,
wllgey = lllacy + Rl
(03 Aﬁlw »L —1.
pe [wliy = sup IR (exp{[k(t), 2]} + exp{[k(t), )7
{(tvz)»(t@,)}cn[o,T]
z#az!

C]f&f; — mpocTip ycix YHKINN w, dKi pa3oM 3i CBOIME MOXiTHUMEI agw,
le M, ||ki]] < p1, |ke| < po, |k3| < p3 manexxars 10 nmpocTopy C’k(_), TOOTO
€ CKIHYEeHHOI0 HOpMa

3
ol = lwligy + 3 llofwlli, + X 3 [okuwlly;
0<||k1]I<p1 1=20<|k;|<p;

c? (C; ~ TIPOCTIP, O3HAYEHHS AKOTO OJEPIKYEThCA 3 O3HAYEHHS TTPOCTOPY
C’gfs 3aMiHoI0 ByHKIIT & Ha GYHKIIIO 5.

Baysaxumo, mo B [4] posrisjasincs 1moi0Hi rejbiepoBi 1pocropu 3
oy = o, {,iF C {1}, L€ M.

3. Bigomocrti npo dpyHgamenTaabHuit po3B’a30k 3amaui Korri

B [1] Bcranosaeno, mo ®P3K G s pisusians (1) mae Burisy

G(t,a;7,€) = (t = 1) VE S V7,07, 9)ly=y (- rm)
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0<7<t<T, {x,£} CR",

ae F~1 - obepuene nepersopennsi @yp’e 3a MPOCTOPOBUME 3MIHHIMI,

1
V(t,7,0) = exp{ Z ikl (¢ — 7)1=llkll/(20) /al€1 (t — 7)B)x
0

lle1]]<2b

2
<0+ B0 + o) (o] + Bo)H (o) dB),

y(t, @, &) = (VB (2yy — &01), .., t 7Y () — Euyy ), 7100 (291 +
—|—t11311 — &1), oo 7Y @) (20, + w1y — Eony )t 20 (mgy + tagy +
xn €31), 0y t 27/ Cons) (g5 A tag,. + %561713 —&3ny)), 1 TAKI BIACTUBOCTI:
1) (byHKm;{ Gt,z;7,8),0 <7<t <T, {x,£} CR", memepeppHa mpu
(t,x) # (1,€) pasom 3i cBoivu noxigamvu OXG i cipapaKyoThCs OMiHKY

O5G (t, 257, €)] < Oyt — 1) NN =N N B (8,257, €),
0<7<t<T, {z,(} CR" keZl, (9)
ne Cy 1 ¢ — medki mogaTHi cradi;

2) pia 0 <7 <t <Tixz€R" npasunbhi pisHOCTI

%/mmWﬂﬁzukem\m;

03200 / G(t,x;7,£)déades = 0, (ko  k3) € Z127\ {0}

Rn"2 +n3

ol / G(t,z;7,€)dés =0, ks € Z\ {0} (10)
R"3

CrpaB/KyeThCsl TAKOXK Take TBep/KeHHs [4]: s posiisroro v € (0, 1]
i pesikoro ¢ € (0,¢), ne ¢ — crana 3 oiHOK (9), NPABUILHUMU € OLIHKN

AT OEG(t, 27, €)| < Cr(d(m, ")) (t—7) NN =Nea =Neg =7/ V) B (4 5 7, ),
(d(z, ") <t—7, 0<7<t<T, {z,2,¢}CR", keZ}. (11
BayBaxkenns 1. 3i crpykrypu pisasans (1) ra ®P3K 15 uporo Bu-

mmBae, mo Gynkmia [ G(t,z;7,&)dés € PP3K mns pisagnns (1), axmo

R™3
B HBOI'O BXOJSTH TLIbKU 1€pIi jBi rpynu npocroposux 3minnux (n3 = 0),
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a [ G(t,z;7,8)dEdEs — OP3K i HEBHPOZKEHOTO 27)—Hapa60ﬂquoro
Rnr2tn3
piBasHHES (n2 = n3 = 0), amKe

/G(ta T, E)dé?) - (t - T)_NQF(;io-Q)*)(yl,yQ) [‘7(757 T, (017 02, O))] (t7 T, Y1, y2)7
R™3

/ G(t,:l,‘; Ta£)d€2d£3 = (t - T) NlFo_l—>y1 [V(ta T, (017070))](t77a yl)a
Rn2+n3
neyr = yi(t —7,7,8), y2 = y2(t — 7,2, ).

SayBaxkeHHsI 1 BUKOPUCTOBYETHCsI, 30KPeMa, JIjIst JOBEJIEHHsT PIBHOCTEI
(10).

OckiibKY y il cTaTTi MU JOCTIKYEMO MOKA3HUKHI TJIAKOCTI 00’ €MHOT0
MTOTEHITIA/TY 33 KOXKHOI0 ITPOCTOPOBOIO 3MIHHOIO OKPEMO, TO 3aMiCTh (DOPMYII
(10) BUKOPUCTOBYBATUMEMO TAKE TBEP/PKEHHS.

Teepmxkenns 1. Jua 0 <7 <t <T ix € R" npasusvni pisrocmi

fiz/Gm@d&]dsgﬂ_o by >0, j € {1..ns)

igg /G t xX; T,f)d{gj =0, kgj >0, j€ {n3+ 1,. }, (12)

lgjg;/th‘Tf)dfgj—O k3]>0 ]6{1 }

Jloseennst TBepIKEeHHsT | BUILIMBAE 3 TUX YK€ MIpPKyBaHb, mo i dop-
mynu (10) Ta 3ayBarkenns 1 Ha mijgcrtasi crpykrypu piBagaag (1) ta PP3K
JIIST HBOTO.

Hanani crany c¢o 3 osnadenns dbynkmiit ki(t,q;), | € M, 6parumemo 3
inrepsany (0,¢), ne ¢ — crana 3 oninok (11). TIpasa wacTuna mepiBHOCTEH
(9) i (11) micturs dyukmii E. i p, gki MafoTh Taki BaacTuBocTi [1,4]:

Je- B gds =, r<t {m R, 550 (13
Rn
VR>0: p(t,z,€) >t *RY, t € (0,T], z€ Bp, £ € R"\ Bog, (14)

ne R — nocuts Bemke wncio (R > R), A\=¢" —1mput € (0,1, \=3¢ —1
npu t > 1;

(Xt = 7),8)) Ee, (t, 2:7,€) < C(t — 1)/ B, (t,2;7,€),
0<7<t<T, {x,} CR", >0, l€M, (15)

3 gesakum C' > 0 i gosinbaumu {c1,co} C R Takumu, mo 0 < ¢y < ¢;.
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Teepaxkenns 2. /lasa deaxozo C > 0 i dosinvnuz {c1,c2} C R maxuz,
wo 0 < ca < ¢1, NPasuAvHG HEPIBHICTIY

(A(Xyj(t = 7), €))7 Ee, (t,237,6) < Ot — 1)/ PV E,, (8,37, €),
0<7<t<T, {z,§} CR", >0, € M; (16)

Hepisaicrs (16) BummBae 3 HepiBrocTi (15).

4. opmyan Ojad MOXiAHUX Big 00’€MHOro IMOTEHIIAJY, MTOPO-
JPKEHOro (pyHIaMEHTAJIbHUM PO3B’sa3KOoM piBHsHHs (1)

VY [4] naBezeHo Taki TBEPKEHHS.

Jlema 1. fxwo f € Cy(), mo 06’ emnuii nomenyian (8) mae nenepepsni
nozioni 01w, k1|l < 2b, axi eusnanaromves dopmyaamu

Frult, ) / dr / LG (t, 237, €) (. €)dé,

(t,x) € Uy, [kl < 20 (17)

Jlema 2. Hezxati f € Cy() i 3adosorvnacmocs maxa ymosa Ieavdepa 3

B e (0,m"]:
VR >03C >0VY(t,x) €[0,T] x Bp: |AY f(t,z)| < Cd(z,a'; ).

Todi 06 emnuti nomenyian (3) mae nenepepeni noxioni O u, ||ki|| = 2b, axi
BUSHANAIOBCA POPMYAAMU

OF1u(t, x) /m/a’%a (t, 7, §) A AN p(2 6)de,

(t,x) € o), [kl = 2. (18)
IIpu noBenenni jeMu 1 OTPUMYETHCA OIIHKA
k —k b
Okt u(t, )| < Ot IMI7CY) exp{[s(2), @l }| f|i(.

(t,x) € Woqy, [kl < 265 (19)

IIPM BCTAHOBJIEHHI TBEP/?KEHHS JIeMHU 2 — HepiBHICTh
8 u(t, z)| < C(¢H IR/ E0HE/R0) 4 texp{[s(t), =]} fllk())
(t,x) € Uy, [kl = 2b. (20)

Haytaui Bukopucraemo mMerosuky JoBejeHs 3 [2,12].
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JT maJsry.

Jlema 3. Hezati f € Cyy i sadosoavracmoca maka ymosa leavdepa
3 a = (aq,a9,a3) € R, aj =0, € {1,...,711}, Qg € (mj,2b—|—mj],
j e {1,...,712}, ag; € (2b—|—mj,4b—|—mj], j e {1,...,113}.‘

VR>03C >0V(t,z) €[0,T] x Bg: |A% f(t,2)| < Cd(z,2', ). (21)

Todi 06’ emnuti nomenyian (3) mae nenepepeni noriowi (%;f;u, kij=1,7¢
{1,...,m}, 1 € {2,3}, axi eusnauaromvca popmyramu

olu(t, z) / dr / Gt m, AT fr €)de, () € Ty,

k=1, je{l,...,n}, le€{2,3}. (22)
Kpim mozo, cnpagdocyromvbesa ouinky
Oru(t, x)| < O~ EPUDFm)/ @Bk /@9) 4t exp{[s(2), 2]} 1),
(t,ZU) € H(O,T]u kl] =1, je€ {17 "'7nl}7 le {273} (23)

Hosenennsi. Hexait kj; = 1 3 gesknmu j € {1,...,m}, | € {2,3}. dia
JIOBEJICHHST JIEMU TOKJIAJIeMO

Ljj(t, o) = /G(t,l’;ﬂ f)Agf(ﬂf)‘y:ij(t*T)dg’

ki

Kkl(t$7' /Gmth:L‘Té) AFEET)

f(r,8)de, 0<T<t<T,xzeR"

Hosenemo, 1110

aml]Ilj(t w;7) = Kj (tasT), 0<7<t<T, z€R" (24)

JI1s1 1boro ouiHuMO HijinTerpaibay dbyHkiio 3 K ki .Hexait R>0i R > R.
Ipu (t,z) € (0,T] x Bg i (1,€) € [0,t) X Bag HA mijgcrasi (9) Ta (21), a
notrim (16) 3 ¢; = ¢ 3 ypaxyBaHHSIM TOTO, 10 (g < (37, MAEMO

0mG (8, 237, €) AT f(7,6)] <
< Chy, (¢ — ) NN B (4 7 €)d(E, Xy (t — 7), @) <

< Ot — 1)~ N=@=D+m)/ @) +ais (M B (¢ 2 1, €). (25)

Buxopucrosyroun nepisrocti (7)—(9) i (14), a Taxox Te, mo f € Cy(.,
s (t,z) € (0,T] x Bg i (1,€) € [0,t) x (R™\ Bagr) orpumyemo

|8];ij(t o f) Xz] (t— T)f(T, o)) < Cklj (t — T)fo(Zb(lfl)erj)/(Zb)X
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X Ec(t, ;7 &) (exp{[k(7), ]} + exp{[k(7), Xi; (¢ — 7)) f k) <
< Chy, (t —7) NI CO R, (57, €) exp{[s(t), 2]} flliy <

— €

< Gy (= 7) 7N CHED M) @) ey EZ Dy oy Apa'y

X E(e_coyj2(t, 757, &) exp{[s(t), ] }| | r(.)-

c—cg

2 )7m0

Ouesnyno, mo icaye take c3 € (0,

(t—r)~@U-DFm)/@) oy C= Dy ) ARTY < Cexp{—cs(t—7) R}

Towmy
0nG (23 m, ) AT f(7,6)] <
<CO(t—=7) "N expl{—cs(t=7) P RYYE(o_p)ja(t, 237, €) exp{[s(t), 2]} f1lk)s
(t,2) € (0,T] x Ba, (7,€) € [0,¢) x (R"\ Bap), (26)

a \ BusHauene B (14).
dkrmro noxaru K,’ﬂ_ y BUDJIA cymu iHTerpasis no Bog i mo R™\ Bag, T0
J

Ha mijgcrasi (25) i (26) mepumit JOTAHOK ONIHUTHCSA BEPA3OM

Tt as7) = / Ot — 7)~N=CW=0+my)/ D)+ /D B (4 e 7€),

0<r<t<T, z€Bp,
a Apyruif — BUpa3oM
Ji(t,z;7) = / C(t —7)"Nexp{—cs(t — ) RY}x
Rn\BgR
X E(e_co)j2(t, 27, ) exp{[s(t), 2]} fllr(yd§, 0<7<t<T, x€ Bp.

Bpaxosytoun pisricts (13) i Te, mo npu 3amannx (v BUKOHYETHCSI HEpiB-
micts —(20(1 — 1) + m;)/(2b) + ay;/(2b) > —1, j € {1,...,m}, | € {2,3},
aicraemo 36ikuicTs inverpasis Ji; i J] ra piBHOMipHy 36ixkHiCTB iHTErpasa
K, (t x;T) crocoBHO * € By npu dikcoBanux t i 7. Ha migcrasi qoslibaoCTI

R > 0 3Bigcu BunsmBae pisaicTs (24). Kpim Toro, ockigbku

= Ot — 7)) +my) /() o,/ (20)
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Jl/(t’x;T) < /C(t - T)_NE(C_CO)/Q(t,x;7‘,f)dﬁexp{[s(t),x]}||f||k(.) =

— Cexp{[s(t),al}l[fllxy, 0<T<t<T, zcR",

TO MA€EMO IIe TaKy OIHKY:
1002 I (£, 23 7)| S C((¢ — 1)~ BED+m)/@Ori/ ) g oxep{[s(t), 2]} £]]1()s

0<7<t<T, ze&R" (27)

Bupas 82‘;[1]- (t,; T) MOXKHa 3amUCaTH Y BUTJISII
ki
8wl]Il](t x;7) = O I (t, ;7)) — le]IlJ(t x;T),
ze
Itair) = [ Glt.zim. )7 (r.€)de.

a

Illj(tax77-) = /G(t,$;7’,§)f(7', y)‘y:le(tf‘r)dga 0<7<t<T, ze R™.

Ha mizcrasi Bignosignoi pisrocti 3 (12)
L (t 0.
L5 lj( €5 T) -
Orxe,

8%1'1](15957') 8§§;I(t,w;r), 0<7<t<T, zeR"™ (28)

Oninka (27), B axiit —(2b(1 — 1) + m;)/(2b) + 5 > —1, Ta pisuicrs
(28) moBoasaTh piBHOMIpHY 36ixkHiCTH CcrocoBHO (t,2) € (0,7] X Br npn
noBiibaOMy R > 0 imTerpasia

/8k’It:L‘7'

3Bigcu Ta gosimbHOCTI R > 0 BUILINBAE piBHICTH

= /8§§§I(t,x;7)d7, (t,x) € Wo7y- (29)

3 posinbrocti j € {1,...,n}, I € {2,3}, Bona pazom 3 (28) i (24) moBoauTh
opryny (22).
Ouinka (23) BunmBae 3 (28), (29) ra ouinku (27). Jlemy noBegeno. ®
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5. Oninku 06’€MHOIO IIOTEHHIAJY B IejibJIepOBOMY HPOCTOPi

Teopema 1. dxwo [ € C,‘g‘(.), de a = (o, an,a3) € R”, aqy:=f, j €
{1,...,n1}, Qgj = B—ij, je{l,...na}, agj 1= ﬂ+2b+mj, je{l,...,ns},
3 deaxum B € (0,m"], mo u € Cz(os , de o = (B,8,08), r = (r1,r2,73) 1=

(2b,1,1), cnpasdocyromovca ouyinku

Il < ClIAlIg (30)
1 PI8HOCTNI
lim ( su ke — = —Hle
D (|0 u(t, )| exp{—[s(t),2]}) ) =0, + k2| +[ks| < 1. (31)
t—0 rER? 2b

Josenennsi. [leprn 3a Bce 3ayBaykuMo, 10 OCKIIBKEU f € C,?(_) i3 yKa-
3aHUMHU & 1 3, To pyHKIs f 33I0BOJBHSAE YMOBH JieM 1—3, 30KpeMa yMOBY
(21) 3 agj = B+my, azj = f+2b+m;. Tomy mast u TPaBUIBHI TBEPIKEHHST
X JIEM.

Crouarky posrisinemo Bunaok, kosm ||ki|| < 2b. Ha nigcrasi (19) npu
d(z,z") >t/ nna nosimeroro v € (0,1] oxepxyemo

A 0bru(t,2)] < |0tu(t, @)] + 08 ult, @) o] <

< Ot IV (exp{[s(t), 2]} + exp{ls(), 2'T)If|lxc) <
< O(d(z, 2"t IR CO exp{[s(t), 2]} + exp{ls(), «'THIIf Ik -

dxmo d(z,z') <t/ 10 3a momomororo (7), (11), (13), (17) i mame-
kuocTi f 10 C’,‘j(.) MaeMO

T Yx T 7Ty

t
AT Otu(t, z)| < / dr / AT IR G(t, 7, €)|| £ (7, €)|dE < C(d(w,2))7
0 Rn

t
x / dr / (6 — 1) N URIED/OD B (1 e €) exp [k(r), E1}e]|f]lag <
0

Rn
< Cld(z, 7)) / (t — )R+ /C8) g o [(8), T} | Fllc) =
0

= C(d(x,2"))7 ¢~ WRIFED/C exp{[s(t), 2]} flgc.)-

3 nux oninok Ta (19) Bunsmsae, mo u € Cf(’.o)‘”, e p = (p1,0,0), p1 < 2b,
o = (v,7,7), v €(0,1], i

o < Cl M-

I



Cnagkicrs 06’eMHOTO TIOTEHIIATY. .. 49

Hexaii renep k € Z' Take, 1o [kl 1” + |ka| + |k3| = 1. Oninkn (20) i (23)
3a ymMOB Teopemu Ha f HE € TO‘{HI/IMI/I Tomy oninnmo O9lu 3a j101mOMOT0IO
dbopmyn (18) abo (22), mamexnocri f 10 Criys HepiBHOCTeﬁ (7)—(9) i (15)
a6o (16) ra pisrocti (13). Maemo s ||k1|| = 2b

|8];iu(t, z)| < Cy [ dr | (t— T)_N_N’“l E.(t,z;7,8)d(&, X1(t — 7), ) X
[+]
x (exp{[k(7), &} + exp{[k(7), X1 (¢t — T)[DdE[f15 () <
< C/dT/(t — T)_N_Nkl Eo_co(t,z;1,8)d(&, X1(t — 7), a)dE X

0
x exp{[s(t), z]}[f]§.) <

t
< C/dT/(t — T)iN?NlirB/@b)Ecz (ta LT, f)df exp{[s(t), SU}}[f]g() =
0 Rn

/ Nk1+5/(26 dr exp{[s(t),x]}[f}g(.) =
0
_ Ctl—Nkl +8/(20) eXp{[S(t), x]}[f]g()

3 ypaxyBaHHsM TOrO, IO (r2j < (3j, MAEMO JIsi Takux kK € ZI, mo
|k1| + |k2| =1 (robro Takux [ € {2,3}1j € {1,...,m}, mo kj; = 1)

\&%u(t )| <Oy, [ dr | (¢ —71) N NRE(t, 257, €)d(E, Xi(t — T), ) %
[*] ﬂ
x (exp{[k(7), €]} + exp{[k(7), Xi; (¢t — T)]})dE[ i) <
< C/dr/(t — ) NGB (a7, €)d(E, Xy (t — ), @) dEX

0
x exp{[s(t), 2] }[fIi() <

t
<c / dr / (t—7) NNt/ CO (1,7 €)dE exp{[s(t), 2l 1 =
0 n

(t — 1)~ Netou/ O dr exp{[s(t), 2]} £y =

||
o\“
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= Ct' Nt/ exp{[s(t), 2l } [ £ -

Ko ”le +|ko|+ k3| =1, B € [0,m"], agj = B—&—m], azj = 5+26+mj,
10 —Np, + B/(Qb) = -1+ 5/(25) —Ni, + ai;/(2b) = =1+ B/(2b), j
{1,...,m}, 1 € {2,3}, i oTpuMyemO TaKy OIIHKY:

[Oku(t,x)| < Ot/ exp{[s(t), 2]} [f15.),

1Bl 1H

(¢, 2) € o1y, + [ka| + |ks| = 1. (32)

Ao d(z,z') >t/ 1o 3 (32) Bigpasy mMaemo
A 0ftu(t, x)| < Cd(w, )" (exp{[s(t), ]} + exp{[s(t), 2'T})[fIR),

1Bl 1H

{(t,2),(t,2")} C Mo, L € M, + K| 4 [ks| = 1. (33)

Hexait remep {(t,z), (t,2')} C ) id:=d(z,2") < +1/(2b)
IIpu ||k1|| = 2b 3 Bupasy (18) i nepmioi 3 pisrocreit (10)

AT Ot z)| <

t— d2b

< / dT/M MG (t, x5 7, ) f (1, €)dE| +

/dT/@let x;7,6)A Xlt Tf(T,f)dE +

_42b Rn
t
" /dT oGt a'; Taf)A?I(t_T)f(ij)dﬁ =: P11+ P12 + P13,
(a2 R

e X{(t—7)=X1(t — 7)|pea-
Ba gonomororo neprioi pisHocti 3 (10), ouinku (11) i Hanexuocri f 110
C’O‘() MaeMOo

t— d2b

P < / dT/ AT O Gt 2, AT f(r, ©)lde <

t_de

<Cod / dT/(t — 1) NN ) Bt a7, €)d(€, X (t — T), @) %
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JT maJsry.

x(exp{[k(7), ]} + exp{[k(7), X1 (t — T)[})dE) [}

Hauni Bukopucraemo uepisuocri (4), (7)1 (15) ra pisnicrs (13). Oxgepxy-
€Mo

t—d2b

R / dT/(t—ﬂ‘N‘NW (0 (&, X1 (t — 7), ) Eoey (1, 2: 7, €)déx

t—d2t
<exp{[s(8).al M) SO [ (=)=t Car exp[s(e) )} 11 =
0
t—d2?
—ca / (t — 7)) g7 exp{[s(1), 2l 12,
0

abo mpu v € (B, 1)
t—d?
Py <CdY(t—7) P/ () (0 exp{[s(¢), ]} [f]f, = Cd(dP 7 —tF=1/@0))

x exp{[s(t), 2} [f]f) < Old(,2")” exp{[s(t), z]}[f]i.- (34)
Ha nigcrasi (4), (7), (9), (13) i (15) ra nasexHocri f 0 Cl(.) Maemo

t
Pu<C / ir / (t — 1) N"Nes By (t, 2, €)d(E, X1 (¢t — 1), 0) X

t—d2t  R»

x(exp{[k(7), ]} +exp{[k(T), X1(t — T)IDdE[ [} <

/ )Nt/ D g exp{[s(¢), ]G =
—dz2b

e / (t—7)"1/@) g7 exp[s(1), al IS, =
t—d?2b
=0t = )@ exp((s(0). al}1 ) = Ol ) exp[s(0). 1}

AnaJioriuno,

Pis < C(d(z,2'))” exp{[s(t), 15 (36)
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dAxmo |ka| + |k3| = 1, ro6ro upu mesxkomy [ € {2,3} 15 € {1,...,n;}
ki; =1, 10 3 Bupasy (22) i pisrocreii (12) maemo

A O, )| <

d2b

< / dT/N O G(t, 37, €) f (7, €)de| +

+ /dT/@I?G(t ;7,6 A

t—d?b R™

Xl]t T

f(r.€)de| +

X (=)

/ ar [5G (1, s )AL (7, €)de| = P+ Py + P,

t—d2b R™

ne Xpi(t — 1) = Xij(t — 7)|o=ar; L € {2,3}.

[Moxi6ro 10 ominok st Pi1, Pio i Pi3 (Tinbku 3 BUKOpucTanasam, Kpim (4)
i (7), rakox mHepiBHOCTEI (8), a 3amicTh mepmiol pisxocti 3 (10) BigmosigHOI
pierocti 3 (12)) orpumyemo

Py < C(d(x,2'))” exp{[s(t), 2]} (15, (37)
Py < C(d(z, )" exp{[s(t), z]} L[5 (38)
Py < C(d(x,2"))” exp{[s(t), 2 T}H[f]1.)- (39)

3 ouinok (33)—(39) Bumiusae, o u € C:&.O;/, ne o = (B,8,8), r =
(r1,m2,73) = (2b,1,1) i npaBuiabaa oninka (30). 3 ouinok (19) i (32) Gesuo-
cepennbo Bumiusae (31). ]

SayBaxkumo, 110 B JOBeJIEHi TeopeMi BKa3aHO TOYHIII 3HAYEHHSI TOKa-
BHUKIB reibaepoBocTi o € R™) HiXK y MOMIOHNX pe3yabTaTaX, YCTAHOBICHUX

B [4].
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moroposa // Hayk. sicauk YepniBenibkoro yH-ty: 36. HayK. mpans. Bum. 76.
Maremaruka. — Yepwnismi: Pyra, 2000. — C.32-41.



CnagkicTs 06’emHOrO MOTEHIATY. .. 53

3. Zponv B.C., Isacuwen C./]. BiacruBocti 06’€MHOrO MOTEHIANY JJIst OJTHO-
ro KJIACy yAbTpanapaboiuHuX PiBHSAHB NOBLIBHOTO MOPsiAKY // Bykos. Mar.
xKypH. — 2016. — 4, Ne 3-4. — C.47-56.

4. Jponv B.C., leacuwen C./. Bractusocti 00’€MHOTO IOTEHIIANY A7l BHPO-
JKeHux 2b-napabosivanx piBHsAHB THIy Koamoroposa // ByKoB. Mar. KypH.
—2017. - 5, Ne 1-2. — C.80-86.

Vitaly Dron’, Stepan Ivasyshen

ON SMOOTHNESS OF VOLUME POTENTIAL FOR
DEGENERATE 2b-PARABOLIC EQUATIONS OF
KOLMOGOROV TYPE

A Cauchy problem for degenerate equation of Kolmogorov type wi-
th 2_13—parabolic part with respect to main variables with dependent
on only time-variable t coefficients is considered. In Hélder spaces
of increased functions as |x| — oo exponents of smoothness of a
volume potential which corresponding to the problem with respect to
smoothness of density are investigated.
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Mukouna Isangos', Harania Kinam 2

OBEPHEHA 3AJIAYA J1JIs1 BOBUMIPHOI'O PIBHSIHHSI
TEIIJIOIIPOBIAHOCTI 3 HEBLIOMUMU
KOE®IIIEHTAMU, 3AJIEXKHIMU BIJI YACOBOI TA
IPOCTOPOBUX 3MIHHUX

Y pobomi poszeasanymo obepreny 3adany 0ai PIGHAHHA MENAONPOBID-
Hocmi y npamoxymuury. Hesidomumu € dea cmapwus xoediyienmu,
WO 3GAENHCAMD 610 YACO60T Ma PISHUT NPOCMOPOSUT SMIHHUL. 3a 00-
nomozot Pynkuii I'pina 3adavwy 3eedeno do cucmemu IHMEZPAALHUL
PiBHANHDL, JOCAIONCEHHA AKOTL NPUBOJUMDB J0 YMO8 ICHYBAHHA MaA E0U-
HOCM 036 asky obeprenol 3adai.

1. Bectyn

V koedirmienTHIX 00epHEHNX 3a1a9aX /15T OJHOBUMIPHOTO PIBHSIHHS Te-
ILJIOTPOBITHOCTI HEBiOMUMY €, 3a3BU4aii, abo pyHKIII1, 3a/1eKHi Bl 9acoBoi
3MiHHOT, a00 (DYHKIT TPOCTOPOBOT 3MIHHOT. 3yCTPIiYaOThCs 1 3a/4a9i, B STKUX
OTHOYACHO BU3HAYAIOTH 1Ba KOeMdimieHTn, sgKi 3ajeKaThb BiJ pi3HUX 3MiH-
nux [1]- [6]. TIpu nepexoii 10 1BOBUMIDHOIO DIBHSIHHSI TEIJIOHPOBIIHOCTI
BUHUKAIOTH HOBI MOXKJIMBOCTi, OKpiM TuX, gKi Oy/id B OJHOBUMIDHOMY BH-
ma/Iky: HeBigomi koedilienTn MOXKYTh 3aJI€2KaTh 1 Bij 9aCOBOI, 1 Bij npocTo-
poBoi 3minaWX. Takwnit BUMAI0K PO3IJISHYTO ¥ POOOTI — B PIBHAHHS TEILIO-
MIPOBIAHOCTI BXOOATDH JBa HEBIIOMI KOEDIIEHTH, gKi 3a1€KaTh Bl 9acoBOl
Ta PI3HUX MTPOCTOPOBUX 3MIHHUX.

2. @opMmyJIIOBaHHA 33724l Ta OCHOBHI NPUITYIIIEHHS

B obnacti Qr = {(z,y,t) : 0 <z < h,0 <y <1[,0<t<T} pos
TJITHEMO ODepHEeHY 3aady /s PIBHAHHS TEIJIONPOBIIHOCTI 3 HEBiTOMUMEI
koedinienramu (a(y,t),b(z,t)) :

U = a(% t)uxr + b(l’7 t)uyy + f('r7 y7 t)u (CC, y: t) € QT) (1)

U(l’, Y, 0) - (p(l’,y), (.%',y) € b? (2)

L JIeBiBChKHIT HamioHaTpHENT yHIBepcnTeT iMeni Ipana PpaHka,
ivanchov@franko.lviv.ua

2 JInBiBCchKNIF HalioHaIbHHI VHIBepcHTeT iveni Ipana ®Ppanka,
kinashnataliia@gmail.com
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w(0,9,t) = pur(y, 1), ulh,y,t) = ma(y, 1), (y,t) €0, x[0,T], (3)
u(z,0,t) = po1(z,t), wu(x,l,t) = poa(x,t), (z,t)€[0,h] x[0,T], (4)
a(y, )ue(0,y,t) = pa1(y,t),  (y,t) € [0,1] x [0, T], (5)
bz, t)uy(z,0,t) = psa(x,t), (x,t) €[0,h] x [0,T], (6)

ne D :={(z,y):0<z<h0<y<l}
Tz poss’s3kom 3a1a4i (1)-(6) Oymemo posymiTu Tpiiiky dbyHKIii [7, ¢.75]

(a(y, 1), b(z,t), u(z,y,1))
3 KJIacy
(C0([0,1] x [0,T]) x CTO([0,h] x [0,T]) x C*H(Qr)),

sika 3a10B0JIbHsiE yMOBH (1)-(6) y 3BHUaiiHOMy PO3yMiHHI.
Kpim Toro, mpumycKaeTses, 1o

a(y,t) >0, (y,t) €][0,1] x[0,T7],

b(z,t) >0, (x,t) € [0,h] x [0,T].

Bynemo BBaXkaru BUKOHAHUMU TAKi IPUILYIIEHHS:

(A1) p € C*(D), f € CY(Qr),
pag € C*1([0,1] x [0,T]), pax € C*1([0,h] x [0,T7), k € {1,2},
pz1 € CHO([0,1] x [0,T]), pza € CHO([0,h] x [0,T]);

(A2) pu(z,y) >0, py(x,y) >0, (z,y) € D;
piak, (y, t) >0, psi(y,t) >0, (y,t) €[0,1] x [0,T7;
#ng;(x7t) >0, ,L632($,t) >0, (l‘,t) € [Ovh] X [OaT]; k€ {112};

(A3) ymMOBH y3ro/zKeHHS HYJIBOBOTO TOPSIKY | 7).

3. 3Benennsd 3anadi (1)-(6) 1o cucremu iHTErpaJbHNX PiBHIHB

[Tpunycrumo tumuaacoso, mo dyukuii a(y,t) > 0, (y,t) € [0,1] x [0,T7],
b(x,t) > 0, (x,t) € [0, h] x [0, T] 3amani. Bimomo |7, ¢.486], mo icaye dynxmis
I'pina kpaitoBux 3aga4 s pisusuns (1). HHosmaunwmo 11 Gyj(x, v, t,&,m,7),
e i,j = 1 y Bunmagky kpaitoBux ymoB ipixmie Ta %,j = 2 y BUOAJKY Kpa-
toBux ymoB Hefimana; ¢ BifmoBijae Tuiy KpaitoBux yMOB 3a 3MIHHOIO X, ]
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Bi/IIIOBiTa€ TUIYy KpaiioBUX YMOB 3a 3MIiHHOIO 4. 3aCTOCOBYIOYU CTAHAPTHY
upoueaypy, 3uaiigemo 300paxents po3s’asky 3aga4di (1)-(6):

w(w,y,t) = / G (2, £,€,17, 0) (€, m)dEn +

+

_|._
T — et T T« T —« T~

Gllg (.’L‘, (2 07 , T)a(na 7_),“11(777 T)dUdT—

Gllg (.I‘, Yyt hym, 7)0(77, T)M12(777 T)dUdT‘i‘

Glln ($7 (7 57 07 T)b(é', T)HQI(E, T)dng_

Glln (:Ca Y, i, ga l7 T)b(fv T):U’22 (53 T)d£d7—+

o — s T T — L O —

+ / Gll(:Z:»y?tafa 77¢T)f(£77777_)d£d77d7-a (:Evy,t) € QT'
D

[ozuaunmo v := Uy, w = uy. Andepeniiooun pipnsians (1) 3a 3umin-
HUMH & 1 Y T4 BUKOPUCTOBYIOUN YMOBH (2)-(4), 0OTpUMAEMO 3aa1y CTOCOBHO
HesigoMux (v, w):

vy = a(y, t)vee + b(x, D) vyy + bo(z, )wy + fo(z,y,1),  (z,9,1) € Qr, (8)

U(:L’,y,()) wa(x,y), (m,y) €D, (9)
a(y7 t)”;t(oa Y, t) = H11, (y7 t) - f(ov Y, t) - b(07 t)/’l/llyy (Z/, t),

a(y7 t)'l}z(h, Y, t) = H12, (ya t) - f(h7 Y, t) - b(h’7 t)MIny (y7 t)? (10)

(y,t) € [0, x [0, 7],

v(x,0,t) = o1, (z,t), wv(x,l,t) = poa, (z,t), (z,t)€[0,h] x[0,T], (11)

Wy = a(?h t)wxx + b(l‘, t)wyy + ay(yv t)vac + fy(xv ya t)a (x7 y) t) € QT7 (12)
w(z,y,0) = ¢y(2,y), (2,y) €D, (13)
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w(0,y,t) = p11,(y, 1), wh,y,t) = pi2,(y,t), (y,t) €[0,1] x [0,T], (14)
b(l‘, t)wy(m, 0, t) = 21, (33, t) - f(l', 0, t) - a(ov t)/mlm (.%', t)v
b(xu t)wy(x7 lv t) = 22, (xa t) - f(l’, lv t) - a(lv t):u22m (33, t)? (15)

(z,%) € [0,h] x [0, T].

3Besemo 3agady (8)-(15) 10 cucremu iHTErpaJbHUX PIBHSAHB

’U(.’L’,y,t) = UQ(I’,ZI/,t)‘i‘

t
16
+// G21(x7yvtaé’an)bﬁ(gvT)wn(gvnaT)dgdndTv ( )
0 D

’LU(.’E, Y, t) = U}()(IL‘, Y, t)+
t
+ G12(9U,y7t;§77777)an(7777)05(57W,T)dfdndﬁ (17)

(ZL‘, Y, t) € @T?
e

volz,y, ) = / / G (0, . . €17, 0) e (€, 1) déd—
D

G21($7 Y, t) O’ 7, T) (Hllq— (na T) - f(oa 7, T) - b(07 T)lullnn (77’ 7—)) dnd7—+

_l’_

S O —

Gzl(l’, Y, i, h7 7, T) (/1’127— (777 T) - f(h7 n, T) - b(h7 T)M12Uﬂ (777 T)) dndT+

S O _

_l’_

S | O—_

Gan (1'7 Y, t, 57 07 T)b(€7 T):“’ng (éa T)dng_

G21n (377 Y, t,&, 1, T)b(§7 T)M22€ (f: T)d§d7_+

O\:- o\..m

t
+ / / Gon (2, ., €., 7) fe €, 7)dedndr,  (zy.8) € Qp, (18)
0 D
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wolz,y, t) = / G2y, £,€,17,0) o (€, m)dEd +

—+

o\{* o .

G12§ (.17, Y, ta 07 m, T)a(nv T)lulln (777 T)dﬁdT—

~ O\N

/G12§ x yat h’ n,T ) (777T)M12n(7777)d77d7—_
0
Gl?(x7 Y, t? 67 O) T) (,U’Ql-r (57 T) - f(€7 07 T) - a’(oa T),LL21££ (67 T)) dng—i_

Glg(x,y,t,g,l,r) (/1,227_(5,7') - f(f,l,T) - CL(l,T),U,QQ&(é,T)) dédr+

_l’_

S O _
T— s T

t

+// GlZ(xvyatvg’naT)fn(gvn’T)dgdndTv (l’,y,t) € @T‘ (19)
D

0

Jlerko H6aumTu, mo QyHKIIT vy Ta W €, BiAMOBIAHO, PO3B’A3KaMu 33184

vo, = a(y, t)vo,, + b(x,t)vo,, + folz,y,t), (z,9,t) € Qr,
vo(2,y,0) = (), (2,y) €D,
vo(x,0,t) = pa1, (z,t), vo(x,l,t) = poa, (z,t), (x,t) €[0,h] x [0,T],
a(y,t)vo, (0,y,t) = pa1,(y, 1) — £(0,y,¢) — b(0,t)pan,,, (v, 1),
a(y, t)vo, (h,y,t) = paa,(y, ) — f(h,y, t) — b(h, t)pa,, (y, 1),
(y,t) € [0,7] x [0, T7,

(20)

Ta

wo, = a(y, t)wo,, + bz, )wo,, + fy(z,y,t), (2,9,1) € Qr,
wo(0,y,t) = pa1, (Y1), wo(h,y,t) = pa, (v, 1), (y,1) € [0,1] x [0, T],
wo(z,y,0) = @y(z,y), (x,9) €D, 21)
b(z, t)wo, (x,0,t) = po21,(z,t) — f(2,0,t) — a(0,t)u21,, (v,1),
b(z, t)wo, (z,1,t) = poz, (z,t) — f(2,1,t) — a(l, t)use,, (v,1),,

(x,t) € [0,h] x [0,T]
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Iarerpyroun gacrunamu, Hagamo cucremi (16), (17) Takoro BurisaLy:

v(:c,y,t) = UO(l‘a y7t)—

t
22
- // Gan <m7y7t7§7n7 T)bE(faT)w(gan:T)dfdndT, ( )
0 D
w(:c, Y, t) = ’U)O(CC, Y, t)_
/ (23)
- / / G12§ (.CC, Y, ta 57 n, T)Gn("% T)”(é? 7, T)d§d"7d7, ($, Y, t) € @T?
0 D
[Mogamo ymosu (5), (6) y Bursiai
a(y, )v(0,y,t) = ps1(y, 1), (y,t) €[0,1] x [0, 7], (24)
b(z,t)w(z,0,t) = ps2(,t), (x,t) €[0,h] x [0,T], (25)
SayBaxKyouu, I
uepit) = pnyet) + [ ol€ v, (26)

0
samicTs (1)-(6) orpuMyemo ekBiBastenTHY 3amady (22)-(25).
4. IcuyBaHHd PO3B’s3Ky 3aza4i (1)-(6)
Ockinpkn 3amaga (1)-(6) exsiBasenTHa cucreMmi piBHaHb (22)-(25), TO
JIOCTATHBO BCTAHOBUTH ICHYBaHHS PO3B’SI3KY JIaHOI CHCTEMHU.

3HaiileMo OIiHKK PO3B’A3KiB cucTeMu piBHAHD (22)-(25). 3 (18) Ta mpu-
OyIIEeHb TEOPEMU BUILIUBAE

’UO(wvi%t) Z / G21(%y,t,§77770)@5(5777)d§d77+
D

t h
+0/0/G217,(9Ca3/7ta57077')5(577')/1215(577')615617'—

t h

—/]bmm%aumwww%@ﬂamz
0 0
> i i xT b b i ’t b i 7t
> m1n{m5n4p (z,9) [o,ff]nxl[%,T] pot, (z,t) [OJI]I;I[I&T] po2, (w,t)}

= M; > 0.



60 M. I. Iranuos, H. €. Kinam

Anajoritao oTpuMyeMo

wo (l’, Y, t) >
> mi i t t)} .= M- 0.
= mln{len Py (337 y) [0, }HH[IOI 7] H11 (yv )7 [0, lr}nl[IOl 7] /“2 ( Y, )} 2 >

Bei immi inrerpasm, mo Bxoaars 1o (22), (23), mopisaiooTs Hysio nipu t = 0.
Tomy icuye rake uncao Ty € (0,7], 10 BUKOHYIOTHCS HEPIBHOCTI

GQl(xa Y, t, 07 7, T) (/1’117 (777 T) - f(ov m, T) - b<07 T)/’Lllnn (777 T))d?’]d’i’—i—

_l’_

— O _

G21(£L', Y, t, h7 m, 7_)(:“1% (777 T) - f(h7 7, T) - b(h7 7—)“127171 (777 T))dnd7+

_l’_

Gor(x,y,t,8,m,7) fe(&,n, T)dEdndT+-

+

672177 (%%tfﬂ% T)bg(f,T)’w(f,n,T)dde/dT < ) (27)

\GQO

M,
2

G12(ZL" Y, t, 57 07 7-)(“217— (57 T)f(é.a 07 7-) - CL(O, T)MQIEE (55 T))d£d7'+

+

— Tt s T

G12(33, y,t, &, L, 7-) (:u22-r (57 T) - f(gv L T) - a’(la T)HQQ&' (f? T))d§d7—+

_l’_

o\W o\w o\hF o\ﬁ o\# o\W o\ﬁ o\“

GQ GQQ

G12 (:Ea Y, ta ga m, T)fn(ga m, T)dfdﬁdﬂ'

Mo

+ G12§ (vayatafﬂ% T)an(ﬁaT)”(fa%T)dfd??dT < 77 (28)
e (z,y,t) € Qp,. Toxi 3 (22), (23) BUIIMBAIOTE ONIHKH

M

71 U(.’L’,y,t) S

" (29)
< — + max{max gy (z,y), max po1, (x,t), max p (x,t)}
=7 D [0,4)x[0,7] j0.)xo.7)" " ’
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M.
72 S w(a:,y,t) S

M,
< 22 (30)
< =~ + max{max oy (z, y), omax . Ha, (y,1), o 1y (v, )},

(l’,y,t) € @T()‘

Bukopucrosytoun ix B (24), (25), Bcranosoemo oriuku a(y,t) Ta b(z,t) :

0< A <a(yt) <A <oo, (y,t)€]0,1] x]0,Tp],

31
0< By <b(z,t) < By <oo, (x,t)€]0,h]x[0,Tp], (31)

ne crami Ag, B, k € {0, 1}, BusHauaiorbcs BIIOMUMEI BeJIMIAHAMHE.

ITepeiigemo /10 ominok moxiguux ay(y,t), by(z,t). 3 (24), (25) 3naxoaumo

_ Ha1, (y,t)v(0,y,t) — ps1(y, t)vy(0,y,t)

ay(yat) UZ(O,y,t) , @)
(y,t) € [0,1] x [0, Tp],
by(z, 1) = 132 (@, )w(x,0,t) — psa(x, t)wa (2, 0,1)

w?(z,0,t)
(x,t) € [0,h] x [0, Tp].

(33)

Hudepennitopannsiv pisasiab (22), (23) 3a 3minaumu y Ta , BiANOBiAHO,
OTPUMYEMO

Uy(CC, Y, t) = on($a y7t)7

/ (34)
- / / Gor,, (.1, €, 7)be (€, 7)w(€,m, 7)dEdndlr,
0 D

wx($ayat) = sz(l‘?yyt)_

t
_ 35
_// G1215($7y7t75777a T)an(naT)v(£7n7T)d§dndT7 (.’L’,y,t) € QT' ( )
0 D
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Posrasamemo inrerpan 3 (34) i momamo itoro y Burissi
t

| ][ Gattvtgonmibele ryuten, r)ddnr =

0 D

t
= // GZlyn(mayatvgvnﬂ T)bf(gaT)(w(§’n7T) _w(€7y’7—))d£d77d7-+
0 D

t

+ / / G, (1,4, 1 €1, 7)be (€, T (€, y, 7)dEdndr =

0
t

n
_ / / Gor,, (9,1, 6,1, 7)be (€, 7)ddndr / (€, 5,7)ds+

Y

_l’_

O\JH— O\N =)

(G21y (.’L’, Y, t7 67 l7 T) - GQly (.13, Y, ta 57 07 T))b£(§7 T)U)(g, Y, T)dEdT =

O\..: »)

n
/ Gor,, (@, .1, €1, 7)be(&, T)dedndr / wy(E, 5,7)ds
D

Y

Amnasioriuno maemo

o _

/ G1215 (%%Efﬂ?a T)an(an)U(éan7T)d§dndT =
D

o~

3
_ / / G, (5,1, £, 7)an (1, 7)dEdndr / va(5,77,7)ds.

0 D T

ITo3maunmo

Ay(t) := max |ay(y,t)|, V(t) :=max{ max v,(z,y,t), max vy(z,y,t)},

velo] (@:y)eD (w:y)eD
Bs(t) := max_|by(x,t)|, W(t) := max{ max wy(x,y,t), max wy(z,y,t)}.
z€[0,h] (z,y)€D (z,y)€D

Bepyuu mo ysaru ominku ¢yukuii I'pina |7, c.472]

1 Caolz — £
|G12I§(£C,y’t,§777,7-)| S Cl (t — 7_)2 exp <_t—7’ s



ObGepHena 3a7a9a /s JBOBUMIPHOTO PIBHSHHS TEIJIOTPOBIIHOCTI. .. 63

3 piBugns (34), (35) 3maxommmo

oy (2, y, 1) < C3+

t
+ Cy |Gor,, (2, y,t,&m,7)|ly — nl|be (&, 7)|W (1)dEdndT <
[

(36)
t
By (T)W (1)dT
< U3+ Cs / s
|wm($ayat)’ < C6+
¢
+Cy / / Gz, (91,6, 1,7) 2 = Ellag (. DIV (7)<
(37)
TV (r)dr
< Cg+ Cg /\/ﬁ
3 mepisunocreit (36), (37) Bunmsae
V(t) < Cy + Cs /32 Wt e o7, (33)
W(t) < Co+ C /\/tf(:)‘“ € [0,Ty). (39)

Bepyun no ysaru (29), (30), 3 (32), (33) BcTanoBuMoO OmiHKMA
As(t) < Cy+ C1pV(t), Ba(t) < Cii+CioW(t), te [O,To], (40)

i migcraBumo ix y (38), (39). Ilicis 3acTocyBanus mepisuocti Ko 6ymemo
MaTn

V(t) < CngrCM/VH’ t € [0, Ty, (41)
W(t) < Cis5 + Cie V\'jt(%d:’ € [0, Tp). (42)

[Mosnauumo Vi(t) := V(t) + W(t). 3segemo (41), (42) no nepisuocti

.
v<><cl7+clg/1t_7, € [0,T0). (43)
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[ligsocsaun m0 KBaaApaTy OOMIBI YACTUHU ITi€] HEPIBHOCTI, 3aCTOCOBYIOUN He-
pirocti Komri Ta lesnbepa, orpumaemo

t t
V2(r)d
0/\1(%)7 < 019+020/v14(7)d7, te [0, Ty,

t—T1
0

o jae 3Mory 3sectu (43) 710 BUTIISTY
t
Vl(t) <Oy + 022/1/14(7')(17', te [O,T[)]. (44)
0

Amnagoriuno 1o [7, ¢.126] 3Haxoxnumo
Vi(t) < M3 < oo, te€(0,Ty, (45)

ne cram Ty € (0,Tp], M3 BusHa9aroThesa BigOMUMK BeIMIMHAMY. 3BiACH Ta
3 (40) BUMIMBAIOTH TAKi OIIHKM:

|Uy(l',y,t)’ < M37 |wx($,y, t)| < M?n (xaya t) € aTla
‘ay@/:t)‘ S A3 < 00, (yvt) € [Oul] X [07T1]7 (46)
|bx(z,t)] < By < 00, (z,t) €[0,h] x[0,T1],

e craqi Az, B3 BU3HA9AIOTHCA BAXITHAMA JTAHWMHU.

Hozraunmo N := {(a(y,t),b(z,t)) € C([0,1]x[0,T1])xC([0, h] x [0, T1]) :
|(a(y,t)| < A1, |(b(z,t)|] < By}. Tlogamo cucremy pisasian (24), (25) y Bu-
TJISIIT

w = Puw, (47)

e
P := (Pl,Pz), W = (a(y, t),b(l‘,t)),

Pi(y,t) : ts1 (1, ) Py(x,t) = Haa(y,t)

"~ 0(0,5,1) w(z,0,t)’

a v(z,y,t), w(z,y,t) 3HAXOAATHCI 9K PO3B’'s130K cucremu (22), (23), y gaKy
nigcrasneni dikcosani dbynkuii (a(y,t),b(z,t)) € N. 3 oninok (31) Bunm-
Bag, mo omeparop P nepesouts MuoxkuHy N B cebe. OKpiM TOro, 3 OIHOK
(46) maemo, mo byukuii a(y,t),b(z,t) 3amosoabusiors ymoBy lenbiuepa 3
nosiabHIM dikcoBannm nokasaukom « € (0,1) :

|a(y17t) - a(?/?ﬂf” S M4|?/1 - y2‘a) VylaZUQ S [Oal]7t S [OuTl]a
|b(:L’1,t) — b(xg,t)‘ < M4]x1 — x2|°‘, Vai,29 € [O, h],t S [O,Tl]

3i crasoro My, 1110 BUBHAYAETHCA BUXIAHUME JAHIME 33/1a49i. Bepy«an mo yBa-
ru orpuMani HepisHocti ra [7], pobuMo BUCHOBOK, 1110 oneparop P e uiakom
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nenepepsanm Ha N 3acTocoBytoun 1o pisagnns (47) Teopemy Hlaygepa mpo
HEPYXOMY TOYKY IIJIKOM HEIIEPEPBHOTO OlIEPATOPa, BCTAHOBJIIOEMO ICHYBaH-
HsT HEMlepepBHOTO po3B’si3Ky pisusinust (47). Bpaxosyroun (46), 3 (22), (23),
(26) smaxomumo dyukmio u(x,y,t), aka pa3oM 31 3HANIEHUMI TOJATHAMU
dbyuxuisvu (a(y,t),b(z,t)) yreopioe po3s’sizok 3agaqi (1)-(6). Orxe, nose-
JIEHO TaKy TE€OpeMy:

Teopema 1. Hezat sukonyromuvca ymosu (A1)-(A3). Todi mooicna exa-
samu maxe T1 € (0,T], wo 3adaua (1)-(6) maec pose’asox (a(y,t),b(z,t),
u(w,y,t)) 3 waacy C0([0,1] x [0,T1]) x CHO([0, h] x [0, T1]) % 02,1<@T1)’ ma-
kuti, wo a(y,t) > 0, (y,t) € [0,1] x [0,T1],b(z,t) > 0, (z,t) € [0,h] x [0,T1].

5. €auHicTb po3B’sa3Ky 3amadi (1)-(6)

Teopema 2. Hexali 8UKOHYEMBCHA NPUNYULELHHA
(A4) pa1(y,t) # 0, (y,t) € [0,1] x [0,T], pga(x, 1) # 0, (2,t) € [0, h] x [0, T7].
Todi poss’asor. (a,b,u) sadaui (1)-(6) edunut y waaci @Gynryid
CH([0,1] x [0,T]) x CHO([0, 1] x [0, T]) x C*>(Qr).

Hosenenusi. Ipunycrumo, mo 3amada (1)-(6) mae aBa po3s’s3ku
(ai(y, 1), bi(, 1), wi(z, y,1)), i € {1,2} 3 xmacy CH0([0,1]x[0, T1)x CHO([0, ] x
[0, T]) x C?1(Qr). Tlozwaummo a = aj — az,b := by — by, u = uy — uz. 3
1)-(6) BumnuBae, mo Tpiiika GyHKIM (@, b, ©) € po3B’I3KOM 3aJai
( : p y p

ur = a1(y, t)uge + b1 (2, t)uyy+

+ a/(y’t)u2zz (‘T7y’t) + b(x7t)u2yy (xvyvt)’ (l’,y,t) € QT7 (48)
u(x,y,0) =0, (z,y) €D, (49)
u(0,y,t) =u(h,y,t) =0, (y,t) €[0,1] x[0,T], (50)
u(z,0,t) = u(x,l,t) =0, (z,t) €[0,h] x[0,T], (51)
_ _a1(y,t)a2(y,t)u
a(y, t)uzq(0,y,t) = ) 2(0,9,1), (y,t) €[0,1] x[0,T], (52)
b(, sy (x, 0, ) — — DR 6y e 0,0 x 0,7, (53)
p32(z,t)

ITozmaanmo gepes éll(x, y,t,&,m, 7) dbynkuio I'pina 3amaqi (48)-(51). Bsa-
JKAI0UM TUMYacoBO Bimomumu dyukuil a(y,t), b(x,t), 3 i1 momomMoroio 3aax0-
MO po3B’si30K 3azadi (48)-(51):

t
u(xvyat):// éll(xvy)tagaan)x (54)
0 D

x (a(n, T)ugee (&1, 7) + 0(E, T)uz,, (7, 7))dEdndr.
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IlixcraBumo iioro B ymosu (52), (53):

a(y7t) = _al 1131 (y // Gllz 0,y,t,§,m,7)(a ( >u2§5(§a7777—)+
b(§77)u2n7, (€ naT))dgdndT (y7 ) [0 ” X [ ] (55)

bavt) = - PR / / 1y (,0,1,6,1,7) (0, g (€, )+

+b(ﬁ,T)UQ,m(&ﬁ,T))dﬁdndﬂ (z,t) € [0,h] x [0,T]. (56)

OTrpumasiu cucTeMy OJHOPITHUX iHTerpaJibHUX piBHAHL Bojbreppa mpyro-
10 POJY 3 IHTErPOBHUME siIpaMu. 3TiJIHO 3 BJIACTUBOCTSIMU TaKUX PIBHSIHBb
maemo a(y,t) = 0, (y,t) € [0,1] x [0,T],b(x,t) = 0,(x,t) € [0,h] X [OE}
Bpaxosytouu ne B 3aza4i (48)-(51), orpumyemo u(x,y,t) =0, (z,y,t) € Q.
Teopemy moBezeHo. [ ]
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Mykola Ivanchov, Natalia Kinash

INVERSE PROBLEM FOR TWO-DIMENSIONAL HEAT
EQUATION WITH UNKNOWN TIME AND
SPACE-DEPENDENT COEFFICIENTS

The paper deals with the inverse problem for the heat equation in a
rectangle. The two elders coefficients depending on time and spati-
al variables are unknown. Using the Green function, the problem is
reduced to the system integral equations, the study of which lead us to
the conditions of existence and the uniqueness of the solution of the
inverse problem.



36ipHuk npaus 4o 80-pivus B.A.Mrawkuka

VIK 517.956+517.958

Crenan Isacumen!? | Irop Meauncskuii’ |, Tanunna IMaciuank?

ITAPABOJITYHI PIBHAHHA 3 PISHUUMMUA
OCOBJINBOCTAMU TA BUPO/IZ2KEHHAMMN

Hasedeno wopomrkuli 02480 O0CHOBHUL DPE3YAbIMAMIS, OMPUMAHUL
cniepobimnukamu depriseyvkoi giaii Incmumymy npukasadnuz npo-
baem mexanivy i mamemamury im. 5. C. ITidempueawa HAH Yipai-
Hu. Pedyavbmamu cmocytomvpea Wupokur KAaCi8 Pi8HANL Napaboi-
YHO20 MUNY 3 PI3HUMY 0COOAUBOCTNAMY Ma 6Upodicennamu. Boru
OMPUMAHE 68 PAMKEAT BUKOHAHHA HAYK0B0-00CAIIHUT POOIM, AKI 6UKO-
Hysasuca npomsazom 1988-2016 pp. nid xepisnuymeom npogecopis
C. II. Isacuwena i B. H. Tmawmnuska.

3 1988 p. B YepHniBngax npamgoe diig [HeTUTyTYy TPUKIAIHAX TPOOIEM
mexanikn i maremaruru iMm. . C.Iligcrpurasa HAH Vkpainm. Y 1988-
1996 pp. dinig masa craryc CTPyKTYPHOTO By KpaioBUX 3a/ad s
piBHSAHB 13 YacTuHHUMU TOXimHUMH, a 3 1996 p. — craryc YepniBerpkoi ¢i-
il Bimtisry maremaruanol Bi3uku, KEPIBHUKOM SKOTO /10 OT0 mepeadacHol
koHunHu 6yB mpodecop B. I1. [Trammuk.

3 1996 p. HAyKOBI JOCTIIKEeHHST CIIBPOOITHUKIB (DijTil BUKOHYBAJINCS B
paMKax TeMATHKW BTy MaTeMaTHndHol ¢giszuku. Apropu miel crarTi 6pa-
JI aKTUBHY y9acCThb y PO3POOIl OKPEMUX MUTAHb HAYKOBO-AOCJIiTHUX POOIT,
gakuMu KepyBas Borgan Iocunosuy. ¥V crarTi HABOAUTLCS KOPOTKMIA OIJIST
pesysibTaTiB, orpuMaHux criBpobiTHukamu YepuiBernbkoi dimii 3 yacy i1 3a-
CHYBaHHS, SIKAU IiIBOJATEL IIEBHHUI MiACYMOK ILIIJHOIO CIIBPOOITHHUIITBA 3
HayKoBOIO 11K0/1010 B. 1. Iltamuuxka. 1o crarTio npucBsdyeMo cBiT/iil ma-
w’siri B. 1. TTramanka, BiZoMOro BUeHOT0, TATAHOBATOTO TI€1Ar0ra, TPEeKPac-
HOI JyTI JIIOAWHU Ta JAPYTa.

lonoBunMu 06’ekTaMu J0CTizKeHb Oy 3aaa4da Ko Ta geski Kpaitosi
sajaul s napaboniunnx (y pi3HUX CeHcax) PIBHSAHBL 1 CHMCTEM DPIBHSIHB i3
YaCTUHHUMU TTOXITHUMY 33 HAsBHOCTI PI3HUX BUPOJKEHb Ta OCOD/IMBOCTEI

! Hamionanpamii Texmivamit yHiBepcuTer YKpainn ,Kuiscoxmil mostiTexmiTami
ircruryT imeni Irops Cikopebroro®, ivasyshen.sd @gmail.com

?Hamjonamsuuii yrisepcurer ,JIbpiscbka momirexmika®, i.p.medynsky@gmail.
com

3Yepuisenpknil Harionabunii yrnisepcurer imeni IOpis ®expkosuya, pasich-
nyk.gs@gmail.com

uacroryr npuxaamHux mpobeM Mexamiku i Mmaremaruxu iv. S1.C. Iin-
crpuraga HAH Ykpainu, ivasyshen.sd@gmail.com
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(KOJTH, HATIPUKJIA/], TOPYIIYETHCS YMOBA PIBHOMIDHOT mapaboJiidHOCTI, KOe-
dinienTu piBHAHb € HEOOMEKEHUMU B OKOJII JI€IKUX TOYOK UM HA HECKIHIEH-
HOCTi, B PIBHSIHHS BXOASITH TICEBIOAMQEPEHIiaIhHI BUpa3n, TTpaBl qacTUHN
3aj1a49i MaOTh PI3HOTO POy 0COOIMBOCTI TOMIO). s TakUX 3a71ad9 JOCITiI-
JKYBAJIMCh MTUTAHHS KOPEKTHOI PO3B’I3HOCTI, IHTErPATLHOTO 300PaKEeHHS Ta
BJIACTUBOCTEN PO3B’SI3KiB.

OcHoBHUM TIOHSATTSIM Yy Teopil 3agadi Ko € pyHmaMeHTa bHIil PO3B -
30k 3agaui Komri (OP3K). IloBHOTA if TOYHICTH pPE3yabTATIB JTOCTIIZKEH-
Hs Takol 3a/1adi, siK BiJIOMO, ICTOTHO 3aJI€XKUTh BiJI TOTr0, HACKIJIBKU ITOBHO
it Touno npocmimkenuitt ®P3K. Tomy ocHoBHiI 3ycuing Oysiu cipsiMmoBaHi, B
[epiiry 9epry, Ha mo0y/I0By Ta BCTAHOBJIEHHS TOYHUX OI[IHOK 1 BJIACTUBOCTEH
OP3K, a TakoxK BUBYEHHs BJACTUBOCTel BiamoBiauux interpasis [lyaccona
Ta, 00’€MHIX TTOTEHIAJIIB.

JocaiazKeHHIM OXOILJIeHl, TOJOBHO, TaKl KJIACH PIBHAHBL 1 CHCTEM PiB-
HSHb!

1) mapaboutiusi 3a 1. I. [TerpoBcbkum Ta %—HapaﬁOJquHi (mapaboJtiuni 3a
C. 1. Eitnennbmanom) cucremu 3 obmezkenumu koedilieHTaMmu Ta BUPO/12KeH-
HaMu Ha ovarkosiit rinepriommui (C. /1. Isacuwen, O. I. Bosuax, I. IT1. Me-
duncorud [1-7]);

2) mapatouiuni 3a I.T. TlerpoBCbKMM PIBHSHHS 1 CHCTEMHU 3 OTIEPATOPOM
Beccens (C. 1. Isacuwen, B. I1. Jlaspernuyrk, T. M. Barabywenxo, JI. M. Meao-
nuwyk [8-11]);

3) mapaboJiuni 3a [.T'. Ilerposchkum ta 3a C. 1. Eiineapmanom cucremu
31 3POCTAIOYNMH 31 3POCTAHHIM TTPOCTOPOBUX 3MIHHUX KoedilieHTaMu 3a BiI-
CYTHOCTI Ta HASIBHOCTI BUPOJZKEHb Ha T04YaTKOBiil rinepsomusi (C. /. Isa-
cuwen, I'. C. Ilaciunur [12-14]);

4) KJTacu BUPOJZKEHUX PIBHAHB, SIKi € y3araJbHeHHIMU KJIACHIHOTO PiB-
HsiaHst auy3ii 3 inepriero A. M. Koamoroposa i MicTsTh 33 OCHOBHUMU 3MiH-
Humu audepentiaabai Bupasu, mnapabosiuni 3a 1. [ IlerpoBchkum Ta 3a
C. . Eipensmanom  (C. . Isacuwen, JI. M. Andpocosa, O. I Bosnsax,
B. C. [Ipowv, B. B. Jlawox, I'. C. ITaciunux, 1. I1. Meduncorut |15-32]);

5) mapabosiiuni piBHsIHHS, siKi MICTSTBH 11CeBI0ubEPeHIiaibal BUpa3u
(C. 4. Eadesvman, 5. M. dpino, B. B. Topodeyvkudi, B. A. Jlimosuenxo [33—
40]).

Jist mepmmx 90THPHOX KJIACIB PIBHAHB 1 cuCTeM PiBHIHB po3pobiena
Teopid X PO3B’SI3HOCTI 34 3BUYANHNX I BATOBUX IMOYATKOBUX YMOB Ta 6€3 I0-
YaTKOBUX yMOB 3aJI€2KHO BiJl TOTO, 91 BIJICYTHI, a AKIIO TPUCYTHI, TO SIKOTO
XapaKTepy, BUPO/IZKEHHS HA MMOYATKOBIl TiepILIONuHI. 30KpeMa, /st OJTHO-
pifHUX C/IaDKO BUPOIRKEHWX CHUCTEM i3 IMEPIIOTO KJACy, CUCTEM i3 JAPyroro
KJIACY, & TAKOXK PIBHAHB 13 YETBEPTOrO K/IACy, KOEMIIE€HTH SKUX MOXKYThb
3aJIe2KaTy JIMIIe BiJl 4acOBOI 3MIHHOI, 1 PIBHAHB 13 OO KJIACY JPYTOro 1o-
PAAKY 13 3ajIe2KHUMU BiJl ycix 3MiHHEUX KoedilieHTamMu, 3HalieH0 Heobxi-
JIHI §1 JlocTaTHI yMOBM TOI'O, 110 ClieliajbHO 100yj0BaHi Barosi Ly-npocropu
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dyHKIIiN Ta BIAIOBIHI TPOCTOPH y3arajJbHEHUX Mip € MHOKMHAMU [T0YATKO-
BUX 3HAYEHb 1 110 PO3B d3KU 300paKyIOThCs depe3 IX MOYATKOBI 3HAYEHHS
y BurJsial inrerpadis Ilyaccona. Ocranni pe3yabTaT € MommWpeHHsM BiJimo-
BIHUX KJIACHIHUX PE3y/IbTAaTiB TeOpil rapMOHIYHUX (DYHKINH Ha PO3B’I3KM
BUIIEBKA3AHUX PIBHSHD 1 CUCTEM PiBHSHb. 3a3HAYNMO, 110 B PAMKaX PO3P0o0-
JIEHOI Teopil JJIsl CUCTeM 3 MEPIIOTO KJIACy JTOBeJIeHO TeOPEeMU PO AITPiopHi
OI[IHKMU Ta TIiIBUIIEHHS TJIaKOCTI PO3B’A3KiB, KOPEKTHY PO3B’A3HICTD JIiHIii-
HUX CHCTEM, a TaKOXK JIOKAJbHY PO3B’A3HICTh KBA3IIIHINHUX CUCTEM.

V paMkax JOCJIKeHb PIBHSIHD 3 Y€TBEPTOrO KJIaCy, KOeIIiEHTH TKUX
3a71eKaTh BiJl yCiX 3MIHHEX, IOOYIOBAHO T4 BUBYEHO BJIACTHBOCTI JEIIO OC-
Jsrabstenoro mopisasiHO 3 KjaacuuauMm L-OP3K, koiu B piBHSHHI BUpas, 110
MICTUTH TOXITHY 3a ¢ 1 TOXiMHI 33 3MIHHUMU 3 TPYI BUPOIKEHHS, TIyMa-
anThes sik oxijai 3a C. JIi. st piBHSIHB IPyTOro HOPSAKY 3 OJHIEI0 IPYIIO0
3MIHHUX BUPOZKeHHd B [27,29,30| 3HaiineHo ymoBu Ha KoedinieHTH, 38 IKIX
nobyroBano kiaacuannit ®P3K| omepkano To4YHI OIIHKK HOTO MOXIHUX Ta
X MMPUPOCTIB 3a TPOCTOPOBUMH 3MIHHUMH. [Ipu 1TbOMY BUKOPHUCTAHO 3aIIpO-
MTOHOBAHY paHilie aBTOpaMu MOAUMIKAINO KJIacuIHOro MeToy Jlesi, saka €
GaKTUIHO MOETATHUM 3aCTOCYBAHHSIM METOy TapaMeTpurcy JIesi.

s BUnaiKy, KON TOYATKOBI TaHi € y3arajgbHeHUMU (PYHKISIMUA TUILY
yabTpapo3mnoaiiie 2Kespe, T0BEIEHO TEOPEME TTPO OHO3HAYHY PO3B’A3HICTH
Ta BJIACTHBOCTI JIOKAJIi3aIlil po3B’sa3KiB 3ama9i Kot 171 eBOTIomiiHIX mapa-
6oJ1iYHUX PIBHsAHD, Hapaboaiunux 3a . €. Ilunosum Ta 3a . I'. [TlerpoBcbkum
PIBHSIHBb 3 BUPOJ/IXKEHHSIMU Ha, MMOYATKOBIN TiMepuIonuHi it napabosiaHux
3a I.T.Tlerposchkum piBustHb 3 oneparopom Beccens (B. B. [opodeyvkudi,
L. B. 2Kumaprox [41-43]), a Takok Bupo/zKeHnx piBasaab Tumy A. M. Kommo-
roposa (C. /I. Isacuwen, JI. M. Andpocosa [44]).

VY mpargx [45,46] C. /[. Isacuwena ta B. A. Jlimoswenka 03HAUIEHO HOBI
MIXPOKI KJIACH BUPOKEHUX PIBHSAHB, 9Ki € y3araJbHEHHSAMU PIBHAHD 13 4eT-
BEpPTOro KJI1acy, Ta po3po0/ieH0 METOIUKY JOC/iyKerts 3a1a4i Ko jijis aux
V BUMAIKY, KOJIW MOYATKOBI JaHi MOXKYTEH OyTHU y3araabHEHUMU (DYHKITIIMI
Tumny posnomgiiis 2Kespe.

3ravyHa yBara TPHUIISIACH JOCTIKEHHAM DPIBHSIHB 13 I1'TOr0 KJIACY.
s piBrOMIpHO mapabosaiununx 3a [. I IlerpoBchbkum cucrem mcesmomude-
PEHIIAJBHIX PIBHAHDL 3 HEMVIAAKIMHU cuMBoJsiaMu mobymosano ®PP3K Ta mo-
caiyzkeno fioro Bracrusocti (C. . Etdeavman, . M. Jpine [33,34]). das
piBHgHHEA Audy3ii 3 mceBHoandepeHItiaIbHIM JOJAHKOM 1 JedKnX mapabdbo-
JIYHUX MICeBA0MMMEPEHIIaIbHUX PIBHAHD 3 HEOMHOPI THUMU CUMBOJIAMHE 10~
caigkena acumnToTnyHa moseminka PP3K Ta BcTamoB/eHA €IUHICTD CIa0-
kux HeBix'emuux poss’si3kis 3agaui Komi (C. . Etdeavman, P. 4. dpinow
135,36])

B. B. I'opodeyvkum [37,38| posrusinyro 3azaqdy Ko juist napabosiaanx
nceBiouepeHIiajbHIX PIBHAHD Yy BUIAJKY, KOJU I0YATKOBI /1aHi € y3a-
raJibHEHUMU TepioguaHuMu (DYHKISIMEI, O3HAYEHO KJIAC ICEBIOAudepeHIli-
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AJIbHUX OIEPATOPIB, AKUN MICTUTDH OIIEPATOPHU APOOOBOro JudepeHIifoBaH A
B IIPOCTOPIi y3arajbHeHux nepiogumaaux QyHKIi, i 3 10ro 101momMoroi — Bij-
TTOBifHUIT K/Tac mapabosiiaamx ncepaoandepennialbHuX PiBEAHE. [1a Takmx
PIBHSIHB YCTAHOBJIEHO OJTHO3HAUHY PO3B’si3HICTh 3a1adi Kot ta BuB4YeHo mu-
TaHHS PO TPAHWYHI 3HAYEHHS PO3B’s13KiB. Po3riaryTo Takox 3amagda Korri
B 6aHAXOBUX MPOCTOpAaX mepionnuanx (pyHKIii. P/ BaXX TUBUX PE3yIbTATIB
B. B.Toposenskoro cTocyoThCst 3araibHOr0 BUTJISLY BCIX TJIAIKAX PO3B’d3-
KiB CIeIiaJIbHuX KJIaciB 1apaboiuHuX PIBHAHB, SKi MiCTATH ONEPATOPH JIPO-
6oBoro audepentioBanasg. ONUCaHO MHOXKMHU II0YATKOBUX 3HAYEHb TAKUX
PO3B’43KiB, yCTaHOBJIEHO KODPEKTHY pO3B’sd3HicTh 3asadi Komr s BKaza-
HUX PIBHAHBb 3 MOYATKOBUMH JIAHUMY B IIPOCTOPAX y3arajgbHeHUX (PyHKIii
CKIHYEHHOT'O Ta HECKIHYEHHOI'O TOPHAIKIB.

B. A. Jlimosuenkom [39,40] o3nadeno xiac mapaboyivHux mncesaoaude-
PeHIlaJbHAX CUCTEM PIBHAHB 3 ONMYK/JIUMU IIJIMMUA aHAJITUYHUMHA CUMBOJIA-
MU, SKUN OXOIUIO€ 2B-napabosivni cucremMu piBHsSIHB 13 YACTUHHUMM I10-
XigauMuT 3 KoedillieHTaMn, He 3aJIeKHUMHN Big TpocTopoBoi 3miruol. s
CUCTEM 3 TAKOTO KJIaCy BCTAHOBJIEHO KOPEKTHY pO3B’si3HicTh 3ajadi Ko y
BUMAJKY y3araJbHEHUX MOYATKOBUX (DYHKIIIN TUITY yabTpapo3noiiis 2Kes-
peé Ta OMuCaHO BCI TPAHUYHI 3HAYEHHS [VIAJKUX PO3B’S3KiB, SIKi MarOTh Xa-
pakTepHi 114 X DyHIAMEHTAILHIX MATPUIIb PO3B A3KiB BJIACTUBOCTI.

Kpim Bummenasenernx MpOBOAWINCH # 1HII JTOCTIT7KEHHS.

Tak, okpeMmi nuTaHHS AKiCHOI TEOPil PO3B’A3KIB MapaboJIiIHUX Ta eJTIITH-
uyaux cucrem susdanau C. /. Etdesvman 1 JI. M. Isacuwun. Tlepmuit asrop
JOCJIIIKYBAB BJIACTUBOCTI JOMATHUX CAAOKHX PO3B’SI3KiB mMapaboivIHuX 34
[.T. IlerpoBchbKkuM cucrem AuBepreHTHOI CTpyKTypu. Ipyra aBropka BCTaHO-
BUJIA CTeriaibHl L1-0IiHKN KJIACUIHUX PO3B’I3KIiB 3araJbHUX TapPaboiTHIX
y cenci I. T'. IleTpoBcbkoro cuctem i TedKuX eMiMTUIHUX CUCTEM 31 CTPYKTY-
poro Jlineapu3oBanol cranionapaoi cucremnu Hap’e-Crokca. Taxi oninku 1ii-
KaBi i cami 1o cobi, it CBOIME 3MiCTOBHIUMH 3aCTOCYBAHHSIMHA B SIKICHIN Teopil
TIOJATHUX PO3B’A3KiB.

Bupuanuce Takox nuranusg crabijiizanii po3s’sa3kis. B. B. [opodeybkum
3HaliIeH0 yMOBH CJIa0KOI cTabimizarmil po3s’s3kiB 3agaui Ko ais medarmx
mapabosiunnx rnceBaoandepeHItiaIbHuX PIBHIHD 3 HETJIAIKAMU CAMBOJIAMH,
a C. /[. Eddeavmanom — yMOBH, 33 IKAX CTaDLTIBYIOTHCST 0OMEXKeHi PO3B’a3K1
KPalioBUX 33129 JjIsd CUCTEMU PIBHSIHD TEILIO- i MACOOOMIiHY, TP ITHOMY TAHO
noBHuii onuc saep [lyaccona mux 3amad.

M. I. Mamitduykxom DOBEIEHO TEOPEMY PO KOPEKTHY PO3B’SI3HICTH 1 1O-
GynoBaro MaTpuiio I pina mapaboiivHnx KpaHoBMX 3ajad 3 OMEpaTopoM
Beccensg B piBHIHHAX 1 KpaitoBUX YMOBaX, MPU IIHOMY JOCTIIXKEHO BJIACTH-
Bocri azaep Ilyaccona BigmoBiIHUX MOJEILHUX 3A7TAM.

3ayBaxKuMoO, 110 OLJIBIICTh BUINEHA3BAHUX PE3yJIbTATiB yBIUILIN [TOB-
HicTIO 260 YacTKOBO 40 MoHorpadiit [38, 47-50], a owisiun pesysibraris 3
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PARABOLIC EQUATIONS WITH DIFFERENT
SINGULARITIES AND DEGENERATIONS

A brief overview of the main results which obtained by research
workers of Chernivtsi Branch of Pidstryhach Institute for Applied
Problems of Mechanics and Mathematics of National Academy of
Science of Ukraine is given. The results relate to wide classes of
equations of the parabolic type with different degenerations and si-
ngularities. These results were obtained through research that carried
out during 1988-2016 under the direction of professor S. D. Ivasyshen
and professor B. Yo. Ptashnyk.
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Bosogumup Libkis!

HEJIOKAJIBHA 3AJAYA J1JI4 TITNIEPBOJITYHNX
PIBHAHDb 3 BUIIIMU ITOXITHNUMNW B YMOBAX

Hocaidoceno 3adany 3 HEAOKAADHUMU 0BOMOYKOSUMU YMOBAMYU 30
YACOBOI KOOPOUHANONW OAfA CUCTNEM DIBHAND 13 HACTNUHHUMY NOXi-
JHUMU 31 cmaaumy Koediuienmamu. SHatideno Heobxioni i docma-
MHI YMOBU ICHYBAHHA PO36 A3KY UiEl 3a0ani Y KAACT NEPIOOUNHUT 34
NPOCMOPOBUMY, 3MIHHUMY PYyHEUid. Busweno acumnmomuyni saa-
CMUBOCTNI PO3B°A3KY ME BCMAHOBAEHO PPped2oabmosicmd 3a0a4i Ma
130MOPPI3M ONEPATNOPA HEAOKANBHUL YMOG.

1. Bceryn

Hesokasnbai ymoBu (30KpeMa, 6araToTodkoBi Ta iHTerpasbHi) i piB-
HAHB 13 YJACTUHHUMU TOX1THUMH YACTO 3yCTPITAIOTHCA y MATEMATHIHIX MO-
nmesigx 6araThox piznvHUX, 6i0IOTIIHUX I TEXHITHUX TTPOIIECIB.

3ajiaui 3 HEJIOKAJILHUME yMOBAMU, B3araJji, € HEKOPEKTHUMHI 33 A jama-
poM i moB’g3aHi 3 TpPOOIEMOI0 MaJIUMX 3HAMEHHUKIB, B dKill TPOSBJISAIOTHCS
miodaHTOBI BacTUBOCTI napameTrpis 3aaqi. Merpuanuii miaxin 10 BuB4YeH-
HSI HEJIOKATBHUX 337129 Y COOOJEBCHKUX (Ta IHINMMX) IIKAJaX IMEePIOIUIHUX,
maiizke nepiojguuanux yHKUiN 3acrocoBano y poborax [1,2].

PezynpraTn BUBUEeHHS 337129 3 HEJIOKAJTHLHUMHI YMOBAMU I PIBHAHD i3
YACTUHHUMU TI0X1HUMHA omybikoBaHo y 6araThox poborax, 30kpema [3—17].

[Ipukiagamu HEIOKAIBHUX 334a4 [Tl TinepOOiIHOr0 PIBHIHHS

ou Ou

o ow "

€ HEKOPeKTHA 337]a1a 3 IHTerpaJbHOI0 YMOBOIO

T
/ u(t, z) dt = (),
0

ne T — ipparionanbte anciio, y mkasi npocropis CoboseBa (yHKIIii mepio-
JIMYHUAX 33 3MIHHOIO X. Y3arajibHeHuil pO3B’d30K Y BULVISL Py

kOk ik
u(t,w) =) T e
kEZ

! Hamionamsauit yaisepenrer ,JIpBiBehbka momitexuixa®, ilkivv@i.ua
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TaKOI 3a/1a4i /i JIedKuX 3Ha4UeHb 1 He HAJIeXKUTh 10 mikaju npoctopis Co-
6oJ1eBa Jts OBLBHOT DYHKINT (0 3 1€l MmKa/Iu, siKa He € TPUTOHOMETPUIHUM
MHOTOUJIEHOM, OCKIJIbKHU TIOCJIi JOBHICTH |1 — e T moxe sk 3aBTO/THO TITBU/I-
KO HAOJIUKATHUCS 70 HYJIS.

3ajiava crae KOPEKTHOIO y CODOJIEBCHKIT KA, SIKIIO0 BUKOPUCTATH TAKYy

iHTerpagbHy YMOBY:
T
/ tu(t, ) dt = p(x).
0

Bona Mae po3B’d30K y BUIVIS psity

u(t,r) = Z K — )
T T (T = 1)e T ’

y gaxomy Jyist Beix T > 0 Hopmu giibauKiB He Men |k|T'/2, aximo |k| > 4/T.
KOpexkTHOIO € TaKoK JIBOTOYKOBA 3a/1a4a 3 yMOBOIO

ou

E —0 + u|t:T = QO(J?),

10 MICTUTH MOXIJHY 3a 3MiHHOIO t, 9K 1 piBHanHHA (0/0t)u + (0/0x)u = 0,
OCKiTBKY 11 PO3B’SI30K

Pk ik (—
ult:w) = > e
keZ

Jutst Beix t HasiexkutTh npocropy CobojieBa, SIKINO ¢ HAJEKUTH IPOCTOPY
Cobosena.
3 inmroro 60Ky, ABOTOYKOBA 3a/1a49a, 3 YMOBOIO

ule=0 + uli=r = ¢()

€ 3HOBY HEKOPEKTHOO 3BayKaroun Ha i1 pO3B’a30K

Pk ik(z—
u(t7 ;1;) = Z Wezk(x 15)7
keZ

B siKOMy mpucyTHi Mai 3namennuku 1 + e =T
HYJIb TOYKOIO CKYITYEHHS.

VY miit poboTi a1 cUCTeM PiBHSIHB 13 YACTUHHUMY MOXITHUMW PO3TIIsIA-
€ThbCd KpaitoBa 3ajJatva 3 HeJOKAJTbHUMHU JBOTOYKOBHMH yMOBAMU HA YIaCO-
BOMY HIPOMIXKKY, IKi MICTATh MOXiJHI HOPSAIKY He HUKUOTO, HIXK y CHCTEMI.
BuBuaerncst 3a/1€KHICTh pO3B’A3HOCTI 3314l BiJl TOBXKUHU ITHOTO IIPOMIiZK-
Ky Ta i1 KOPEeKTHICTb y CODOJIEBCHKIil IMTKAJI MEPIOAUIHAX 3& TPOCTOPOBUME
3MiHHUME (DYHKIIIH, & TAKOXK JTOCIIKYIOTHCS BJIACTUBOCTI (DPerobMOBO-
cri ra i3omopduocti. Pesysbraru j10n0BHIOIOTH TBEp2KeHHs pobiT [14-16].

, TOMY IX TIOCJIJTOBHICTH Ma€
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2. IlocranoBka 3amaui

V 1poMy IIyHKTI BBEJIEHO 00/1aCTh, Y AKiil PO3I/ISIa€ThCs 3a/1a49a, CUCTe-
MYy pPIBHSHB 13 JYaCTUHHUMHU MOXITHUMHU 7-TO TOPAJIKY Ta HEJOKAJIbHI TBO-
TOYKOBI YMOBHU 3 BHINUMM [OXiJHUMU TOpsijky n + [, ne I > 0, npocropu
MEePIOANYHNX BEKTOP-(DYHKINH i TaHO O3HAYEHHS PO3B I3KY.

Hexait Q) = [0,T] x QP —uuningp, QP — p-sumipuuit top (R/27Z)P, ne
peN0<Ty<T <T) < +oo,inexait t € [0,T], v = (x1,...,2p) € QP,
Oy = 0/0t, Oy; = 0/0xj, Oy = (Ozy,...,0z,) Ta Oy = O3t --- ;’; It § =
(s1,...,8p) € ZE.

B obnacri Q) mis n > 2 po3rIgaeThCs 3a1a4a JIId CUcTeMu JudepeH-
iaJbHUX PIBHAHD

Ln(ﬁt,a)u_atu+ZA )0 =0 (1)

7j=1

3 HEJIOKAJIBHOIO 33 3MIHHOIO ¢ BEKTOPHOIO YMOBOIO

I+n I+n
l l+n—j
Z Bo;(02)0,""" J“‘t:o + Z Bj(0:)0,"" ]u’t:T = (2)
j=1

nie mudpepeHIianbHl BUpasn

Aj(02) = Y Aj05, Boj(0:) = Y Byds, Bj(0,) =) Bo;

s|<j [s|<j |s|<j

MaroTh KOMILJIEKCHI MarpudHi nopsjxky m xoedimientu Ajs i marpudni Koe-
dirienTn BOJ7 B¢ posmipy nm xm. lpasy qactiny ¢ = ¢(x) = (#1, ..., ¢n)
B yMOBI (2) 1 miykauuit po3s’azok u = u(t,x) = (u1,...,uy) 3amzaqi (1), (2)
BBAXKAEMO 27-TTePIOINIYHUMA 33 3MIHHOIO Z BEKTOPAMU PO3MIPY 1M 1 m.

Hexait k = \/1 + kIt k2, a pj = pj(k) — Bci kopeni piBHsHHST
det A;(ik)A"7 = det Ly (ikp, ik) = 0, (3)
7=0
ne Ag(ik) = I, (I, — onmHMYHA MATPUIS TOPSAIKY M); TO3HATAMO
A= (k) = ikpi(k),  j=1,...,nm. (4)

IIpumyckaemo icryBannsa nogaraux aucen K > 1, R > 1, po, p—, T Takmx,
10 KopeHi p; y pasi k > K 3a0BOJIbHAIOTH TaKi HEPIBHOCTI:

VBTN <R Jpak) — ps(k)] > pos pe < (k) < pt o (5)
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Bokpewma, unciaa R = R(@), po = po(@) Ta p* = p* (@) icayrors ajga crporo
rinep6ostiaHol cucremu (TyT g — Crasa rinepboaiaHOCTI) Ta 11 JOBLIBHOIO
BEKTOpA @, CKJIAJEHOT0 3 ycix Koedirientis cucremu (1).

3 ymorn (5) umuBae, mo Kopeni p;(k) — mpocti Ta BigminHi BiT HysIH
NJIst MHOYKUHU BEKTODIB k, gkl He Hamexars Ky {k € ZP: k < K}.

Hexait H— npocrip m-BUMIpHIX BEKTOPiB, KOMIIOHEHTH SAKUX € TPUTO-
HOMETPUIHUME 27-TEPIOJNIHAMYI MHOTOU/IeHaMu (TIPOCTIPp OCHOBHUX (hyH-
kmiit), a H' — copskenwit 3 HUM TPOCTIp y3araJbHEHHX 27-TIEPiOTMIHAX
BeKTOP-(yHKIii (HopMaATBHUX TPUTOHOMETPUIHUX DSJIIB).

Hexait H; = Hy(2P) —upocrip CobosteBa 27-nepiogndnux 3a 1, . . ., Tp
BeKTOp-yHKI v(x) = Y 4oz k€T, vy € C™, mo yTBOpenuii HOMOBHe-

. 1/2

i mpocropy H s nopowo vy || = (Spezn K2loell?) ", e ] ]| —
eBKJII0Ba HOpMA, k - & = kiz1 + -+ + kpzp. Brmouenna H ¢ H, ¢ H'
MIPOCTOPIB € HemepepBHUME i BCix ducesn q € R.

[Moszuraumvo H;H‘l = H;“H(Qp) — Ganaxis nipoctip dyHkuiin u = u(t, x)
raknx, mo Oju € C([0,T];Hy—;) ans j = 1,...,n + [ Ta BBEJEMO HOPMY

+1 j 1/2

Jus Hy | = (30520 maxyeqo,r |0 ult, -); He— %) 7~

Osuauenns 1. Yzazaavhenum posse’azxom 3sadaui (1), (2) nasueae-
muvca eaemenm uw € CPHH([0, T]; H), axuti sadosoavnae na (0,T) cucmemy
dupepernyiarvonux pienans (1) i neaoxasvni ymosu (2) y npocmopi H'.

Osnauenns 2. Poss’askom 3adawi (1), (2) nasusaemoca makud it ysa-
eanvhenul pose’ssox, axul nasescums do npocmopy HIT

3 o3HadenHs 9 BUIIUBAE, 0 HE0OLI0HOM YMOBOIO ICHYBaHHS PO3B’I3KY
sazaui (1), (2) € yMOBa HaJIE2KHOCTI BEKTOPIB @1, . . . , ¥ (KOMIOHEHT BEKTO-
pa ) 110 mpocropy Hy p;.

Bagaua (1), (2), B3arani, € HekopekTHOO 3a Anamapowm [1,2] y mkasi
{H;}4er (ax 1 B iHmunx mxanax, nos’ssanux 3 npocropom H').

SIKIIO K CIpaBIKyeThCss yMoBa (5), TO 3a/a4ua KOPEKTHA Y il MKaJi,
110 1 JTOBEJIEHO y pobOoTi.

3. Po3B’a3ku 3Buvaiinux audepeHniaapbHuX piBHIHb

VY 1upomMy MyHKTI PO3IVIAHYTO 33/a4l 3 HEJIOKAJIbHUMHU YMOBAMU JIJIsi CH-
CTeMU 3BUYANHUX JudepeHIiaTbHUX PIBHIHD, IKi MICTIThH BEKTOPHU Tapa-
merp k, 1o nos’si3ani i3 3amadero (1), (2).

Ockinbkn po3e’sizok 3azadi (1), (2) mae Bursy

u=> up(t)e*, (6)

kezp
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10 byHKIia up = uk(t) € po3s’a3kom 3amadi

L, (jt zk:)uk 0, (7)

l+n
Boou "™ (0) + 3 [Boj(ik)ul T (0) + By (ikyul D)) = o, (8)
j=1

TyT Q) — Koedimientn Pyp’e BekTOP-DyHKIIT ©.
s BusHaueHHst QYHKIIN u, k € ZP, 3pobumo 3aminy

v = vg(t) = col(vjk)j=1,.n = CO]((i%)n+1ijul(cj_l));‘L:1 (9)

i sanposagmmo nm-marpuiio L(k), ne

*AnJrl*j (ik)\™
L(k) = Col((O I(n—l)m)a (WM%:J’ (10)
3 BJIACHUMH 3HAUEHHIME i1, - - - , [bpm 1| PIBHOMIPHO 00OMEKEHOI0 HOPMOTO

IL(R)|? < (n— 1)ym + A%(Ky),  A%(K)) ZZK D) 45012, (12)

J=1s|<j

y pasi k>K >K (bynknis A(K7]) MOHOTOHHO CHAJA€ IO TPAHUYHOIO
1/2
snavenus Ag = A(oco) = (Z?Zl > ls|=j HA]-SH2> ).

Tonmi v, — po3B’I30K IBOTOYKOBOI 3314l J/IsT CHCTEMH MEPIIIOTO TOPAIKY

v}, = ikL(k)vy,
~ +1 .
’U]E:l+1) (O) + ZkBal Z [B‘;k(k)Zkf]_,Uliki’l*])(O) + (12)
j=1
+B,(k) 2, ol T (1)) = kB gr = 8}

ne Bi (k) = (Bf,,(k ) .Bf 1 (K)), Biga(k) = (Bon(ik) ... Byt (ik)),
B*(k) = (Onmx(n 1)m ( )) B; ( ) ( nmx(n—1)m J(Zk)) y pa3i [>0
JJIst 1HIUX 3HAYEeHb 7, a Bo = ( 7;';( IT(n -1 Boo)- Matrpui B;‘(k;)

BusHavatoThea opmynavun B (k) Boj(zk:) (k)T (n — j) nns j =

1,....,n—1ma B;(k) = Bo;(ik) nna j = n,...,l+n, a IpaMOKyTHI MaTpH-
i Iy, ( ) CKJIQJIAIOThCs 3 M PsiJIKIB Ta yTBOPIOIOTH I'OPU30HTAJIbHE PO3OUTTS
opuHraHOl MATPUL Tnp, TO6T0 Ly = col(Ln(1),. .., In(n)). g n = 1

Maemo By = By 1 B;(k) = Boj(ik), mej=1,...,1+1.
Jlsist omiHIOBaHHS PO3B’A3KY U = Vg (t), axuit Mictuts dyuknil Big L(k),
JOLLIBHO 1ojaT ocradHl y cuenjasbiit dopwmi [2]. Hexait marpung L(k)
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Mae mpocti BiacHi 3HadeHHA (11 = M1(K), ..., tnm = Pnm(k) 1 dynrkmis
S : C — C pusmauena B okoJi 1ux 3nadens, C' € C™" — noplapHuil BEKTOP,
TOM1
S(p1)
S(L(k))C =Ru(CYW T (k)| ... |, (13)
S (Ham)
ne W~ T (k) — obeprena g0 tpamcmonosanoi W' (k) marpuni Bammepmonia
W(k) = (15"); 1. e B&(C) = (C L(K)C ... L™ (k)C) — sarpuus
keposanocti (aus. [17, c¢. 135] ra [18, c. 123]) ainiiinoi HeoHOPIAHOT cucTeMu
v}, = L(k)vy + Chy, B sxiit hy, = hy(t) — ckangpre KepyBaHHS.

Teopema 1. Jlasa dogiavhozo K1 > K i dasa dosiavnoi mampuyi F 3
nm cmosnuyamu $ynxyia S(L(k)) s mampuwrnum apeymenmom L(k) daa
C eC" i k> K cnpasdocye oyinxu

ISR < PRI o IS,
o 1
|S(L(K))|| < pnmBy (K1) max 1S (1) (14
de = ((L+p")/uo)"™ ™ i (K1) = 57 ((n — Dym o+ A2(Kp)
Hosenenns. 13 dopmynu (13) Bumiusae orinka
IFS(EE)C] < om) 2R [T 0] ma |50,
a 3 dpopmysu (11) — HepiBHiCTE
[R+(C Z L=t welf < el 3o Em|¥° < ’E )P

Tenep oninkn (14) € macaigkom mepisrocti |[W™T (k)| < py/nmpu. Boma e
PEe3yJIBTATOM 3aCTOCYBAHHS TAKUX JABOX (DOPMYII :

nm

_ _ _ 1+ |l
W RIP < nm W B2, W (RB)llo < max ] Lt sl

a=L, ,nmJ 1,j7$a ’/’[/Oé - Iu']’

s poGoru [21, p. 108, 109, 417]. ) -
Ha ocuosi dopmyn (5) i (14), ne S(z) = (il;:z)j_l_leim, OTPUMYEMO

OLiHKY Jyisi po3B’si3Ky v = Ej(t)Cy cucremn vy, = ikL(k)vy,

unmR

I1Eo (@)]] < )it

|[FRi(Cr)||, k>Ki, 0<j<i+1, (15)

netel0,T], aCyeCP™.
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Posp’as3knu cucremu (7) i cucremu 3 dhopmynu (12) nos’s3yrors 3rigno 3i
3aminoio (9) cuiBBigHOmEHHS

(u';;)q—nvjﬂzk(t), j=0,1,...,n—1,
(iRl @), j=nntl,

(ik)?Iul (1) = {

TOMY, TTOCHJIAIOYNCH HA TeopeMy 1, MaeMo

. . R
uf )| < B L G DRG], 5= 0,1, m— 1,
- (16)
; iy R
()| < B B Ly RE(CR)]|, G =n L
J

4. docnigKeHHs y3arajibHEHUX PO3B’A3KiB

VY 11b0MY TYHKTI BBEJIEHO MO3HAYEHHS, COOPMYIBOBAHO Ta JOBEIEHO Te-
opemy PO €IUHICTH 1 TEOPEMY TIPO iICHYBAHHA y3araJlbHEHUX PO3B’sI3KiB 3a-
madi (1), (2), 30kpema, mogano 300paskeHHsT UX PO3B A3KiB.

Bukopucraemo dbyngamenTaabay Marpuilio By, Ta xapakTepucTudny Ma-
Tpuito My, ITOKIa1at09In

Ey=Ey()=(ikL(k)) T W0 > K, B=e* 00 | < K,
141 ‘

My = EUTV0) + kBt S [Bi(k) 2 BT (0) + (17)
j=1

+B;(k) 2, ' BT,
Beenemo mpoextopn Py = M, My, ta Qr = MM, , mo gitoTs y mpocTopi
C™™. ne M, — ncesmoobepuena [19, p. 428] no M) marpung (s HeBH-
poizkenoi marpuii My maemo M, = Mk_1 i Py = Qr = ILym), a Takox

npoekropu P ta @, mo jiiore Ha GyHKIi ¢ = Y, @keik'z, zie 1[1]@ e Cvm,
3a TPABUIAMHE

Py=Y" Ppe™™, Qo= Quibpe™". (18)

kezp keZp

Teopema 2. Pose’aszox 3adawi (12) icnye modi i misvku modi, Koau
(Inm — Qr);, = 0; 6in mae suzand

v = Ek(t)M];gb;’; + Ek(t)(lnm — Pk)Uk, (19)

de Uy, — dosiavnuti eexmop 3 npocmopy C™™.
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Hosenennst. Y pasi M,Cy, = ¢} 3arambuuit poss’szok v, = E(t)Cy
cucremu V), = ik L(k)vy, 3an0B0bHsE HenoKabHy yMoBy (12), T06TO € 11y-
KAHUM PO3B’sI3KOM.

Ockineru MpCy, — @5 = MCr — Qrpy. + (Qk — Inm) @}, TO, Ha 0CHOBI
dopmyan

(Inm - QkH)Mk = Mlc ( nm Qk) = 0 (20)
ska sumnsae [20, c. 123| 3 BmactuBocreit QM = My i Qf = Qk, 1e
MaTPHIT Qf epMITOBO CIIpsi’KeHa, 3 (J, OTPUMYEMO PIBHICTH

1M3,Cy, = G%l1* = |Mi.Cr = Quill” + || (Tnm — Q)41

Tctt0 (L — Qu)35 7 0. 70 [ MiCh— 311 > | (T — Qu)GLI2 > 0 s
nosiabHOro BekTopa Cj, 30kpema MC), # ¢f, T06T0 po3s’sa30K 3aaa4i (12)
He icHYE.

Y mporunexxHoMy BHIJKY, cucrema MCy = ¢ exBiBajgeHTHa 3i cH-
cremoro MCr = Qrpy, + Mi(Inm — Pi)Uy, saxa mae [19, c. 436] 3aranbrmit
PO3B 30K

Cy = k_gf?z—i-(f — Py)Uy,

ne (Inm — Pr)Up — appo marpuni M.
3sigcu summmBae (19). Teopemy noBeseHo. [
BeranoBumo Teopemy iCHyBaHHs y3arajibHEHOrO po3s si3ky sagadi (1),
(2), fiKa CIPaBIKYETHCS /I JOBLILHOTO BEKTOPA KOeMIIIEHTIB @.

Teopema 3. Ysazanvnenuil pose’asox u sadawi (1), (2) ZCHye modi i

miavku modi, koau cnpasdocyemves ymosa (I—Q) >,y Pre™® = 0. Hozo
Ty * zkw

3obpaoicye popmyna v = I (1) > 4 7 (ik)~ , AKULO

v = Z vpe'® Z Eg(t k_gb};e’kx + Z Ek(t)((I—P)U)keik'x, (21)

kezp kezp kezp

de U = > e Ure™ ™ — dosinvruti 6exmop, N KOMNOHEWM AK020 Hane-
arcamnv do npocmopy H', eexmopu ((I — P)U)k = (Inm — Py)Uk € xoedi-
uienmamu Qyp’e pynxuii (I — P)U, a I — odunuunuti onepamop.

Hosenenns. Ockinpkn po3s’s3ok 3amadi (1), (2) mae surmsag (6), To
byukuis vy = vi(t) € poss’szkom samaui (12) i vig = Ln(1)vp = (ik)" uyg 3a
dbopmyomo (9), 10610 ug = (ik) " In(1)vy,

Bukopucrasmm dopmyny (19) 3m06yaemo pisnicts (21). Iligcranoska
CIIBBITHOIIEHHS MiXK Uk 1 v Y dopmysy (6) 3aBepiiye J10BeeHHS. [ ]

s nosisbHOl Higmuokuun Z C ZP BBejieMo y 1IpocTopi y3arajbHeHUX
27-IepiOAMIHAX BeKTop GbyHKui# TpoEKTOp II(Z), 3smauennsa aKoro Ha eJIe-
MeHTL =", 7y Ure® | e gy, € C™, nae dpopumysa (Z)Y=)cz Yre™™.

Skmo Z — cxingenna Muoxkua, T0 11(Z)p € BeKTOpHUM TPUTOHOMETPU-
YHUM MHOTI'OYIEHOM /IS [I€PIOAUYHO] y3arajibHEeHOI BEKTOP-PyHKIIT .
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Hexait Ko = Ko(T) = {k € ZP: det M} = 0}, a Ko = ZP \ Ko — nomos-
HenHs MHOKuHU Ko, Toai bopmyny (21) nepenmniemo y Bursi

= TI(Ko)v + I(Ko)v = > Er(t) (Mg @3 + (Inm — Pe)Us)e™ "+
keo

+ § : Ek — A* Zkfl" (22)
kEKo
3 9KOT0 BUILIABAIOTH TaKl OYEBHUTHI HAC/IIIKI.

Hacainok 1. $0dpo zadaui (1), (2) y npocmopi C™([0,T]; H') cxaadae-
MbCA 3 MAKUT EAEMEHNIE:

w=In(1) > Ex(t)Tum — Pi)Uke*?, (23)
keko
de Uy, — dosiavhi sexmopu i3 C,

Hacuinok 2. 3adava (1), (2) € hpedzoavmosoro modi i auwe modi, koau
mmooicuna Ko — cxinuenna. Y yvomy eunadky A0po 3adawi Mae CKinuEHMY
POBMIDHICTL, AKA 0OPIGHIOE Zkelco rank (I, — Py), de rank (I, — P) —
pare maput Ly — Pg.

Hacainok 3. Sxwo Ko = 0, mobmo det My, # 0 dan sciz k € ZP, mo
ysazaavnernuti pose’asok sadawi (1), (2) — edunuii i mae sueand
u=1In(1) Y (ik) " Ep(t) M, G (24)
kezp

Hasnaxru, 3 edurnocms 6UNAUBAE, W0 ICO — NOPOHCHA MHONHCUHA.

5. KopekTHicTs po3B’sizHOCTi 3amadgi (1), (2)

BeranosumMo ymoBu icHyBaHHsI Ta €quHOCTI po3B’si3ky 3ajadi (1), (2) i
BJIACTUBOCTI (PPesroTbpMOBOCTI Ta i30MOpHOCTI.

Bsenemo dyuxuii 3; i ﬁ]* 3a dopMmysramu

Biy) =Y 1B 122D =1,

|s|<j
+n

Bhaw) = > > |IB5|Py*e)
J=l+11s|<j

i} 0, j>n-1,
82) = Z\BSHH'M{ | =1l

H<J m, jSTl/—].,

« s 2,20s1-) | [>2n—1,
l+1 Z Z”B Iy ( —I—1)m

J=l+11s|<j b<n-—1,
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Bubepemo crany K1 = max(K, K ), 1e K — HeBix emuuit KOpiHb PiBHIHHHA
K = 2ujimmRR (K)B(K),

ne By) = S5 (Bi(w) + B () i fi = max (=7, Y5 n77).

[Tosmaunmo muHOXKUHY K1 = {k: ezr: k> Kl}, TOMI /it PO3B’SI3KY
u = cqw Er(t)Cy orpumyemo ominky

n+l
K Hn+l 2 qu n) k,n 3..(9) 2
Iy B = 32 80703 o 2l (OF <
ke,
< (piinmR)* Yy Bt ZHI R (Cr) [+
kex,
+ (pinmR)? Z @) Ly (n) R (Cr) |-
ke,
OckiIbKH I €BKJI1I0BOT HOpMU st BCiX jJ = 1,...,n MaeMo

i ()R (Cr)II* < Z 1 () Rie(Ci) I = [R&(Ci)I* < RE (K1) Cw1?,
j=1

TO CHPAB/IKYETHCS HEPIBHICTH

ITL(KCy )u; HYHJ* < 2(piinmRRy (K1) Z 1R~ (25)
ke

Ocranus dopmyna jae oninky wopmu y mpocropi Hy npoexuii TI(/Cy)u
PO3B’A3KY JIWIIle JIjisi BUTAJIKY 3012KHOCTI psjly ¥ MpaBiit YacTUHI HEPIBHOCTI.
Jai goc/IiRKyeThes e MUTaHHS.

Bregemo mosnavenHst sl BUKIIOYHOT MHOXKWHY 331291

To= |J {T €T, 1n]: det M =0}. (26)
kGKl

Teopema 4. Hezxati suxonyemvcsa ymosa meopemu 3, eexmop @ Koe-
diyienmis Jupepenyiarvrozo pisnanns (1) sadosoavrae ymosu (5) i @ €
H, ,_; dnaj=1,...,n. Todi icuyromo poss’asku u 3adawi (1), (2) y npo-
cmopi HZH ; BOHU BIODISHANMBCA AUWE CKIHYEHHOBUMIDHUMU NPOEKULAMU
(mpuzonomempurrumu mrozousernamu) IL(K1)u yux poss’sasrkic i

n ~ — 2 -
TL(Cy s Hy 1 < 8nm® (npRRy (K1)|[By )™ ITH(K ey Hy |
7=1
(27)
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Mmnoocuna To — ckinuenna i dan xoocrnoeo snavenna T € [To, Ti)\ To poss’sa-
3ok 3adawi (1), (2) — edunuti ma mae euzand (24), a dan xoorcnozo T € Ty —
edunuti 3 mownicmio do adpa (23) sa ymosu (I — Q) pczw Pre™® =0 ma
Ma€ 6u2AA0

u=1In(1) Y (k)" Ep(t)(My; 5 + (Lnm — Po)Ur)e™ *+
keKo

+ I (1) Z (ik) " Ep(H) M,  ppet .
kEZP\Ko

HoBenenns. Icnysanns ysaranbuenux poss sizkis 3amaui (1), (2) mae
teopema 3. Ha ocuosi dopmynu (23) BcranoBumo oriaky (27), gka it 10BO-
AUTh iCHyBaHHs PO3B’a3Ky 3 npocropy Hp'.

Y pisaarni MC) = @), ana susHadenns sekTopa Oy marpung My, mae
3a ymosu k > K taky crpykrypy: My = Iy, + H(k), ne

I+1 1 ) -1 ' B
12( A L+ BB BT, o

3 dopmyn (14), (28) maemo oninky

||ckH L IBER)Z |+ 1B, (k)23 |

Z Ei—1

[IpooBKy0OYN OIIHIOBAHHS OTPUMYEMO HEPIBHOCTI

l+n
HBHEZ]CH < i H Z Bs 8H2l~€_2j>1/2 <

J=l+1 |s|<j
l4+n

< (X S = g0,

J=l+1s|<5

[ H (k) Ck|| < panmRR (K

Pt (15 moripee»)

|s|<j

s|l—j 1/2 .
< (B IPET) T = g, =1 1

Is|<j

a TaKOXK HEPIBHOCTI

| (ik)i 1 | s, =10
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Bpaxosytoun ocranni oniakm st MaTpuni H (k) ma muoxuHi K1, oTpu-
myemo ouinky || H (k)| < panmRR (K1)B(Ky)/k <1/2.
Omrxe, marpung My — aesupoxkena, C = M,;lgbz = ikM,;lBalcﬁk i

~ I1H ()l 7 —111
I < | + T—[H®] <l + 1, (Gl < 2k/nm]|Bg || G-

Ckinvennicrb MHOXKuHM (26) BUIIMBAaE 31 CKIHYEHHOCTI MHOXKUHU
{T € [To,T1]: det My, = 0} uyniB minol ¢ynkuii det My, = det My (T) na
ckinuennomy Binpisky [To,T1], ne k € K1, Tta ckingennocri muoxuau K,
YHCI0 €JIEMEHTIB 9KOI He mepepuinye uuncaa (1 + 2K7)P.

dxmo T € [To,T1] \ To, To Ko = 0 i Bignosigne TeepzkeHnst TeopeMu
BUILTUBAE 3 HACAIKY 3. OcraHHe TBep/KEHHS OTPUMYEMO 3 TEOPEMH 3 Ta
nacainky 1. Teopemy nosejieno. [ ]

Hacainok 4. 3adaua (1), (2) e ¢pedzoavmosoro das eciz T € [Tp, T1],
de Ty, T1 — dosiavni dodammi wucaa 1 Ty < 1.

TBepmKkenas MHOT0 HACTIIKY BUILIABAE 3 HACAIAKY 2 Teopemu 3 Ta i3
JIOBeJIEHHS TeopeMu 4.
Takox Teopema 4 MICTUTH IHIIUI BaKJINBUI HACJIIIOK.

Hacninok 5. /las sciz wucea T € [Ty, Th] \ To onepamop neaokans-
nux ymos (2) sadaui (1), (2) € Giekmusnum nenepepsrum 6ido0paICeHHAM
(i3omopizmom) u — @ 3 nidnpocmopy poss’askic cucmemu (1) npocmopy
H"‘H HA NPOCMIP eKMOP-PYHKULl (Hq n— l)

6. Bucuosku

BceranoBieno ymoBu 0/1HO3HAYHOI PO3B’A3HOCTI 3a/1a4i 3 HEJOKAJIHHUMU
YMOBaMH JIjisd CACTEM PIBHIHBb 3 YaCTUHHUMU [TOX1HUMHA TiepOOiaHOro THU-
Iy y npocTopi y3arajbHeHux (ByHKIIH Ta y MKaJii COO0JEBCHKUX ITPOCTOPIB
[IEePIOMYHUX 33 MPOCTOPOBUMU 3MIHHUMU BEKTOP-(PyHKII.

L5t 3a1a49a € HEKOPEKTHOIO 3a, A 1TaMapoM JIUIIIe I CKIHYeHHOT KiJIbKOCTI
snauenb T € [Tp,T1] 1 KOpeKTHA J/Is BCIX IHIINX 3HAUEHD.

Hocmimkeno xapakTep 3a/Ie2KHOCTI HOPpMU PO3B’s3KYy Bij mapaMeTpis 3a-
Jladi, pO3TJISTHYTO MUTAHHS (PPEAT0IbMOBOCTI 33129l Ta BCTAHOBJIEHO BUTJIS
eJleMeHTiB 11 sapa.

Bceranosseno eauicTs po3s’a3ky 3agadqi (1), (2) mrsa Beix (3a BUHATKOM
ckinuenHol Kinbkocti) 3nauens 1 € [Ty, T1] B ymoBax (2) Ta 11 KOpeKTHICTH
y IIKaJji cOOOJIEBCHKUX MPOCTOPIB; IPHU IIbOMY IJIAJKICTh TPABUX YACTUH Y
HEOOXIJIHMX YyMOBAX ICHyBaHHS TakKa 2K, K y JOCTaTHIX ymMoBax, To6TO J10-
BEJIEHO BJIACTHBICTD 130MOp(di3My omepaTopa HeJOKaIbHUX YMOB (2).
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Volodymyr Ilkiv

NONLOCAL PROBLEM FOR HYPERBOLIC EQUATIONS
WITH HIGHER DERIVATIVES IN CONDITIONS

The paper is devoted to investigation of the problem with nonlocal
two point conditions on time coordinate for a system of partial di-
fferential equations with constant coefficients. Necessary and suffici-
ent conditions for the existence of the solution of this problem in the
class of periodic functions for the spatial variables are found. The
study of asymptotic properties of solution and fredholmouvity of the
problem was proved, also isomorphism property of the nonlocal condi-
tions operator established.
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Ierpo Kaneniok!, SIpocnas Bapanenpkunii’, JIro6os Kossca ?

HEJIOKAJIbBHA KPAMTOBA 3ATAYA JAJId OIIEPATOPA
JANOEPEHIIIFOBAHHA ITAPHOTI'O ITIOPAIKY

Llocaidoceno cnexmpasvhi 8AGCMUBOCTIT HECAMOCTPANCEROT 3a0aul,
NOPOONHCEHOT HEAOKANDHUMY YMOBAMU OAf% ONEPATOPa Judepenuio-
8aHHA NOPAIKY 2n. Bueueno 6unadky pezysapHur ma HepezyisspHuL
sa Bipxeogom deomourosux xpativeuxr ymos. Iobydosano cucmemy
Kopenesur gynkuitd 3adaui ma esemenmu 6IOPMO20HAALHOT cucme-
mu. Bemanosaeno ymosu, npu SUKOHAHHE AKUT Ul CUCTNEMU € TOB-
HUMU ma ymeoproroms basuc Picca.

1. Beryn

YV po6oTi BUBHAIOTHCsT CIEKTPAJIHHI BJIACTUBOCTI KpaiioBoi 3agasi
(~1)"y®" (@) = f(2), z€(0,1),

y () (0) + (_1)(mj) y(mi) ()=0, j=1,...,n,

y(mnti) (0) — (_1)(mn+j) y(mnti) (1) +
2n—1

3 g (820 + ()9 (1-2)) =0,
q=0

aeb,s €R,g=0,1,....2n -1, p=1,...,n,m; <2n,j=1,...,2n.

BiactuBocti mosHOTH Ta 6asucHOCTi (yMOBHOI, Ge3ymoBHOI, 3a Piccom)
CHUCTeMU KOpeHeBUX (DYHKINH KPaloBUX 33/1a9 € BAKJIWBUME MPU TOOYIO0-
Bi po3B’sa3kiB baratbox 3ajad merogom Dyp’e abo itoro amasoramu. s
BUMAJKY 3BUYARHUX MrEPEHIfiaIbHuX PIBHIHb HA CKIHYEHHOMY 1HTEpPBAJI
6a3ucuicTs 3a Piccom st KpailoBUX 3a/at, MOPO/KEHUX PEryJIIpHUMEI 33
Bipkrodom kpaiioBumu ymMoBaMu, BCTAHOBJIEHO B npargx |1, 2].

Y BUNAJIKY, KOJIM KPAOBl YMOBU € PEryJigspHUMHE, ajie HE TMOCUJIEHO pe-
ryJSipHUME, B pO60Ti [3] 6y/10 BCTAHOBIIEHO, 110 CHCTEMa KOPEHEBUX IiIpo-
CTOPIB, K1 BIAMOBIAAIOTH KPATHUM BJIACHUM 3HAUYEHHIM KpailoBOi 3ajati,
yrBopioe 6azuc Picca B npocropi Lo(0,1). ¥V npausx [4, 5, 6] 6ys0 3amnpo-
TIOHOBAHO TIOHATTS TPUBEAEHOI CHCTEeMHU KOpeHeBwX (YHKINN 3a1adi, sKa

'HY ,JIsBiBcbKa momiTexrixa®, kalenyuk@Ip.edu.ua
’HY ,JIesiBCchKa moniTexHika“, baryarom@ukr.net
3HY ,JIeiBCchKa momiTexnika“, kolyasa.lubov@gmail.com
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yrBOpioe Gasuc Picca B mpoctopi Lo(0, 1), a TakoxK IOHATTS CyTTEBO HECA-
MOCIIPSIZKEHOTO Oneparopa (omeparopa, cucreMa KopeHesux (byHKIii saKoro
MICTHThH HECKIHYEHHE YHCJI0 TIPUEJIHAHNX ) 1 BUBYEHO BJIACTUBOCTI TAKUX OITe-
paTopis.

Bajiaui 3 HeperygsipHuME 33 BipkrodoMm ymoBaMu BUBYAJINUCH B PODO-
tax |7, 8, 9]. Biracrusocti 3a1a4, /it IKMX CHCTEME KOpEHeBUX (DYHKII €
cymoBaHi merogom AGesisi, anauizysaiuck y npangx [10, 11].

Y poborax [12, 13] BuBuaiMCh CleKTPaJbHI BJIACTHBOCTI 3a/ad 3 yMO-
BaMU TEPIOAUYIHOCTI Ta nepiogunannMu Koedimientamu. 3agadi 3 iHTerpasib-
HUMW Ta 1HTErpOo—AudepeHIliaIbHIMIA KPAOBUMEU YMOBAMU PO3TJISIAINACH
B myGuikamisx [14, 15, 16]. ¥V pob6oti [17] BuBuasuch kpaiiosi 3amadi 3 u-
cunaTuBHUMEU ymoBamu. ¥ pobori [18] mocsijpKyBasuch npobsemu OliHKY
IIBUIKOCTI 30i2KHOCTI Ta PiBHO30I?KHOCTI 3 TPUTOHOMETPpUIHUM psiaoM Pyp’e
PO3BHUHEHD B PsiJl 33 CUCTEMOIO KOpeHeBux (DYHKIIN HEJTOKAJIbHOI 3a0a4l J1j1sd
nudepeniiaJbHOr0 PiBHAHHA HA CKiHdeHOMY inTepBasi. Biacrusocti cyt-
TEBO HECAMOCIIPSI)KEHUX OIEPATOPIB, BU3HAYEHUX B aOCTPAKTHOMY Cerapar
BesbHOMY TiIROEPTOBOMY MPOCTOPI, BuBYamch y mpami [19].

2. OcHOBHI HO3HAYEHHA
Hexait W2" (0,1) =
= {yeL2(0,1) Ly™ e 00,1],y ELg(O,l),mzo,l,...,Qn—l},

2n

(y,u; W™ (0,1)) =) (y(’“),u(’“); Ly (0, 1)) :

k=0
lly; W™ (0, )|* = (y,4; W2 (0, 1)),

W*(0,1) — npocrip siniitnnx Henepepsuux dyuxmionamis mag W2 (0,1), I
Ly (0,1) — Ly (0,1) — oneparop insomonit, Iy(z) = y(1—z), po = 5 (E + I),
p1 = %(E — I) — opronpoekTopu npocropy Lo (0, 1),

Hj={y € Lx(0,1):y = pjy}, K/ = {“ + (=1)"0 ") c € R}, j = 0,1,

Wr(0,1) ={LeW*(0,1): ly=0,y € K'~},5=0,1, B(Ly(0,1)) - an-
rebpa JiiHiliHnx oOMexerux oneparopis A : La (0,1) — L2 (0, 1).

®ynkuito i3 npocropy Hy (H1) GyneMo HazuBaTu CUMETPUYHOIO (AHTHUCH-
MeTpudHOI0) Bianosigao. KpaiioBy ymoBy 6y/1eMo Ha3UBATH CHUMETPUTHOIO,
SIKINO 0 s1/IPa BiANOBIIHOTO (DYHKIIOHAIY HAJIEXKUTDH JIOBLIbHA (PYHKINA i3
K'(K°). Hanpuxnaz, ymosa y (0) +y (1) = 0 € cumerpuunoro. Anajoridmo,
anTucumerpuuanoio € ymosa y (0) —y (1) = 0.
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3. Camocnpg>keHa kKpaiioBa 3aaada

Posriisinemo kpaitoBy 3amaay

(D" () = f(x), =€ (0,1), (1)
By =y (0) + (=1)"™ ™) (1) =0, (2)
By = 9 (0) = (=1 y ™) (1) = 0, 3)
e My < Mp—1 < ...<my, Moy <Map—1<...<Mpy1, J=1,...,n.

Kpaitosi ymosu (2), (3) Bubpani rakum 4uHOM, 1110

12 eWg(0,1), 1IN, €eWr(0,1), j=1,..., ,n (4)

Hexait Ly : L2 (0,1) — L2 (0,1) — omeparop 3amadi (1)—(3), Loy (z) =
(—1)"y®V (2), D (Lo) = {y € W3 (0,1) : 0y =0,¢ =1,...,2n}.
Posrnaremo cnekTpasbai BaacTusocti oneparopa Lg. Kopeni p; xapa-

KTepuctudnoro pisustius (—1)" p*" = ), sxe Bignosigae jaudepennianbHo-
My pisusiaH0 Loy () = Ay (), BU3HAYAEMO CIIBBIAHOMIEHHIMI p; = W;p,
p) . . . .

larg p| < o=, (wj)™ = (=1)", w1 =i, wj =wrexpil (j — 1), i =2,...,n.

DynpamenTaabHy cucteMy po3s’s3kis piBasaEA Loy () = 0 BU3HAUMMO
CIHiBBIlTHOIIIEHHAMN

yj ($7p) = % <€wjpl? + ewjp(1*$)> €Hy, j=1,...,n, (5)
Yt (ZL',p) = % (ewjpx _ ewjp(1—$)> eH, j=1,...,n, (6)

[ligcraBisioun 3arajbHuil pO3B’I30K OO PIBHAHHS
2n
y(@.p) =Y Cuypla.p), CpeR, p=1,..2n, (7)
p=1

y Kpaitosi ymoBu (2), (3), 0OTpuMaEMo PIBHAHHS /I BU3HAYEHHS BJIACHUX
3HaYeHb omeparopa Lo

A(p) = det (0yq), oy 5 = O- (8)
I3 mpunymens (4) Ta Braowens (5), (6) orpumyemo, 1o
lg+jyr (z,p) =0, l?ynw (x,p) =0, jr=1,...,n.

Tomy A(p) = Ag(p)Ai(p), me As (p) = det (lgn+jysn+r) ‘ ,s=0,1.

7,r=1,..,n
Hexait M ={0,1,...,2n — 1}, My = {mq,ma,...,my}, My = {mp41,
M2, ..., Moy} . BusHaunMo npumyinenss, 3a akux Kpaitosi ymosu (2), (3)
€ CAMOCHPSI?KEHUMHU.
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Hexait nya koxxaoro m € My U M, BUKOHYETLC OJHE i3 IPUIIYIICHD
Ai:meMyNM =2n—m—1 ¢MOUM1;

As:m € My,m ¢ My = 2n—m — 1€ M;y;
A32m€M1,m¢M0:>2n—m—1€Mo.

[Ipunymenna A;— As € JocTaTHIME YMOBaMU JJIs CAMOCIPSIKEHOCTI OITe-
paropa Lg. Cupasi,
1. sixmo m; € My My, 1o y™)(0) = y(™)(1) = 0, Tomy npu p = m;

pPiBHA HYJ/IIO PI3HUIA
=1

y(2n—mj—1)y(mj)

=0

=y (1) ) (1) — y@rmmim D (0)y M) (0) =0, j=1,...,m,

z=1 .

y Bupazi Y oot (=1)" y@ror=ly @77
2. gKIIo m; € M()\Ml, 2n—1— m; € My, Toni

y) (0) = (1)) (1),

Y1) (0) = (1P ) (1) =1,
TOMY TIpU P = M PiBHA HYJIIO PI3HUIA

r=1

y(Qn—mj—l)y(mj) —

z=0

— y(2n*mrl) (1) y(mj) (1) — y(2n*mrl) (0) y(mj) 0)=0, j=1,....n,

. 2n-1 —p— =1
y mapasi 0t (—1)" yZrmrm by )

3. QHAJIOrIYHO, ¥ BUNAJKY, KOMU Myyj € Mi\Mo, 2n —1 — my,; € My,
MaEMO

Y (0) = (~1)7™0 e (1),
y(2n717mn+j) (O) _ (_1)2n—mn+j y(anlfanrj) (1) 7
=1
y(2n—mn+j—1)y(mn+g‘) = y(2n—mn+j—1) (1) y(mn+j) (1) —
—y@nomas D) (0) ) (0) =0, j=1,...,m.
Ipunymenns As. Kpaitosi ymosu (2), (3) € cuiibHO pery/isipuumu 3a
Bipkrodowm |20, c. 67, 99].

BayBaxkennst 1. fx simomo [22], i3 camocupsikenocti ymos (3), (4)
BUILJIMBAE PErYJISPHICTH IUX YMOB.
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Hapmani BBaxkaemo, mo npunymenas A; — A4 Bukoryorbca. Tomy ome-
parop Lo € camocupsizkenuMm Ta KOpeHi piBHsiHH: (8) JiexkaTb Ha NiBOCI
Imp = 0,Rep > 0. Huast xoxuoro s € {0,1} samymepyemo umncna pgp,
k = 1,2,... y mopaaKy 3pocTaHHA ps1 < Ps2 < .... OTxe, omepaTop Lo

. o 2n _ _
Mae BiIacHi 3HaUeHns gy = (ps k)" ,s=0,1, k=1,2,....

OynIaMeHTaTbHY CUCTEMY PO3B’S3KiB JudepeHIiajibHOr0 PiBHAHHS

n, (2
(—1)" 52D = A4y
BU3HAYUMO CIIIBBIJIHOIIIEHHSIMU

v (CC,,OS,k) = % (ewjps,ka: + ewjps,k(l—:t)) € Hy, (9)

k3 (8 pag) = 4 (e950067 — emx10) €

(
j=1,2...,n k=12,..., s=0,1. (10)

Hexait Bg = mo+m3 + ... +my, 81 = Mp42 + Mpy3 + ...+ maoy. 3a
enementamu cucrem (9), (10) Busmaunvo Biacui dyukmii oneparopa Lo

vsk (2, Lo) = (Ps,k)iﬁs 05 1%

Ysn+1 (:Ua ps,k) coo Ysntn ($, ps,k)
lsn+2Ysnt1 lsnt2Ysnin ,s=0,1, k>1, (11)
x det ) ) )
lsn-i—nysn—i—l . lsn+nysn+n

mopMoBami B Lo(0,1) ymosoto |vs i (x, Lo); L2(0,1)|| = 1. Bpaxosytoun, 1m0
Rew; < 0,7 =2,...,n, 3 dopmynu (11) orpumaemo:

|

ae Ay, = det (w;nm“)iji’;iq, s=0,1,¢g=2,....,n,p=1,...,n. ko
Ao = 0 € ByracanM SHATEHHSM oneparopa Lo kparnocti s € {0,1}, To Bimmo-
Biani Bracui dyHkuii nosnaunmo depes vso(z, Lo), ||vso(z, Lo); L2(0,1)| =
1. Posriisiremo mijicucremu BiaacHuX pyHKIIN Ta BJIACHUX 3HAYEHDb OMEPATO-
pa Lo: Vi(Lo) = {vsm(x, Lo),m > 0}, 04(Lo) = {Asm,m > 0},5=0,1.

I3 pisuocti (11) Bumiusae mo Vs (Lg) C Hs, s =0, 1.

Os (2, L) = 0, (o)™ AF yiansn (@ po) s L2 (0, 1) =0,

12
k — oo, (12)

ToMy, BpaxOByIOUH CAMOCIIPsiZKeHICTh oneparopa Lo B mpocropi Lg (0, 1),
OTPUMAEMO HACTYyITHE TBEPA2KCHHA

Jlema 1. Ilionpocmopu Hs C Lo (0,1) € ineapianmuumu das onepamopa

L(), 820,1.
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Bubepemo 10BibHE BiIacHe 3HAYEHHS A ), € 00 (Lo) Ta posriasaaemo ¢yH-
K1l

Ynii (2, pog) = (ewjpo,kilf o ewjﬂo,k(l—x)) cHy, j=1,...,nk=12,....

—~ N =

DyHKIIO Yo,n4p (T, Po,k) BU3HAYMMO $K JIETEPMIHAHT MATPUILl TOPSAIKY 7,
p-uil pAJOK AKOI CKIAAEThCs 3 DYHKINH Yni1 (T, Po k) > Ynt2 (T, P0k) s - - -
: Mn+ts Mn+s
Yon (z, po,k) - Enenentn s-ro psijika ckajeni 3 ancen w; (1-(-1) X
Xe‘Uij’k) ) Svj = 17 Rz .7 #p
Hexait

Al (pox) = det [(wy) "™+ (1 — (=)t eorPor)]|

T:17n7j:17n7 )

A;1o,q (po,k) = det [(wy)™H (1 — (=)"m+ ewrpo,k)”j#wéq

r:17n7j:17n7 ’

k=1,....,p, qg=1,...,n,

Yintp (T 00k) = (Dp1 (P0x) " Yotp (2, pok) (13)
p=1,...,n, k=1,....

[Mincrapnsoun Bupas (13) y kpaiiosi ymosu (2), (3), mepekonyemocsi, 1o
ljyl,n—i-p ('Tv pO,k) = O’ . 14)
IntpYintp (2, pok) = (Pok)"™ ™ (Ap1 (por)) ™ A (pok) s
j=1,....n, p=1,....,n, j#n+p, k=12 ....

Bpaxosytoun, mo Ay, (pox) — AL, Al(por) — Al mpu k — oo,

P.q’
OTPUMAEMO, IO

0 < K1 < copp = |lntpYintp (T, p0k)] (Pog) "7 < Ko,
(15)
p=1...,n, k=12,....

Amnajioriuno, jyist JOBLIBHOrO BJIACHOrO 3Hadenust A\ € o1 (Lo) posriis-
HeMO chucremu (DYHKILH

yj (@, p1e) = é (6“’”’1’” + e“’j”lvk(l_x)) € Hy, j=1,...,n. (16)
DyHKIio Yo ; (T, p1,%) BUSHAYUMO SIK JI€TEPMIHAHT MATPUIL HOPSIKY 7, j-uil
PSLIIOK SIKOI CKJIaMaeThes 3 YHKIN Y1 (2, p1.%) , Y2 (2, 01.6) -+, Yn (T, P1k) -
EjieMentu s-ro psijika ck/ajeni 3 uncen wy " (1 — (—1)"+s ewaPok) s g =
1,...,n, s #j.

Hexait

A% (pr) = det [(w,)™ (14 (=1)™ e=rPre)]]

k=1,2,...,

r=1n,s=1n,"

A (pr) = det [(w,)™ (14 (=1)" erron)] 72070

s=1,n,r=1,n,
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jq=1...,n, k=12 ...,

A.(]]’q = det [(ws)mT”S#qﬂ”#j ) j7 q = 1) AR n7 k - 1) 27 ..

s=1,n,r=1,n,

g @ k) = (A0 (p1p) ™! ,g(rc )
Y1 /;151 Zil Yo . P1k (17)

[Migcrasagtoun Bupas (17) y kpaiiosi ymosu (2), (3), mepekonyemocs, 1o

lsyl,] («77 pl k) 0

Ly (@, p1p) = (p1k)™ A (p1x) (A (Pl k) (18)
jys=1,....n, j#s k=1

[puiivatodn 10 yBaru obmesxenicts ancern AY (py x), bynxiit y, (2, p1 k)

Ta BPaXOBYIOYH, IO A] ¢ (PLE) = A, . (k — 00), oTpEMaEMO OImiHKn

7,9’
Y15 (=, p1x) 5 L2 (0,1)]] < K3,
Ky <y =yl (pre) ™ < Ks, (19)
0< K3, Ky, Ks<o0, j=1,...,n, k=1,... .

4. Hecamocnpsi>keHi KpaiioBi 3agaqi

s piBasang (1) po3rigremMo KpaiioBy 3a7ady 3 yMOBaMU

Ly=1y=0,j=1,....,2n, j#n+p, (20)
by =10y +lgpy =0, (21)
oy = (y@ ) + (D@ (1), beR geM.  (22)

Hexait L, ;5 — oneparop sagadi (1), (20)-(22), Ly gy = (—1)"y?™ (z), y €
D (Lpgp) D(Lpgp) = {y € W22n(07 1): ljl'y =0,75=1,... a2n} V (Lpgp) ~
cucTeMa BiracHUX ByHKII onepaTopa Ly qp, p=1,...,n, b€ R, g € M.

Teopema 1. Hexat suxonyromovca npunyuenna A1 — Ay, Todi

1) daa dosinvnur p=1,...,n, 0<q¢<2n—1,be R, saacni snauernna
onepamopie Lo ma Ly, 41, cnienadaromo,

2) cucmema V (Lypqp) 6aachus Gynkyii onepamopa Ly, qp € nosnoto 6
npocmopi Ly (0,1)

3) axwo 0 < ¢ < Mpqp, mo cucmema V (Ly q4p) € 6asucom Picca npo-
cmopy Lo (0,1) .
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Hosenenns. Ilokaxemo crnoudarky, mo o (Lg) € o (Ly qp). Besnocepe-
JIHBOTO [1JICTAHOBKOIO MOKHA, I€PEKOHATHCH, 1110 dyHKIis vy ) (2, L) cupas-
mxye ymorn (20)—(22). Tomy Bnachy dyukiito oneparopa Ly, sika Bijgmo-
BiJla€ BITACHOMY 3HAYEHHIO A1 j, BU3HAUNMO PiBHICTIO

vig (T, Lpgp) =vig (2, Lo), ge M, p=1,...,n, k=1,2,... . (23)

Otxe, 01 (Lo) Co(Lpgp), Vi(Lo) CV (Lpgp), g€ M,beR, p=1,...,n
IMokazxemo, o oq (Lo) C 0 (Lyp4p). Bracuy dyuxuito vg g (2, Ly 4.5) o116
patopa Ly 4 p BUBHAYNMO BUPA3OM

UO,k ($7 Lp,q,b) = UO,k ('/E’ LO) + ,U]i ('1“7 Lp,q,b) 9 (24)
geM, beR, p=1,....,n, k=1,2,...,

ae U (2, Lpgs) = Cpabkinip (¥,00k), ¢ € M, b ER, p=1,....n, k =
1,2,.... IlincraBasioun Bupa3 (24) B xpaiiosi ymosu (21), (22), 3Haxogumo
HEBIJIOMI LIAPAMETPU Cp g p k-

-1
cp,q,b,k = - (lqlﬂjoyk) (lg+pyl,n+p) ; (25)
qeM,beR, p=1,...,n, k=1,2,... .

Bpaxosytouu cuissignomenns (22), (15), (19) ra nepisaicrb
‘lq,bvo,k‘ < K6 (pﬂ,k)qa qc Ma be R7 k= 1727 ceey (26)
OTPUMYEMO OIIHKH

lepgkl < K7 ]b] (por)? "7,

p=1,....,n,qge M, beR, k=1,2,... . (27)

IToxaxkemo 1o cucrema (23)—(25) Bracuux QyHKIii omeparopa Ly, qp €
ToTtaabHoI0 (moBHOIO) B pocropi Lo (0, 1). Hexait icaye Taka dynkis h =
ho 4+ h1 € Lo (0, 1), hs € Hy o

(h7 Vs, k (.%', Lp,q,b) i Lo (07 1)) =0,

p=1,...,n, =01, ge M, beR, k=1,2,... .

Cucrema Vi (Lg) € opronopmosanum 6azucom 8 Hi. Tomy 3 npumymenns
OpTOroHAJBHOCTI MaeMo, 1m0 hy = 0, h = hg € Hy. BpaxoBytouu cmiBBiiHo-
menHs (24), orpumaemo

(h7 Do,k (Iﬂ, Lp,q.b) 7L2 (07 1)) = (h()? 0,k (.’I’, LO) ; LQ (07 1)) = 07

p=1,....,n, beR, k=1,2,....

Cucrema Vj (Lg) € opronopmosaaum 6asucom 8 Hy. Tomy h = hg = 0. OTxe,
cucrema V' (Lp 4p) — mosua B upocropi Ly (0,1),p=1,...,n,g€ M, beR.
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Hos 3amadi (1), (20)—(22), icaye cnpsizkena 3aj1a4a, BaacHi yHKIHT SKOT
yrsopiotors cucremy W (Ly ) = {wy (z,Lpqp) € L2(0,1) :r=1,2,...},
6ioproronanery 1o cucremn V (Ly qp) B cemci piBrocTeit

(Vs (%5 Lpgp) s Wrom (%, Lp g p) 5 L2 (0,1)) = 50k m,
s,r=0,1, geM, beR, p=1,...,n, kkm=1,2,... .

Orxe, cucrema V (Ly qp) € MiniMambrOIO B ipocTopi Lo (0,1), ¢ € M,
beR,p=1,...,n.I3uepisuocri (27) BUmINBAE, 10 IPH My 4p < ¢ IOBHA TA
minimaabaa B mpoctopi Lo (0, 1) cucrema dynkiit V' (Ly 1) € KBaIpATHIHO
6ausbkoio |21, c. 381] mo opronopmosanoro 6azucy V (Lg). Tomy, 3riguo 3
reopemoto Bapi [21, c. 382, Bona € 6azucom Picca upocropy Lo (0,1). [ ]

Posrsiremo netasibHimme Buma ok KpaitoBux ymos (21), koin

q=Mpyp, Mpip &M, p=1,...,n. (28)

Teopema 2. Hezali dan kpatiosuxr ymos (2), (3) eukonyromvcsa npuny-
wenna Ar — Ay @ nexatt mp4p ¢ M. Todi dasn xoocnozo b € R cucmema
V (Lpp) € 6asucom Picca npocmopy Lo (0,1),p=1,...,n.

JoBenenHst. 3a NpUIYIIEHHS My ¢ M| BU3HAUNMO KpailoBy yMOBY
(21) dopmystoro

y(mos) (0) — (1) i) (1) 4 b (ymen) (0) +

(=1)"mtr y(metn) (1)) =0, p=1,...,n, beR. (29)

Hexait Lyp = Lpm,,b — oneparop 3azadi (1), (20), (29). Bracui dbyn-
K1ii onepaTopa L;,;, BU3HAYNMO CHiBBIIHOIICHHAMA

Ul’k(x,Lp,b)Z’Ul,k(l',Lo), bER, p:1,...,n, k:1,2,..., (30)

vok (T, Lpp) = vok (%, Lo) + bYg p (T, pok) 5 (31)
p=1,....,n, beR, k=1,2,...,

Y2 n+p (z,pok) = Cp,b,kY1 n+p (, pok) ; (32)
p=1,....,n, beR, k=1,2,...,
-1
cp7b7k = _b (l[T)L+py11n+p (1.7 poyk)) (lmn-!—p:bvo’k (x7 LO)) )
p=1,...,n, beR, k=1,2,....

Bpaxosytoun oninku (15), (26), orpumyemo HepiBHicTh

leppk| < Kglb] < oo, p=1,...,n, bER,

0< Kg<oo, k=1,2,... . (33)

Hst Bunazky, ko 0 € 05 (L) wepes vs o (2, Ly p), HO3HAUIMO BiAMOBIgHY
BjacHy ¢yskuito ouneparopa Lyy, p=1,...,n, b€ R.
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Kpaiiosi ymosu (20), (21), (29) € cunbno perynspaumu. Tomy 3a Teo-
pemoro Keccenbmana-Muxaiinosa [1, 2|, cucrema V (Lyp) € 6a3ucom Picca
npocropy Ls (0, 1).

I3 npunymenns my, ¢ M; ta npunymens A; — Ay BUILIMBA€E ICHYBaHHS
takoro uucia s € {1,...,2n}, mo ms =2n—1—myyp, p=1,...,n.

Tomy 3azaua, sika € cupsizkeHoto g0 3azadi (1), (20), (21), (29), Busna-
YAETHCS CITIBBIIHOIIEHHIMA

Loz = (=1)" 2% (2) = f (z), z € (0,1), (34)
2z =192 = 2(m) (0) + (—1)"™) 2(m3) (1) = 0,
! ! j#Es, j,s=1,...,n, (3)
2 = b () (1) 4 (1) ) 0) + .
(z(ms)(l)—(— M 2(ms) (0 (0)) =0, bGR se{l,...,n},
(Mintj (Mmntj) AU —
l721+]2 - l +jF=F )i i ( ) ( ) (1) 0, (37)

Busnaunmo Biacui ¢yskii omeparopa 3agaqi (34)—(37). Bracua dyn-
Kitist vy . (¥, Lo) oneparopa Lo 3ag0Bosbusge ymosam (35)—(37). Tomy srachy
dbyukmnio omeparopa 3amadi (34)—(37), gxa BiaIOBiTaE BIACHOMY 3HAYECHHIO
A0,k; BI3HAYNMO PiBHICTIO

wo,k ('x:Lp,b) = Vo,k (vaO)a k= 1727"' . (38)

Bracuy dyuxuito wy j (¢, Lyp) oneparopa 3amadi (34)-(37) BusHadnmo
CyMOIO
w1 (@, Lpp) = v1k (T, Lo) + cLppkyir, (T, 01k) s (39)

rp=2n—1—my4p, k=12,....,beR, p=1,...,n

[Mincrasasioun Bupas (39) B ymosu (36), 3HaX0AMMO HEBIIOMI TapaMeTpu
Cl7p7b7k:

Clppd = —b(L+ (1) y1r, (L))~ (L= (=1) or (L, prp)

mek=1,2,..,beR, p=12 ..., n 9k simomo |21, c. 373-374], cucrema,
sKa € bioproronasbHOIO 70 Oasucy Picca riapbeproBoro mpocTopy, TakoXK €
6asucom Picca mporo mpocropy. Otxke, W (Ly,p) — cucreMa BracHuX (DyHKILIT
sazauqi (34)-(37) e 6aszucom Picca npocropy La (0, 1). [

3ayBaxkeunus 2. Oruinoroun po3BuHeHHs B psiju Pyp’e 3a cucremamu
V (Lpp) Ta W (Lpp) MOKHA MOKA3aTH, 10 BOHU € cucTeMaMu Beccens [5]
Juist koxkaoro b€ R, p=1,...,n.
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Hexait L, = Ly1, R, = E+ S, : L2(0,1) — L2(0,1) — oueparop,
skuit BigoOpaxae cucremy V (Lg) y cucremy V (Lp), ne S, : Hy — Hi,
Sp:H —0,p=1,...,n.

Tomy, Ryt = E — S, : La(0,1) = Lo(0,1), Ry =€, p=1,...,n.

Baysaxkenns: 3. 3 reopemu 2 orpumyenmo, mo R 1, R, € B (Ly (0,1)),
p=1,...,n.
Hexait my4, € Mo N M. 3 dbopmynu (33) maemo

1
b (Pok) = s, bV0k (l?thyl,nﬂ,) =0, p=1,...,n, beR.

Orxe, Ly, = Lo, T06TO K10 Myqyp € Mo M My, TOAI He icHye HeTpPHBI-
asbHUX 30ypenb (29) kpaiiosux ymos (3), p=1,...,n.

Ipuknaz 1. Hexait my = my4p =n—p, p=1,...,n. Ymosu (2), (3)
ekBiBasenTHI ymoBam [lipixite

Y upomy BunaIKy He icHye peryispuanx 3a Bipkrodowm gBoTouk0oBHX 30y pEHD
KpaitoBux ymoB (2), (3) mopaaky ¢ < Mp4p, TOOTO 3ABKIU ¢ > My ip,
p=1,...,n.

Ipuknan 2. Hexait my = my4p =2n—p, p=1,...,n. Ymosu (2), (3)
ekBiBajieHTHI ymoBaMm Heitmana

y ™ 0)=¢y™(1)=0, m=n,n+1...2n—1.

V 1b0My BUIAJIKY TOPSAI0K PEryIapHuX 3a Biprodom 1BOTOYKOBUX 30y peHb
kpaiiosux ymoB (2), (3) cupaBKye HEPIBHICTE Myyp > ¢, p=1,...,n.

[Tobymyemo 3aady 31 CHIBHO PEry/IIPHUMA YMOBAMU, JIJI AKUX iICHYIOTh
BiMOBiTHI HeTpuUBiaIbHI 30ypeHHS.
Posristremo ps pisastang (1) 3agady 3 KpaioBuMu ymMoBaMu

l;’y:lgy:(),jzl,...,n, (40)
l73-L+JyEl9L+]y:O7 j?ép7 j:177n7 (41)
l?ﬂrpy = l?LJrrpy + ZOJJy =0, Tp = 2n—1— Mn+p, (42)

lopy = b (y) (0) + (1) y™) (1)), be R

Hexaii L;b — oneparop 3a/adqi. Jng sunagky b = 0 omepaTop camocmps-
kenol 3aza4i (1), (40)—(42) noznauanmo Lzl) = L119,0>p =1,...,n.

Hpunymenns Ay. Hanani npumyckaemo, mo kpaiiosi ymosu (40)—(42)
€ CuibHO perysspaumu jis b = 0.
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Ilpukmax 3. Hexait n = 2. Oneparop Lg mopomxkyerbcss ymoBamu Jli-
pixJse

y M (0) =y (1) =0, y(0)+y(1)=0, (43)
y M (0) +yM (1) =0, y(0)—y(1)=0.
st omrepaTopa L(l) BU3HAYMMO KPaitoBi yMOBH
= (2 (2 -
y () +y()=0, y®(0)+y® 1) =0, "

y(0)—y(1)=0, yM(0)+yM (1) =

Orxke, mpumnyimienas A4 BUKOHyeThCs. ZKimo omepaTop Lg HOPOIXKYETHCS
ymosamu (44), ozl st onepaTopa Ly oTpEMyemMo He CHIBHO perysspHi 3a
Bipkrodom kpaiioBi yMOBI aHTHUIIEPIOANIHOCTI:

y(0)+y (1) =0,y (0) +y? (1) =0,
1

y ) (0) +yB (1), (0) +y® (1) = 0. (45)

Orxe, npunymenas A4 HE BUKOHYETHCA.

Hexait L} , — 3Byemms omepatopa L{ ma mimmpoctip Hg, Ly = L, +

L}, s=0,1,7=0,1. Bpaxosyioun, mo Kpaiiosi ymosnu (2) Ta (40) cmisma-
1 _

JRAIOTH, oTpuMyeMo, o L o = L .

Orxe,

1. o9 (L(l]) = 00y (Lo) — cnisibHA 9aCTUHA TOYKOBOTO CIIEKTPA OIEPATOPIB
LQ Ta Lé,

2. Bnacui yHKINT, 9Ki BiAIOBIIAIOTH CHIIBHUM BJIACHUM 3HAYEHHSIM,

CIIBIIAJAI0TH
V0, k (a:,L(l)) =uwvg (x,Lo),k=1,2,... ;

3. dbymkmii (13) omepartopis Lo Ta L criBmamaoTs;

1

_ LTl 1 :
p}b), k =1,..., oneparopis L; Ta L, cuis-

4. Bnacui GynKHii vy g (:r, L
1a/1a10Th

U1k (m,Lzlj’b) =k (l’,L(l)), k=1,2,...,p=1,2,....,n, beR. (46)

SayBakeHHsd 4. Y BUIAJIKY, KOJIU Myqp € My, 32 yMOBU BUKOHAHHI
npunymenas A; — Ay, yCi TBEPIKEHHS € TPABWIHLHUMU, AKINO 3AMIHUTH
omepatop Ly ua L}, p=1,...,n.

Osnaunmo BracHl dYHKIT vg (:c, Lgla,b) orepaTopa Lzlj,b CITIBBiJHOIITEH-
HAMN
1) 1
vo.k (“7 Lp,b> =0,k () + ¢k pY1 mp (25 POM) 5 (47)
p=1,...,n, beR, k=1,2,...,
e

-1
011?7k7b = —lopvok (lzﬂ,yl,nﬂ)) ,k=1,...,p=1,2,...,n, beR. (48)



Henokanbha KpaiioBa 3aja4a i onepaTopa AndepeHIliloBaAHHSI. .. 103

1 . . .
s omepatopa Lp?b TeopeMnu 1, 2 yci MipKyBaHHS, IKi CTOCYBAJIICH OIePa-

topa L_,, € npaBujibHUMU. 30KpEMa,

p,b?

‘c;7k7b’§Kg|b\, k=1,...,p=1,2,....n, beR. (49)

Orxe, cucrema, V' (L;b) — 6asuc Picca npocropy Lo (0,1), p=1,...,n.

Y Bunajxy, ko 0 € o, (Ly), Bignosigay Birachy QyHKIIO MT03HAIHMO
gyepes vs (2, Lp).

Busunmo Bunajiok, Ko Jist KpaitoBux ymos (2), (3) mp4p € Mo N My
€MHUI eJleMeHT 1€l MHOKWHM Ta Biamosiaui ymoru (40) — (42) € He cnib-
HO peryagpauMu. [To0ymyemMo KpaiioBy 3aady omepaTop sKOI € KBaJIpaToM
oneparopa L,,, p=1,2,...,n,beR .

Posrngremo nig piBHAHHA

y 4 (@) = f (2)
KpaiioBy 3a/iady 3 ymMOBaMu
y ") (0) + (=) ) (1) =0,
y(2n+mj) (0) + (_1)(m]) y(2n+mj) (1) =0,75=1,...,n,
y(Mntp) (0) — (—1)Mm4p gy (Mase) (1) 4
+b (y<mn+p> (0) + (1) 4w gy(mnse) (1)) =0,p=1,2,...,n, bER,
y(2n—mn+p) (0) o (71)mn+P y(2n—mn+p) (1) +
1b (y(2n_mn+p) (O) + (_l)anrp y(2n—mn+p) (1)) =0,p=1,...,n, beR.

Bigmosigma muoxxmaa Mo N M MICTUTE 2 €TeMeHTH. 3TiIHO 3 TeOPEMOIO
2, cucrema Baacaux dyukniii V' (A) oneparopa A miel 3agau4i € 6azucom Pic-
ca B mpoctopi Lo (0,1). Oneparop A € kBajpatom omnepatopa L, ,, Tomy
V(Lpp) = V (A). Orxe, cucrema dynkuiit V (Lyp) € 6asucom Picca mpo-
cropy Lo (0,1), p=1,...,n,b€eR.

Takum umnoM, npu BUKOHaHHI npunymens A1—Ay, onna 3i cucrem dyn-
kit V (L}D’b> abo V (L;yb) e basucom Picca, p=1,...,n,beR.

5. Omeparopu nmeperBOpeHHH

Posrustremo oneparop By : Ly (0,1) — L2 (0,1), p = 1,...,n, Bracui
3HAYEeHHs] AKOTO CIIBIAIAIOTh 3 BJIACHHMHI 3HAUYEHHAMH omeparopa Lg, a
BJaCHI (DYHKITT BU3HAYAIOTHCS CITiBBIIHOIIEHHAMUI

vk (7, Bp) = vk (2, Lo),
B ) = Vo,k ($7 LO) + ¢k (Bp) Y2 n+p ($7 IOO,k) ) (50)

’UO,k(xa D
ck(Bp) €R, k=1,2,..., p=1,...,n.
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Omneparop, axuii Bimobpaxae V (Lg) y cucremy V (Bp) BJIACHUX (DYHKIIii
oneparopa B, nosnaaumo yepes R (By), p=1,.
Hexait O (L)) — MHOXKWHA OIE€paTopiB HepeTBOpeHHH R (By), nnst sskux

BrracHl dyHkIi omeparopa B, Busmadeni 3a dbopmynamu (50), O (L,) =
O(L,)NB(L2(0,1)),p=1,...,n
JIema 2. Cucmema dynryita V (By) € 6asucom Picca npocmopy Lo (0,1)

modi ma auwe modi, koau {ci (Bp)} C R e obmescenoro, p=1,...,n.
Hosenenns. Hexait cucrema V' (Bp) € 6azucom Picca npocropy L2 (0, 1).
Toni cucrema V (B,) ra 6asuc Picca V (Ly) € Maiizke HOpMOBaHEMHI
Ko < [lvok (2, Bp) ; L2 (0, 1)]| =
=1+ [cx (Bp)| ly2.n+p (%, pok) s L2 (0, 1)[] < Kiy,

K12 < HyQ,TH-P (xﬂpo,k) ;L2 (07 1)H < K137 (52)
p=1,....,n, k=1,2,....

(51)

Tomy
e (Bp)| < K14, K14 = (K12 — 1) (K13) ™",
p=1,...,n, k=1,2,....
Hexait nocaigosnicrs {¢;, (Bp)}re,; C R — obmexena. Possunemo Jo-
BltpHy dyHukuito f € Ly (0,1) B paxg @yp’e 3a cucremoro V (Ly):

f:ngUj7k($,Lp), pzlv"'an

j?k

(53)

Posrnanemo

Bp)f:Zf%R(B ) Vim (T, Ap) ijvjmxB) , M.

I3 pisuocti (31) st b = 1 maemo
Y2,n+p (xa PO,k) = Vo,k (JZ’7 Lp) — Yo,k (.T, LO) y D= 17 Rz k= 17 27 cee o
Tomy

|R(By) f; L2 (0,1)]|" = Hkav]k z, Bp); La (0, 1)” <
7.k
- 22 ‘fg‘Q + 2”2 fier (Bp) (vok (z, Ap) — vo (2, A0)) ; La (0, 1)”2 <
Jik j

2(1+<K15> 185 B (L2 (0, )] )Z‘fk‘ <,

]7
p=1,...,n, k=1,2,..., beR.

Orzxke, oneparop R (Bp) : L2 (0,1) — Lo (0, 1) € obmexennm. 3 piBHOCTI
R(Bp) + R71(B,) = 2E orpumyemo obmesxenicts oneparopa R~ (B,),
p=1,...,n. Tomy cucrema V (Bp),p =1,...,n, € 6asucom Picca npocropy
L5 (0,1) 3a o3nauenusim |21, c. 373]. Orxke, jiemy j1oBejieHo. ]
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6. 3amadi 3 Heperyaapaumu 3a Bipkrodom kpaiioBumm ymo-
BaMu

Hexait 0 ¢ o (Ly), mayp ¢ My, H = {yeL2 (0,1): L = (L) €

€ Ly(0,1)}, 8 > 0, — rimsbeprosuii npoctip dyHKHiil 31 ckangpauM J10-
OyTKOM Ta HOPMOIO BiIIIOBITHO

(u,y; Hg) = (u,y; L (0, 1))

|

+ (L0u, LYy; L5 (0,1)), p=1,..

.,n, 08>0,

+ (L), (Lp)? u; Ly (0, 1))
,n, 02>0.

ol = (wws 7) =

= (u,u; L2 (0,1))

p=1,..
Hexaii f €

f:Zs,kfksvs,k(aj7Lp)7 f = (f?wsk‘(m L) L2 (0 1))
k=12

’ 4
.., s=0,1, (54)
Lef > pfrvr(xL) k=1,2,..., s=0,1, p=1,...,n, (55)
vo.m (%, Lp,gp) = vom (%, Lo) Jrcqu( >?J2,n+p ($,p07k>, (56)
k=12 .. s=01 beR,

q—Mn+p
i )] £ 5l ) -

beR, p=1,...,n, k=1

Posrustnemo BUIa 10K, KOIH ¢ > My,4p, T00TO Kpaitosi ymosu (20)
€ HeperyspauMmu 3a Bipkrodom

U(Lp) Mp+p ¢ My, q > Mp+p, f € HG)Q( )
Todi cnpasdotcyemves HepieHicms

- (22)
Teopema 3. Hezaii 0 ¢
49— Mn+p

2n

IS0 Fivsik (@, Lpgs) s La (0, 1))
p=1,..

58
n, beR, g€ M. (58)

Josenenns. dxmo f = fo € HgﬂHo, 10 3 hopmya (33)—(35) orpu-
MYEMO

o (fReon (@ Lpgs) s La (0, 1) =
=500 (fvo (w, Lo) s L2 (0,1))” = || f; L2 (0,1)]|

(59)
p=1,...,n, beER, g€ M.
Amanoriuno, s f = fi € HY () H1 maemo
2
>k (2 vou (@, Lpg ) s L2 (0, 1)) || =
=2 et H( i (1 - Cp,q,b,k> s vo,k (7, Lo) ; L2 (0, 1)) + (60)

2 2

+ <fl(€)cp,q,b,k’ vo,k (.T, LP) i Lo (07 1)> ‘ < Kig Hf7 Hg”
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K7 = 2(1+ |b|K16)2,p: 1,2,...,n,beR,qge M.
3 mepisrocreit (59), (60) orpumaemo ominky (58) mma 2K7 < K. [
7. 3arajipHa KpaiioBa 3aja4a

Hnsa nudepennianproro pisasuus (1) po3rasHEMO HEJOKATBHY 3a1a4y
3 yMOBaMHM

Iy =10y = y(m) (0) + (—1)(m’“) ym) (1) =0, r=1,...,n, (61)
lfLery:ngrpy—i-lpy:O,pzl,...,n, (62)

Lyt = ) (0) = y™e2) (1) 4
+ 3200 bpg (419 (0) + (1)@ (1)) =0, (63)

b €ER, p=1,...,n.
Hexait L: Ly (0,1) — Lo (0,1) omeparop 3azadi (1), (61)—(63).

Ly=(—1)"y® (z),y € D(L) c W5 (0,1),

D(L)={yeWs"(0,1):ljy=0, j=1,...,2n}.

Posraguemo n 3a7a4, B KOXKHI 3 KUX 30yPIOETHCST JIUIIE OJHA 3 YMOB

B p=1,...,n,

n+p’

l?yzl?yzO,jzl,...,?n,j;éTH—p, (64)

Loy=l,,=0p=1..,n (65)

Hexait BP: Ly (0,1) — L2 (0,1) — oneparop 3amadi (1), (64)—(65), V (BP) =
{vig (z,BP) e D(B?P),i=0,1,k=1,2,...} - cucrema BracuHux byHKIil
oneparopa BP, R(BP) = E + S(BP) - oneparop nepersopennst R(BP) :
V(Lo) — V (BP), akmo mp4, ¢ My ta R(BP) : V (A}) — V (BP) 3a ymosu
Mpyp € My, p=1,...,n.

Koxny 3amaay (1), (64) — (65) mogismmmo Ha mpocTinh Tak, IO yMOBa
(65) e mrs y 7420 (0) =y (1) + by (3@ (0) + (-1)@ 5@ (1)),
Bignosigauit oneparop nozuaunmo depes BPY ge M, p=1,...,n. Orxe,
BP® = Ay, Tomy R(BP) € O (L), axmo myyp, ¢ My Ta R(BPY) €
(@] (Lzl,) 3a YMOBH Mytp € M1, p=1,...,n.

Hexait G (Lg) — maOX)uHa oneparopis R = E + S raknx, mo S : Hy —
Hy, S: H; — 0, ra cucrema dynxniit {Rv; i € L2 (0,1) : vk (z) € V (Lo)}
€ MOBHOIO 1 MiHIMaIBHOW B ipocTopi Lg (0,1). Yepes G, (Lg) moszaaunmo Bei
obmeskeni oneparopu 3 muoxunu G (Lg). 3 siactusocti S% = 0 orpumae-
Mo, mo R = e, Tomy muoxuna G (L) € abeseBoio TPymoo, sKa MiCTHT
abesiesy miprpymy G (Lo).
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Orxe, qns 6yap-sakux oneparopis R; = B+ 5 € G(Lg), j =1,...,d,
d € N, cripaB/Ky€eThCsl PIBHICTD

d d d
1z HE+S =E+)» S, deN. (66)
j=1 j=1 j=1
Towmy, BpaxoBytoun po3suneHHs (63), 0OTpEMaEMO
2n—1 2n—1
E+S®B) =[] (E+SB")=E+ Y SB"), p=1,...,n. (67)
q=0 q=0

Oneparopu R (BP) nanexxars O (B,) N G (Lg) a6o O (B,) NG (L}), p =
1,...,n. ExemenTn npx rpyn Takoxk KoMyTyioTh. Tomy oneparop R (L) mo-
JKHA TOJaTH T00YTKOM

o-IT

Takum 9rHOM, BCTAHOBJIEHA

n 2n—1
(E+S(BP)=E+» > §(B"). (68)

p=1 ¢=0

||Ef

Teopema 4. Hexati suxonyromoca npunywenna A1-Aq. Todi das do-
sinvnur bpg € R, p € {1,...,n}, ¢ € M, mnoocuna eracruz snauens o (L)
onepamopa L cnienadae 3 o (Lg). Cucmema dynxyit V (L) e noenoro ma
Mirimanvroro 6 npocmopi Lo (0,1).

Teopema 5. Hexali 6uK0OHY10MbCA YMOBU MEOPEMU 4 1 ¢ < My yp. T00%
cucmema pynruiti V (L) e basucom Picca 6 npocmopi Lo (0,1).

Hosenennsi. Hexait my, 4, ¢ M. 3 nepisuocri (57), upumyiienus reo-
pemu, jgemu 2 Ta pisaocri (66) orpumyemo: R (BP) € G. (Lg), p=1,...,n

Ao mp4p € My, TO aHATOTIYHIME MIPKYBAaHHAMHE JOBOTIMO BKJIIO-
wennst R (BP) € Go (L), p=1,...,n

Orke, 3 piBrocti (68) Bunsmsae Brimouenus R (L) € B (L2 (0,1)). =

8. Bucuosku

Otxke, B pobOTI OTpUMaHI HACTYIHI pPe3yJIbTATH:

1) BU3HAYEHO HOBI KJIACW HECAMOCHPSIZKEHUX KPailoBMX 3aja4, moby1o-
BAHO CHUCTEMU KOPEHEBUX (DYHKIN, BUBHAYUEHO CIEKTD TAKUX 3a/at;

2) cdopmysIbOBaHO JOCTATHI yMOBM TOBHOTH Ta OasucHOCTI 3a Piccom
cucTeMU KOpeHeBuX (DYHKIIIH TOC/IIKYBAHUX 33,/1a4;
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3) BCTaHOBJIEHO YMOBHU 301KHOCTI pO3KJIALY (DYHKIUI ¥ Psifl 38 CHCTEMOTO

KopeHeBux PyHKIIN HEpery/spaux 3a Bipkrodom kpaitoBux 3aad.
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Petro Kalenyuk, Yaroslav Baranetskyi, Lubov Kolyasa

NONLOCAL BOUNDARY PROBLEM FOR THE OPERATOR
OF DIFFERENTIATION OF EVEN ORDER

The spectral properties of the non-self-adjoint problem generated
by nonlocal boundary conditions for the differentiation operator of
order 2n are investigated. The cases of reqular and irregular Birkhoff
boundary conditions are studied. A system of root functions of the
problem and elements of biorthogonal systems are constructed. Suffi-
cient conditions are obtained under which these systems are complete
and under some additional assumptions form a Riesz basis.
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EXPLICIT REPRESENTATION FORMULAS FOR
SOLUTIONS TO SYSTEMS OF QUATERNION MATRIX
EQUATIONS

Within the framework of the theory of column-row determinants,
we get explicit determinantal representation formulas (analogs of
Cramer’s tule) for solutions to the systems of quaternion matriz
equations, A1 X = Cy, XBs = Cs, and A1 X = Cq, AsX =C,.

Throughout this paper, we denote the real number field by R, the set of
all m x n matrices over the quaternion skew field

H = {ao + a1i + asj + ask |i* = j> = k* = —1, ap, a1, a2, a3 € R}

by H™*™ and by H"*™ the set of all m x n matrices over H with a rank r.
Let M (n,H) be the ring of n x n quaternion matrices. For A € H"*™ the
symbols A* stands for the conjugate transpose (Hermitian adjoint) matrix
of A. The matrix A € H"*" is Hermitian if A* = A.

A generalized inverse of a given matrix means a the notion of matrix that
exists for a larger class of matrices than the nonsingular matrices. It has some
properties of the usual inverse, and agrees with the inverse when the given
matrix happens to be nonsingular. The most famous generalized inverse
is the Moore-Penrose inverse. The Moore-Penrose inverse of A € H™*",
denoted by AT, is the unique matrix X € H™™ satisfying the following
equations

1)AXA =A; 2)XAX =X; 3) (AX)"=AX; 4) (XA)"=XA.

The determinantal representation of the usual inverse is the matrix with the
cofactors in the entries that suggests a direct method of finding of inverse and
makes it applicable through Cramer’s rule to systems of linear equations. The
same is desirable for the generalized inverses. But there is no one as unambi-
guous as the usual inverse even for complex or real matrices. Therefore, there
are various determinantal representations of generalized inverses because of
looking for their more applicable explicit expressions (see, e.g. [1]).

The understanding of the problem of the determinantal representation
of the generalized inverses as well as of solutions and of generalized inverse

! Pidstrygach Institute for Applied Problems of Mechanics and Mathematics,
NAS of Ukraine, kyrchei@online.ua
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solutions of quaternion matrix equations only now comes consideration due
to the theory of column-row determinants introduced in |2, 3].

In this paper we investigate the following two systems of quaternion
matrix equations,

AX =Cy, "
XB, = C,
AX =Cy, @)
AsX = Cy

Since Cecioni [4] in 1910 gave necessary and sufficient conditions for
the existence of a solution to (1), there have been many papers presenting
various solutions to systems (1) and (2), such as Hermitian solution, mini-
mal norm solution, least-squares solution, the maximal and minimal rank
solutions, bisymmetric solution, positive semidefinite solution, generalized
reflexive solution, and so on (see, e.g., [5-13]).

The main goal of the paper is to derive the determinantal representations
of general solutions to the quaternion systems (1) and (2) by using previously
obtained determinantal representations of the Moore-Penrose inverse.

At the beginning, we present some needed requisites from the theory
of column-row determinants. For A = (a;;) € M (n,H), we define n row
determinants and n column determinants as follows.

Suppose Sy, is the symmetric group on the set I,, = {1,...,n}.

Definition 1. The ith row determinant of A = (a;;) € M (n,H) is
defined for all i =1,...,n by putting

rdetiA = Z (_1)71,—1" (aiikl aiklik1+1 oo aikﬁ—lli) ces (aikrikﬁ—l e aikr"!‘lrikr)’
gES,
0 = (Fikyihy 1 - ) (kaThot 1 - - Thotty) - - (kB4 - Tk, )

with conditions i, < ig, < ... <k, and g, < ig4s for allt =2,...,r and
S = ]., ‘e ,lt.

Definition 2. The jth column determinant of A = (a;;) € M (n,H) is
defined for all j =1,...,n by putting

—_— Ja— n-—r . . . . .. . . . .
cdetj A = E (-1 (@, G sty - - - By rving. ) - - - (@5 Jeptty 0 Wky 410k, a]klj)7
TGSn

T = (jkr+lr .- 'jkr-‘rljkr) s (jk2+l2 .- 'jk2+1jk2) (jk1+l1 .- ‘jk1+1jk1j) )

with conditions, jr, < Jry < ... < Jk, and jr, < jr,4s fort =2,...,7 and
S = ]., ‘e ,lt.
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Theorem 1 ( [2]). If A = (a;;) € M (n,H) is Hermitian, then rdet; A =
-+ =rdet, A = cdet{A = --- = cdet, A € R.

Due to Theorem 1, we can define the determinant of a Hermitian matrix
A € M (n,H) by putting, det A :=rdet; A = cdet; A, for all i = 1,...,n.

The determinant of a Hermitian matrix has properties similar to those
of the usual determinant. They were completely explored by means of row
and column determinants in [2]|. In particular, within the framework of the
theory of column-row determinants, the determinantal representations of a
quaternion inverse have been obtained via analogs of the classical adjoint
matrix [3].

We shall use the following notations. Let o := {av,...,ap} C {1,...,m}
and 8 := {f1,...,0k} C {1,...,n} be subsets of the order 1 < k <
min {m,n}. By Ag denote the submatrix of A defined by the rows indexed
by a and columns indexed by 3. Then, A% denotes a principal submatrix
defined by the rows and columns indexed by a. If A € M (n,H) is Hermi-
tian, then detAS is the corresponding principal minor of det A, since A&
is Hermitian as well. For 1 < k < n, the collection of strictly increasi-
ng sequences of k integers chosen from {1,...,n} is denoted by Ly, =
{a:a=(a1,...,0x), 1 <a3 <...<ap <n}. Forfixed i € a and j € 3,
let I, p{i} ={a:a€Lm,ica}, Jo {j}:={B:8€Lypnjecp}

Let a ; be the jth column and a;. be the 7th row of A. Similarly, denote
by a%; and a; the jth column and the ith row of A* respectively. Suppose
A ; (b) denotes the matrix obtained from A by replacing its jth column with
the column b, and A; (b) denotes the matrix obtained from A by replacing
its ith row with the row b.

Theorem 2 ( [14]). If A € H*", then the Moore-Penrose inverse

Af = azj € H™™ ™ possess the following determinantal representations:

(i) If r < min{m,n}, then

t _ BeJrn{i}
Qa =

> cdet; ((A*A)_i (a*j)) g
. , 3)
B

“ S det(A*A)
BEJr, n
or * * «@
12 0 rdet; ((AA™);. (a7)) &
T. _ acly m) 4
“ > det(AA) g @)
OCEI'I', m

(1) If r =n, then
cdet;(A*A) ; (af;.)

% T T det(A*A) (%)
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or (4) when n < m.

(#ii) If r = m, then
i _ rdet;(AA"); (af)

A det(AA*)

(6)

S

or (3) when m < n.

Corollary 1. If A € H™ ", where r < min{m,n} or r = m < n,
then the projection matriz ATA = P = (Dij)yncn POSSess the determinantal
representation

> cdet; ((A*A) ;(a;)) 5
_ BeJr, n{i}
> det(A*A) ]
5€Jr,n

where & is the jth column of A*A € H"*".

: (7)

Dij

Corollary 2. If A € H™ ", where r < min{m,n} or r = n < m,
then the projection matric AAT =: Q = (€ij) s POSSESS the determinantal
representation

ST rdet; (A A); (&))@
Olelr, m{]}

@ = S det(AA*) @ ’

«
Olelr, m

(8)

where ;. 1s the ith row of AA* € H™*™,

The following important projections Ly :=I—AfA and Ry :=1— AAT
will be used below.
To prove the main results of the paper we need the following

Lemma 1 ( [11]). Let Ay € H™*", By € H™*®, C; € H™*", Cy € H"**
be given and X € H™ " is to be defined. Then the system

A X=0Cy,
B (9)
XB;y = Cy
1s consistent if and only if
R4, Ci =0, CoLp, =0, A1Cy = C1Bs. (10)

Under these conditions, the general solution to (9) can be established as
X = AICl + LAlchg + LAlURBza (11)

where U 1s a free matriz over H with suitable shape.
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On the other hand, due to the condition (10), we have,

X =GB} + A] (C1 ~ A1C:Bl) + Ly, URp, =
C;B} + Al (C1 - C\B;Bl) + L, URp, =
CyB] + A[{CiRp, + Ly, URp,,

Denote by [|A|| the Frobenius norm of the quaternion matrix A €
H™". Obviously, the minimum norm partial solution X° to (9), i.e. || Xo|| =
min||X||, is given by

X% = ATC, + Ly, CoBl, (12)

or

X? = Bl + AlC R, (13)

Now, we give determinantal representations of X. Because of (12), we have
the following theorem.

Theorem 3. Let A = <a§]1-)> € HZ‘X", By = (b?) c ]HI;XS’ C, =
(cﬁ?) e H™*" Cq = (CEJZ)) € H"*%, and there ewist A]i = <al(]1-)’T> €
o, BY = (o)1) € B, Ly, = T AlAy = (1) € H™". Denote
AiCy=: €1 = (&) e H™" and La,CoBjy =: €y = (&) € H'™.

(i) Ifrank Ay =k <m <n and rank By = p < s < r, then X° = (x?j) €
H"*$ possess the following determinantal representation,

Z cdet; ((A){Al) i (é(]l))) g

0 _ ﬁeJk, 7L{i}

Ty " 3 +
> det(ATA;) 8
/BEJk,n

o (@)

> rdet; ((B2B3), (7))
a€lp r{j} (14)

Y. det(B2Bj5) & ’

aelp,r
where é(]l) is the jth column of Cl, and 652) is the ith row of Cs.
(i) If rank A} = n and rank By = r, then
cdet;(ATA1).; (eV)  rdet;(B,B3); (&

1,0 _ ( J ) J J ( ) (15)

A det(ATA;) * det(B2B3)
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(i11) If rank Ay =k <m <n and rank By =1, then

(o ax RN
>, cdet; ((A1Al)‘i (C.j )) 8 NG
L0 _ Beiali} rdet;(B2B5); (¢;77)
ij S det(ATA;) g det(B2B3)
/BeJk,n

(16)

(iv) If rank Aj =n and rank By =p < s <, then

cdet;(ATA1) ; (é(l)) 2 ety <(B2B§)j' <é£2)>>z

0 _ J a€lp {5}
CA det(A*Al) Z det(Bng) o

aelp,'r‘

(17)

Proof. First we note that the matrix Ly, =1 — AIAl easily can be
obtained for all cases by Theorem 2.
(i) If Ay € H"*", By € HI*® and k < n, p < r, then the determinantal

representations of the Moore-Penrose inverses AI and B; can be chosen by
Theorem 2 as follows

> cdety ((ATAY), (a7))
QDT BEJy, n{i} (18)
Y > det(AjA) ’
IBEJk,n

> rdet; ((B2BY);. (b)) &

b(2),T — aeIPvT{j}

> det(B2B5) &

OLEIp,r

Denote L4, Cy =: Cy = (55]2)) € H™**. By (12), the entries of X" = ()
are

m
20 @), (
Lij Z @ cl] +Z Cig qa (20)

=1

foralli=1,...,n, 7 =1,...,r. Substituting (18) and (19) in (20), we obtain

i 5€J§n{z’} cdets <(ATA1) X (afll)v*)) g
=3 BE% n det(ATAL)

1
. Clj+
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* 2 Il
: x et ((B2B3),.(67)) &
~ Oéelpﬂ j
25 > dei(B,B3) &
Oéelp,r
Taking into account that
1 7
Zal - Cl]

Z 2l l] (1)

o
T~
~ =
N2
*
o~
==
|
I
o
<

Sy

and
Ag (Z“ﬁ b2 §aqbg>,* ZI; Zz)b >:é§g>’
q

we finally obtain (14).

(ii) In this case, for the determinantal representations of the Moore-
Penrose inverses AJ{ and B;, the equations (5) and
rdet; (B2B3);. (b{>")

)

pt —
i det(B,B3)

(21)

are more applicable to use, respectively. By substituting them in (20) and
proceeding further as in the previous case, we obtain (15).

In the cases (iii) and (iv) for AI and B;, we use the determinantal
representations (18)-(21) and (5)-(19), respectively. [

Remark 1. In accordance with expression (13), we obtain the same
representations, but with the denotations, CoB} =: Cy = (ég)) € H™ " and
A{CiRp, = C; = (&) € H™",

Lemma 2 ( [10]). Suppose that A; € H™ ", C; € H™™", Ay € H**",

Cy € H**" are known, and X € H" " is unknown, S = AsL,,, G = RgAs.
Then the system

{A1X =Cy, (22)

AxX = Cy

s consistent if and only if

AAIC =G, i=1,2; GAlc,—AlC) =
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Under these conditions, the general solution to (22) can be established as
X = AlC; + La,STA5(AIC, — AlC)) + La, LsY, (23)
where Y is an arbitrary matriz over H with appropriate size.

A simplification of (23) can be derived due to the quaternionic analogue
of the following proposition.

Lemma 3 ( [16]). If A € H"™" is Hermitian, then the following equation
holds for any matriz B € H™*™,

A(AB)' = (AB)'. (24)
Since Ly, is a projector, then by (24),
LA, ST =L, (AsLy,) = (AsLy, ) = ST
Also, AzAgCQ = Caj. So, we have the following simplification of (23),
X = AlC, +STCy — STALAIC, + Ly, LsY.

Obviously, the minimum norm partial solution X° to (22), i.e. || Xo|| =
min||X||, is given by

X, = AlC, +8TC, — sTA,AlC. (25)
In the following theorem we give the determinantal representations of (25).
Theorem 4. Let Ay = (a?) S IHIZ";X”, Ay, = (af-?) c HZ?”} C, =

(CS)> e H™*" Cq = (£J)> € H*", and there exist AJ{ = ( (jl) T) €

H">™, S; = (s;-rj) € H"**. Let rankS = min{rank Ay, rankLy,} = k.

Denote A*Cy =: C; = (cgj)) H"™ " 8§*Cy =: Cy = (65]2)) e H™", and

S*Ay = A2 (a (2)) Hnxn
(i) If rank A; = k; < n and rankS = k < n, then X° = (m?j) e H"*"

possess the following determinantal representation,

S cdet; ((A Ay) ( _(”)) ;

0 6€Jk1,n{i}
> det(ATA) )
ﬁe']kln
> cdet; ((S*S) 2 " > cdet; Y
B nti) ( (7)) 7 & el (59 (o)) y
> det(S*S) § — > det(S*S)

ﬁEJ}mn ﬂejk,n
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> cdet; ((AfA) , (¢)) ]
LB (6):
> det(ATAl)g
Bejkl,n

(1)

where é.j

@)

) C,]

4(2)

, and a a;’ are the jth columns of the matrices Cl, Cg,

Ag, respectively.

(i7) If rank A} = n and rank S = n, then

cdets(ATAD (¢])) cdeti(s'8).: ()

T = det(ATA) + det(S*S) -
. Cdeti(s*s)'i(é_(lm) cdet;(ATAL) (é<]1>>
-2 S GtATA) (27)

(111) If rank Ay = k; < n and rank S = n, then

> cdet; ((A Aq) z( g))) B cdet;(S*S).; (C(2)>

xo o ﬁeJkl,n{’L} + J
Y > det(AfA)) ) det(S*S)
ﬂEJkl,n
n_ cdet;(5°8) ; (a7 Bejgn{,}c eu ((aia) (¢)) 5
— det(S*S) > det(AfAy) § '

Bejkl,n
() If rank Aj =n and rank S = k < n, then

20 — J ,BEJk,n{l}
Y det(A7A) S det(S*S)
ﬂet]k, n

) | cdeti< ( (12)>> B cdet;(ATAY). ( " )
g ) (29)

i Bedy nii}
=1 Z det(S S) det(A*A1
BeJk, n

cdet; (ATA,) ; (é@)) > Cdeti( ( c; ))
B
5
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Proof. (i) If rank A; = k; < n and rank S = k£ < n, then determinantal

representations of the Moore-Penrose inverses AJ{ and ST can be chosen by

(3). Due to (25), the entries of X? = (w?j) are

m
0 _ A CO N st @ (1)t (1)
Lij = Z Qi Gy + SiqCqj ZZZ%%I Qg Cij (30)
t=1 q=11=1 t=1
foralli =1,...,n, j = 1,...,r. Substituting agtl)’T and s};q in (30), we obtain

S cdet; <(A’{A1) <é§t1>,*>) 5

" BETky, n{i} (1)
ey Z cC, . —|—
B tj
t=1 > det(ATAy) 8
Bejkl,n
* *\\ B
s n Z Cdeti ((S S) 7 (S (1)) B
BeJk, nii } (2)
2 det(S*S) ? T
q=1[1=1 ﬁGJk . Ié]
e o m > cdet; ((S S) l(s*q))g
BeJk, n{i } 2)
Z Z PN g X
g=1 =1 t=1 det(S*S) 8
56']16 n
> cdet ((AfA1)  (a))
BETky, n{l} . c(l)
> det(AjA) v
ﬁeJkl,n

Taking into account that Eag)’*c(l) = ] , qua(2) = a(l), we finally
!

obtain (26).

(ii) In this case the determinantal representation (5) is more convenient
to use for the both Moore-Penrose inverses AJ{ and ST. Their substitution
n (30) gives (27).

In the case (iii) we use the determinantal representation (3) for the
Moore-Penrose inverses AI, and the determinantal representation (5) is more
convenient to use for S.

In the case(iv), the determinantal representations (3) and (5) are used
for AI and ST, respectively. ]

Remark 2. To give analogs of Theorems 3 and 4 for the matrix systems
(9) and (22), respectively, over the complex field, it is obviously needed to
substitute all row-column determinants by usual determinants.

Finally, we give numerical examples to illustrate the main results.
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Example 1. Let us consider the matrix equation

AX=C
1 1, (31)
XBj2 =Csy
. . . . E —j
(i 0 —j (=7 0 — . .
A () B i RO )
-1 4 2 1 =2k 2 1 0
—i 0].Since AJA1=|—-i 1 —j5 |,BB5=|—- 1 j|,and
kE j 2k j 0 0 -5 0

2 1
-1 1
—21 0

s k:) . So, by (10), the
system (31) is consistent. We shall find the solution of (31) by it’s determi-
nantal representation (14). First, by (3), one can find,

det (ATA1) = 0, det (B2B%) = 0, but det < > = 1, then rank A; =

rank Bo = 2. Moreover, A1Cy = B2,C; = <

%k 14 L[ 3 —i—k K
A= 14 2k ,A{AlzZ i+k 2 144,
142 —i+k -k 1-j 3
1 1 i+ k —k
Ly=7(-i-k 2 -1-j],
ko o—14j 1
1 1+ k —k
Ci=ACy=|-i-k 2 -—1-j]|,
ko o—14j 1
1 1+ k —k
Co=L,CBy=[-i-k 2 —-1-j
Eo—145 1
Since
2k —k i+k
(ATAl).l(é.(ll) = -1 1 5 ],
1+5 —j 2
1 1 1 1 3 3
o rURSE U S A S ¥
(BQAQ)L (CL ) = —1 1 ] N
0 —j 2

then
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0 _
L1 =
S edety ((A3AD L (€P)) 2 % rdets ((BoBy), (&))@
BeJ2, 3{1} < ! .1< ! )) g a€lz 3{1} ( o < ' )) _
Z det(ATAl)g Z det(BgB§)g
BETa.s acls 3

1 2k —k 2k 1+k
4<cdet1 (_1 1>+cdet1 <1+i 9 ) +

1 1.1 11 1
= [ rdet; 1! +.4k 14y rdety TU
6 —1 1 0

Similarly, we obtain

n 1. 1 1 . 1. 3k

12 6 637 13 12 12], 21 6‘7’ 22 2"
- 1. _1+1, - 1‘—1—1/-6 _1‘_’_13]{
x23 = 62’ T31 12 12]7 €r32 = 62 6" €33 —122 127

Note that we used Maple with the package CLIFFORD in the calculations.
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Iryna Kmit!

SMOOTHING PROPERTY OF SOLUTIONS TO NONLOCAL
HYPERBOLIC PROBLEMS

We consider nonlocal initial boundary velue problems with integral
boundary conditions for integro-differential first order hyperbolic
systems. We prove a general reqularity result stating that the L*-
generalized solutions become eventually continuous.

1. Problem setting and motivation

1.1. Statement of the problem and our result

We will consider integro-differential first order hyperbolic system of the
type

Owuj + aj(x,t)0yuj + Z bjk(a:, t)uy + Z/ gjk(y, t)x
k=1 k=1"0
xug(y,t)dy = fi(z,t), (z,t) € (0,1) x (0,00), j <n,

(1)

subjected to the initial conditions
uj(z,0) = ¢;(z), x€l0,1], j<n, (2)

and the integral boundary conditions

noopl
u;(0,t) = Z/ rik(x, updr, te0,00), 1<j<m,
k=10 3
no (3)
uj(1,t) = Z/ rik(z, t)ugdz,, te0,00), m<j<n,
k=10

where 0 < m < n are fixed integers and n > 2. In this form, which is
motivated by applications, the problem has been studied in [7,10]. First order
hyperbolic systems with smoothing boundary conditions of the integral type
(3) appear, in particular, in applications to population dynamics [1,8,11].
It is known that, whatsoever ¢; € C([0,1]), there exists a unique pi-
ecewise continuous solution to the initial-boundary value problem (1)-(3)

!Institute of Mathematics, Humboldt University of Berlin and Institute for
Applied Problems of Mechanics and Mathematics, Ukrainian National Academy
of Sciences, kmit@mathematik.hu-berlin.de
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with possible first order discontinuities along characteristic curves emanating
from the points (0, 0) and (1,0). The discontinuities disappear only whenever
the zero order compatibility condition between (3) and (2) is fulfilled. It turns
out that for some classes of boundary conditions one can speak about the
disappearance of the discontinuities after some time even if the zero order
compatibility conditions at points (0,7) and (1,7) are not fulfilled. Even
more, as it follows from [4,5], one can expect that for linear problems this
kind of smoothing property (higher regularity of solutions after a “smoothing
time”) does not depend on the regularity of the initial data. Our aim is to
show that generalized solutions to the problem (1)-(3) become eventually
continuous, despite of the initial data are supposed to be only L?-regular.
Set
Q={(z,t) : 0<x<1,0<t< 00}

Suppose that

inf_a; >0forall j <m and sup aj <O0forall j >m. (4)
(x’t)EQ (Ct,t)eﬁ

This entails that the system (1) is non-degenerate. Let us make a couple of
regularity assumptions on the coefficients of (1), namely

a;,bjr, € CHQ) and gjr, ik € Cgtl(ﬁ) for all j,k<n (5)

and
for all 1 < j # k < n there exists Bj; € C!

such that b, = Bji(ar — a;).

(6)

It turns out that the last property is crucial for our analysis.

By L?(0,1)"™ we denote the vector space of functions u = (u1,...,u,)
with u; € L*(0,1).

Let us introduce the notion of an L2-generalized solution to the problem
(1)=(3). Fix arbitrary ¢; € L?(0,1) and sequences goé- € C§°([0,1]) such
that goé- — ¢, in L?(0,1). Note that, due to the fact that gpé- are compactly
supported for all [ € N and j < n, they satisfy the zero order and the first
order compatibility conditions between (2) and (3). By [2,9], given | € N,
the problem (1)-(3) has a unique classical solution, say u'. Similarly to [5]
one can prove that these solutions satisfy the following estimate:

max Hul(~,t)|]Lz(0,1) < Me* max ||@;]l 20,1y  for all ¢ > 0, (7)
jsn Jjsn

for some constants M,w not depending on t, ¢;, and [ € N. Hence, there
exist a unique vector-function u € C([0, c0), L?(0,1))™ such that

lu(-,0) — u'(-,0)] 201y — 0 as I — oo,
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uniformly in # varying in the range 0 < 6 < t, for every t > 0. The
vector-function u is called an L2-generalized solution to the problem (1)
(3). Furthermore, the following estimate is true:

lu( )l p2oayn < Me” max [[¢;] r2,y)  forall £ >0, (8)

what follows from (7).
Our main result states that all L?-generalized solutions have a smoothing
property, in the following sense.

Definition 1. The L?-generalized solution to the problem (1)-(3) is
called eventually smoothing if there is d > 0 such that u is a continuous
vector-function after the time t > d.

This property means that the solutions become more regular in a fi-
nite time if to compare with their regularity in the entire domain. This
contrasts to the parabolic case where, due to the infinite propagation speed,
the smoothing property for solutions is encountered in the entire domain
(immediately after leaving the initial axis).

Theorem 1. Suppose that the conditions (4), (5) and (6) are fulfi-
lled. Then the L*-generalized solution to the problem (1)-(8) is eventually
smoothing in the sense of Definition 1.

1.2. Integral representation of the problem (1)—(3)

For given j < n, z € [0,1], and ¢t € R, the j-th characteristic of (1) passi-
ng through the point (z,t) is defined as the solution ¢ € [0,1] — w; (¢, z,t) €
R to the initial value problem

1
aj(§7wj(§7 €, t))

Due to (4), the characteristic curve § = w;(&, x,t) reaches the boundary of
in two points with distinct ordinates. Let z; = xj(x,t) denote the abscissa
of that point whose ordinate is smaller. Note that (4) entails that x; does
not depend on z,t but only on j and, therefore, is given by the formula

Ogw;(€,x,t) = , wix,z,t) =t. (9)

S 0 for 1<53<m,
711 for m<j<n.

Further we will simply write w;(&) for w;(¢, x,t). Write

cj(§, 2,1
a;(§,w;(§))
(10)

bj;

() (s (), dy(E.,1) =

J

3
Cj(§a$7t) = exp/

T
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Let us introduce linear bounded operators R, B, G : C(Q)" — C(Q)" by
nooel
(Ru)j(z,t) = c¢j(zj,,t) Z/ rik(n, w;j () )uk (n, wj(x5)) dn,

(Bu)i(z,t) = -3 / (€, )by (w7 (€)uk (€, w5 (6)) d,
k#ﬂ

(Gu)j(z.1) = —Z / / (6 D)3k (.05 (€) ) (9, wy (€)) dyde.

Straightforward calculations show that a C'-map u : Q — R" is a soluti-
on to the PDE problem (1)—(3) if and only if it satisfies the following system
of integral equations

wio ) = (30, 2.0 = [ (60,0 Y ) € s(©) de, <, (11

g k#j
where the affine bounded operator S is defined by

(Ru); (z,1) if z;j=00rz;=1

cj(xj, x, t)pj(x;) if z; € (0,1) (12)

(st = {
on a subspace of C'(£2)" of functions satisfying (2).

1.3. Smoothing property of the L?-generalized solutions

Here we prove Theorem 1. To this end, we will use results about existence
and uniqueness of continuous and classical solutions to the problem (1)—(3)
proved in |2, 6].

The proof extends the ideas of [3,4]| where the smoothing property is
proved for the initial data in the space of continuous functions satisfying
the zero order compatibility conditions. In [3,4] we show that the solutions
reach the C*-regularity in a finite time for each k. Here we follow a similar
argument and extend the smoothing results to the case where the initial
data are L2-functions only.

Our starting point is that, given ¢ € L?(0,1)", the initial boundary value
problem (1)-(3) has a unique solution u € C (R, L*(0, 1))". Our aim is to
show that u(z,t) € C (ﬁd)n for some d > 0, where

Qr={(z,t) :0<z<l,T<t<oo}, T>0.

Let d be chosen so that d > w;(1,wk(1,0,0),0) for all j,k < m and d >
w;(0,wr(0,1,0),1) for all m + 1 < j,k < n. Fix an arbitrary ¢ € L?(0,1)"
and consider an arbitrary sequence ¢! € C([0,1])" of functions satisfying the
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zero order compatibility conditions between (3) and (2) such that ¢! — ¢
in L2(0,1)" (one can easily prove that the sequence ¢ exists). Denote by u!
the continuous solution to (1)—(3) with ¢ replaced by ¢!. Moreover, we have
(see [5, Lemma 4.2])

u' — win C ([r,6],L2(0,1))" asl — oo, (13)
for any 6 > 0, where u € C ([0,6],L2(0,1))" is the generalized L%-solution
to the problem (1)-(3). To prove the theorem, it is sufficient to show that

— n
u! converges in C (QijJra) as | — oo, (14)

for any o > 0. Here and below, given § < 7, we write
Qg =Q3\Q,.

For the solution u! € C (ﬁ)n restricted to Qg we have the operator
representation:

ul‘ﬁd = Bu! + Gu! + Ru!. (15)

On the account of the choice of d, the function u' in the right-hand side of
(15) fulfills the same equation (15), what entails

ullg, = (B+R)(B+ R+ G + Gu'.
We are done if we prove that the right-hand side of the last equality converges
e n
in C <Q§3+a) for any o > 0 as [ — oo. Fix an arbitrary o > 0. Since the

operators B and R are bounded, it suffices to prove that the sequences

f2d+a> n

B!, RBu', BRu!, R*u!, Gu' converge in C <Q2d (16)

as | — oo.
We start with (B2u') (z,t). Given j < n, consider the following expressi-
on for (Bgul)j (x,t), obtained after changing the order of integration:

k#j i#k %3 VN
xug(n, we(n, €, w;(€)))dédn
with

djki(fv n,, t) = dj (67 z, t)dk(na 57 Wy (5))61%(777 wk(n7 57 Wy (5)))
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Fix k # j. Let us change the variables

§€[0,1] = 0 = wi(n, & w;(§))- (17)

Taking into the account the formulas

. [ 9 wi()

Dus(6,2.1) = — e /5 S dn (18)
ot = exp [ Pailmwi()

atw](§7 7t) I)/g a](TI,w](n))Q d777 (]‘9)

from (17) we get

do = [Oawi(n, &, w;(§)) + Oswi(n, & w;(£))Dew; (§)] d€ =

ar(§,w;(§)) — a;(&,w;(§)) |
a;j(&,w;(€))ar(&,w;(6)) Oswr, (1, €, w5 (€))d, (20)

where 0y denotes the partial derivative with respect to the k-th argument.
It follows that (17) is non-degenerate for all £ € [0, 1] fulfilling the condition
ai (&, w;i(€))—aj(&, wji(€)) # 0. The inverse of (17) for those & will be denoted
by Z(0,n, x,t). Moreover, we have the following identity:

we(Z(0,n,2,t),n,0) = w;(x(0,n,z,t),x,1).

Therefore, after changing the variables (17) we come up with the following
formula for the summands contributing into (BQuZ):

/ / ]kz § n, 2, t ]k(fawj(f))ué(nvwk(n;gawj(é)))dgdn =

Lok (2.1) _— Fowi(i (apa;)(T,w;(7))
/ / (n,z,t) ]kZ o t)ﬁ]k( ]( ))33%(7775"%( )) ( e)ded(r;’l)

where the functions 3;, € C are fixed to satisfy (6). Note that 8;i(x,t) are
not uniquely defined by (6) for (z,t) with a;(z,t) = ag(x,t). Nevertheless, as
it follows from (20), the right-hand side (and, hence, the left-hand side of (21)
do not depend on the choice of By, since df = 0if a;(&, w;(§)) = ar (&, wi(§)).
Changing the order of integration in the right-hand side, we rewrite the last
as follows:

A arai) (T, w;
/ / ki (&1, 2, )b (T 0 <f>>§35kéff, 3 ci(u:))))
.7 J N)

2 (ara;) (T, w;(2))
wi(z5) /wk )

ut(n, 0)dndo+

(T, 2, )bk (T, w; (T = Q,Hddﬁ,
jk n )]k( ]( 83Wk(7],1’ wg( )) (77 ) n

(22)
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where 7 € R — @5(7) = ws(7,2,t) € [0, 1] denotes the inverse function to

€ €10,1] = ws(§) € R. Note that the interval of integration in € in both of

the integrals does not exceed d. Now the C (ng’L

(22) can be estimated from above by

) -norm of the function

2d max max
z,¢,n€(0,1] t,0€[0,2d+a]

max U
te[0,2d+a]/| (n,1)

where C' > 0 is a constant which depends on the coefficients of (1) but not
on u'. The desired convergence of [B?u'] (z,t) is thereby proved.
Now we treat the convergence of the sequence

]kz(£7nax t)) (f 9)

(akaj) (Ev 0) ’
a3wk(77’ 3 9)

(23)

C([0,2d+a],L2(0,1))

(RBu)j(z,1) = ~¢;(5,,1) 22/ / 1,05 (2)) (€., 3 ) X
k=1 s£k
kas(§7 wk(ga 1, Wj (x])))ui(f, wk(ga 1, Wj ($]))) dfdﬁ
for an arbitrary fixed j < n. After changing the order of integration we get
the equality

1—xyp

(RBu) (.= ey ) 3 / / e, w3 () )dr (€, 1, w5 (1)) %
k=1 s#k
kas(ga wk(ga n, Wj (.’E])))U?S(f, wk(‘ga n,w; (‘T;]))) dnd§
Then we change the variable 7 to z = wi(§,n,w;j(x;)). Since the inverse is
given by 1 = &4(w; (1), €, 2), we get
(RBu)j(z,t) = —cj(xj, 2,t)x

wi (§1—mp,w; (5))

X ZZ/ /w Tjk(wk(Wj(xj)’§7z))wj(xj)) % (24)

k=1 s#k ()

Xdk(&, (Dk(wj (xj)a 57 Z)? Wy (xj))bks(ga Z)a?)ajk(wj (xj)7 ga Z)Ui (ga Z) dzdg

The functions w;(§,x,t) and the kernels of the integral operators in (24)

are C''-continuous. Due to the convergence (13), there exists a limit of the

right-hand side in C (QQZM‘

Now we consider the operator G. Changing the variable £ to z=w;(§, z, t)
n (11), we get

) as desired.

Gul
:—Z / ) / 2,2, 0050, 2)a3(35(2), 2k (v, 2)dydz. P
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Similarly to the above, the functions w;(z;),@;(2),d;(0;(2),z,t), and
a;(@;(2), z) are continuous in = and t. This entails the desired estimate of
the type (23).

We further proceed with the operator R?. For j <n, k <n, and T > 0,
define operators Rjj, € E(C(QT)) by

1
(Rjrw)(z, ) —Cj(ﬂ?jvwat)/o 7k (0, wj (7)) w(n, wj(z;)) dn.

Fix arbitrary 7 < n, k < n, and ¢« < n. We prove the needed estimate for
the operator R;;Ry;; similar estimate for all other operators contributing
into the R? will follow from the same argument. Given 7 > 0, introduce

operators Pj, Qjy : C’(QT) — C’(QT) by

1
(P)(e.t) = olayat) [ wintdn (26)
(Qjrw)(w,t) = rjp(w,wj(z)))w(w,w;j(z;)). (27)
Then we have
Rji = PjQjk, Rpi = PrQpi
and, hence
Rjx Ry = PjQ i PrQp;-

We aim at showing the estimate for P;Q;; Py, as this and the boundedness
of Qk; will entail the desired estimate for R;,R;. The operator P;Qr Pk
reads

1
(PiQjrPrw)(z, ) =Cj(xj7$7t)/0 7§ w5, &)X

1 (28)
Xck(xkangj(xjafat))/ w(nawk(xkagat))dndf
0
Changing the variable £ to z = wi(xg, &, t), we get
(PiQjkPrw)(z,t) = cj(xj, 2, 1) %
wk(xk,l,t) ~ ~
X / ik (@k(t, Tk, 2), 2) e (Tg, Op (t, Tk, 2), 2) X (29)
1wk(xk,0,t)
X / 83¢Dk(t7l‘kaz)w(777 Z) dndzv
0
where :
63(:)’6(7—7 T, t) = ak(x7 t) exp / alak(a)k(pa x, t)v p) dp (30)

Similarly to the above, the needed estimate for P;Q ;P now immediately
follows from the regularity assumptions on the coefficients of the original
problem. We are therefore finished with the operator R2.
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Returning back to (16), it remains to treat the operator BR. By the
definitions of B and R,

n 1 T
(BRU)j((L’,t) = — ZZ/O / dj(§7x7t)bjk(§7wj(£))ck(xk7£7wj(§))x

k£j =1

erl(naWk(xkafvWj(f)))ul(mwk(l’ka&%(f))) dfd% ]S n. (31)

The integral operators in (31) are similar to those considered for B? and,
therefore, the proof follows along the same line as the proof for B2. The
proof of the theorem is therefore complete.
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Ipuna Kmirp

HIABUIMTEHHA I'NIAAKOCTI PO3B’A3KIB
HEJIOKAJIBHUX 3AJAY J1JId IHTET'PO-
JANOEPEHIIAJIBHUX T'TIITEPBOJITYHNX CUCTEM

Mu posessdaemo meaorxaromi 3adaui 3 iHMEZPAADHUMY KPATOBU-
MU YMOBAMU OAS THME2PO-OUPEPEHUTAADHUL 2INEPOONUHUT CUCTIEM
nepwozo nopadky. Jlosedeno 3020A4bHUlT pe3ysbmam pe2yiapHOCI
npo me, wo ysazasvreni L2-pose’azku 3 wacom cmaomv nenepeps-
HUMU.
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ITPO IBOITAPAMETPUYHY HAIIIBIPVYIIY ®EJIJIEPA 3
HEJIOKAJIBHOIO YMOBOIO

Y pobomi docaidsceno zadauy cnpaotcenns dan 00HO6UMIPHO20 (34
NPOCINOPOBOI0 3MIHHOI0) AINTTHO20 NAPABOATHHO20 PIEHANHA OpY20-
20 NOPAIKY 3 PO3PUBHUMY KOCPIUIEHMAMY 3G NPUNYULEHHA, WO HA
KPUStll po3pusy Koediuienmie DISHAHHA 3a0aH0 HEAOKANDHY YMOBY
enpaoscenns Dearepa-Benmueasn. 3a donomozoro posé’saswy uiei 3a-
dawi nobydosano nanieepyny Pesnepa 0as 00HOBUMIPHO20 HEOIHOPIO-
H020 JuPy3itino20 NPouecy 3 PYLOMO0 MeMOPAHON.

1. Beryn

Y crarTi po3rIgAaEThca 3ajada modymaoBu Hamirpynu Pessiepa s
OJIHOBUMIPHOI'O0 HEOIHOPIIHOrO audy3iitHOr0 mporecy 3 MeMOpaHOio, PO3-
TAIMIOBAHOIO B TOYII, MOJIOXKEHHS KOl Ha THCJOBIM TpAMill BU3HAYAETHCI
3a J0TOMOr0I0 3a/aH0l (YHKINI, M0 3a/ieKuTh Bij dacoBoi 3minuoi. [Ipu
IFOMY TIPHUIIYCKAETHCS, IO Y BHYTPIIIHIX TOYKAX MIBOPAMUX, PO3JILIEHUX
Mi2K 00010 MeMOpaHOIO, MmIyKaHuil mporec Mae 30irarucd i3 3aJaHuMu TaM
3BuuaitauMu audy3ifiHnMu mporecamu, a HOro MOBeJiHKA Ha CIIIbHINA Me-
Ki mux o6J1acTeil BU3HAYAETHCS 3a/TAHOI0 HEJIOKAJIBHOK YMOBOIO CIIPSIKEHHST
tuity ®esepa-Benrnens [1-3]. Jany 3azady mie Ha3suBaroTh 3a/a9ei0 1Mpo
CKJICIOBAHHS JBOX Muby3iitHUX mporeciB Ha mpsaMiit [4].

3 MeTor0 BUBYEHHS CHOPMYILOBAHOI TPOoOIeMu B pOOOTI 3aCTOCOBAHO
aHasiTuaHi MeToau. 3a Takoro migxomy (mauB. [4—6]) mykany mamiBrpyimy
MO>KHA BU3HAYUTHU 33 JIOIMOMOIOI0 PO3B’s3KY BiIMOBIAHOI 3asati CHPSKEH-
He /I JIHIRHOTO mapabo/iiaHOro piBHSHHS JPYroro mopsaaky (ob6epHeHoro
pisasinas Koamoroposa) 3 pospusnumu Koedinienravu. Kiracuany poss’ss-
HICTb IIi€]l 3a/1ati JOBEIEHO 3a IPHUITYIEHH, 110 KOeMIieHTH piBHIHHS 33,10~
BOJIBHAIOTH YMOBY lesibjiepa 3 HEeHYIOBUM TOKA3HUKOM, MOYATKOBA, (DYHK-
Mg € 0OMEYKeHOI0 1 HemepepBHOIO Ha BCift 4mMC/IOBiil mpswMiit, a mapamerp,
AKUN XapakTepusye ymoBy crpsixkenns @ejiepa-Bentiens Tta Kpusa, 10
BU3HAYAE CILIBHY MeEXKy obJsiacreil, e 3ajaHe PiBHAHHS, 3a0BOIbBHAIOTDH

! IeBiBCchKmit HamionaTpaNT} yHiBepeTHTET iM. I Ppanka,
bohdan.kopytko@gmail.com

2 [Mpuxaprarceknit HaioHaasHIE yHiBepcuTer iv. B. Credpannxa,
r.v.shevchuk@gmail.com

3 JInBiBcpkmit Hamionaapamit yaiBeperurer iM. I. @panka, tzhannet@yahoo.com



134 B.I. Konutko, P.B. Illepuyk, 2K.4. [lanoeckka

yMoBy l'ejibiiepa 3 mOKa3HUKOM OLIBIINM, HizK % IIpm mocmizKeHH]I BUKOPH-
CTOBYIOTHCs (pyH/IaMeHTaJIbHI PO3B A3KHU 11apado/idyHuX PIBHSIHBb Ta ITOPOJI-
JKenl HUMHK TerioBi morenmiaan (nmB. [4-8|). Bracaimok 1x 3actocyBaHHs
MTOCTAaBJIEHA, 33/1aYa 3BOJUTHCS JI0 CHUCTEMHU JBOX IHTErPAJbHUX CUHTYJISP-
HUX PiBHsIHB BOJbTEppU APYTrOTO POMIY, PO3B’SI30K K0T OTPUMAHO METOIOM
TIOC/TiIOBHUX HAOJINKEHb.

BayBaknmo, 110 aHaJIOriuHa 3ajada po3rvisijanacs pasime y npaii [6]
JUTsT BUTQJIKY, KOJii MeMOpaHa po3TallioBaHa y (bikcoBaHiil TOUIN mpsMoOl.
Mu Bigznagaemo takoxk mpamni [9, 10|, y SIKMX npejcTaBieHO pe3y/brary,
110 CTOCYIOThCA 00y m0BH Audy31HIX IPOIECiB 31 CTpHOKAMHI B TOYKAX Me-
ki obsiacti 3a Jonomorotn Meroiis ¢yHKiioHaabHoro [9] i croxacruaHoro
[10] amanizy. Kpim 1poro, HemoKagbHi 3a/1a4i i mapaboiaHuX PIBHSHD Y
JIEeI0 1HIMX MOCTaHOBKAX Oy/iu ob’ekramu mociijkens B poborax Borpana
Mocumosnya IlTammmka Ta ftoro yunis (aus., nampukiaz, [11]).

YV 1. 1 chopMynboBaHO HEJOKAIBHY Mapabo/IiuHy 3a/1ady COpsKeHHS i
HaBEJIEHO P JOMOMIXKHUX BiTOMOCTEIL, [0 CTOCYIOTHC (DYHIAMEHTAILHOTO
pO3B’a3Ky 00epHEeHOro piBHsHHS KO/IMOrOpoBa Ta MOPOXKEHUX HUM TEILI0-
BUX MOTEHIIIAJIIB.

VY 1. 2 10BejieHO TeopeMy iCHYBAaHHS Ta €IMHOCTI KJIACHIHOTO PO3B’A3KY
3ajadi crupskerts, chopmMyap0BaHOl B 1. 1.

VY 1. 3 3a 01IOMOro moby0BaHOTO B II. 2 PO3B’A3KY HEJIOKAJIHHOI Mapa-
601i9HOI 3a/adl ClIpsizKEeHHsT BUBHAYEHO JiBomapamerpudny Hamisrpymy Pes-
Jiepa, sKa il Mopo/iKye noTpibHuit HaM MapKOBCHKUIT IIPOTIEC.

2. ITocTaHOBKa HEJIOKAJILHOT MapaboJIivHOT 3a/1a4i CIPAYKEeHH
Ta JOIIOMIX>XKHI BiOMOCTI

Posrasinemo Ha tuomuHi (s, x) cMyry
Se={(s,z): 0<s<t<T, —oo<uz<o0},

[O3HAYA0YN Yepes3 Sy 3aMuKaHHsg MHOKUHU Sy, [Ipumycrumo, 1mo Bcepeuui
St micturhes menepepsaa kpusa T = h(s), 0 < s < T aka posuinge S; Ha
Bl obJtacTi:

St(l):{(s,x): 0<s<t<T, —oco<uz<h(s)}

St@):{(s,x): 0<s<t<T, h(s) <z < 00}.

[oknagemo: Dig = (—00, h(s)) 1 Das = (h(s),00).
Y cmysi ST posrismaoThea ABa piBHOMIPHO napabostivni oneparopu 3
obmexennmu KoedirieHTamu
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[TocTaBuMO 33129y PO 3HAXO/KEHHS PO3B A3KYy U(S, T, 1) piBHAHHS

%+L§">u=o, (s,0) €8, i=12, (2)

KNI 33/I0BOJIBHSE ,[I0YATKOBY" YMOBY

11%1 u(s,z,t) = p(z), xR, (3)

JIBl YMOBU CHPSI?KEHHSI

u(s,h(s) —0),t) =u(s,h(s) +0,t), 0<s<t<T, (4)
/ [u(s, h(s),t) —u(s,y,t)]u(s,dy) =0, 0<s<t<T, (5)
D15UD2s

1 1Bl YMOBH y3TOIKEHHS
p(h(t) = 0) = @(h(t) +0), (6)
| tetb@) = ettt ) o ©

D1:UDo

[Tpunyckaernes, mo noyarkosa dynkiis @(x) y (3) € obmexenoo i we-
nepepsHOio Ha R (y nmpomy Bumaky ymoBa (6) BUKOHYETbCS aBTOMATHIHO),
a Hesin'emua mipa Bopens p(s, ) 3 (5) taka, mo u(D1sUDas) # 0, s € [0, 7).

Sk yxe BipBHavasoca y BCTyIHIN JacTuri cTaTTi, 3a1a49a (2)—(7) Bunn-
Kag, 30KpeMa, B Teopil amdysiitHuX mponeciB npu moOy 0Bl OJHOBUMIPHOL
Mozesi sBuia qudy3ii 3 Membpanoro, abo, 10 Te K camMe, IPU PO3B’I3aHHI
AHAJITHIHUMY METOJaMHU TaK 3BAHOT 337a4i PO CKJICIOBAHHS JBOX TIPOIIE-
ciB audy3il Ha npsmiit. Y po3riisyBaHOMY BHITAJIKY BBAXKAE€THCH, 110 MEM-
OpaHa € pyxXoMoOI0, 1 BOHa po3ramioBana B To4li & = h(s), 9Ka 0JHOYACHO €
TOYKOIO CKJICIOBAHHS 33/[aHUX IBOX Audy3iitHuX mporeciB. AKIno npumycru-
TH, M0 Po3B’a30K u(s, z,t) = Typ(z) 3amaui (2)—(7) € ABOMApAMETPUIHOIO
mamiBrpynoo Pemnepa TeIKOTO HEOTHOPLIHOTO MAPKOBCHKOTO TPOTECY HA
psiMiii, TO BUKOHAHHS [T Hel piBHsHHS (2) BKa3ye Ha Te, IO Ieil IpoIec
B obsacti Dg; 30iraerbest i3 3ajaHuM TaMm Judy3ifiHUM TPOIECOM, KepoBa-
HEM OIIEPATOPOM Lgl), i = 1,2, a mogaTkoBa yMOBa (3) y3rOIKyeTbCs 3
pieuictio Tss = I, ne I — Toroxuuii oneparop. Hasi, ymMoBa CopsiKeHHS
(4) € BimoOGpakeHHSIM BJIACTHBOCTI (esiIepoBOCTI Tporiecy, a piBaicTh (5) €
HEJIOKATBLHOI0 yMOBOIO cupsizkennst Demmepa-Bentiens, sxa Bimmosigae 3a
cTpubKOIIO/IIOHMIT XapaKTep BUXO/y mpolecy 3 Mexi obsacti. Haramaemo,
110 Y 3araJibHOMY BUIQJIKy yMOBa crpsizkenusi @esepa-Benrnens mictuthb
TaKOXK HeBimoMy (yHKINO i i1 moxigmi 3a oboma 3MIHHHMH, 10 BiAIOBiITae
BJIACTUBOCTSAM BHUKHEHHS MUQYHIYIOU0I JACTUHKH, YaCTKOBOTO BimOMTTS
Bij crijibHOI Mexi obJracTeil Ta ABUIILY ,, TUITYIOCTI".

Hazani 6y1emo BBakaTu BUKOHAHUMU TaKi yMOBH:
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I. PiBugnug (2) mapabosiusoro tumy B obacti St, T06TO icCHYIOTH [10-
garsi craiai b i B raxi, 1m0

0<b<bi(s,x) <B<o0,i=12 (s,x) € Sr.

II. B St xoedimientu b;(s,x) Ta a;(s,z), i = 1,2, menepepswi 3a (s, )
i manexars 110 kaacy Lensgepa H2%(S7), 0 < a < 1 (o3nauenns
kiacis enpiepa qus. y |7, c. 16]).

III. TTouarkoBa dyuKIig ¢(T) HANIEKUTH 0 MPOCTOPY OOMEKEHUX HETe-
pepsaux dyukiii, skuit mozaagarnmemo uepes Cp(R). Hopma B npo-
My IPOCTOPI BU3HAYAETHCs piBHICTIO ||| = sup |p(z)].
z€eR

IV. B ywmosi (5) mipa pu(s, ) — mesin’emna, (s, D1sUDag) =1, s € [0, T,
i gis Beix f € Cp(R) inrerpanu

/f wu(s,dy), i=1,2,

HaJeXKaTh 710 Kaacy [eabaepa il “([0,77)).
V. Kpusa h(s) nenepeppra i HasexunTh 10 Kiacy Lenbiepa o ([0,77]).

Bpaxosytoun npunyimenns [V, yMoBy crpsizkernsi (5) MOXKHA MOJATH Y
BUTJIS I

u(s, h(s), t) = / u(s,y, (s, dy). (8)

DlsUD2s

Ywumosu I, 11 3abe3neqyiors icayBants QyHaMeHTAIBHOTO PO3B I3KY J/isd
KOXKHOrO 3 piBHsiHL ¥ (2) (mms. [4, 7]), To6ro dbyukuii Gi(s,z,t,y), i =
1,2 (0 <s<t<T;x,y€R), aka npu dikcosanux t € (0,7], y € R, ax
dbynkuis aprymentis (s, x) € [0,t) x R 3agosonbHs€ pisagans (2) i gomyckae

300parKeHHs
Gi(s,z,t,y) = Zio(s,z, t,y) + Zin(s,z, t,y), i=1,2, 9)
e
Zus.2,t.9) = bt — )] e { - DL )
2bi(t,y)(t — s)

t
Zi(s,z,t,y) = /dT/Z,O s,x,7,2)Qi(T, 2, t,y)dz, (11)
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a dynkuisg Q;(s,x,t,y) € po3B’a3KOM JIeIKOTO CHHTYJISIPHOTO IHTErpaJIbHOrO
piBusinag Bosibreppu Apyroro posiy.
BigzraunMo ominkn

_ 2
DID2Za(sm )| < Ol =) F e {2y
r _itorip=a (y —2)*
|D.D2Z;i1 (s, x,t,y)| < C(t —s) Texpy e, (13)

nei=120<s<t<T, z,y€R, Cic— gomarui cram?*; rip — mini

HeBij'eMHl yncia, A akux 2r+p < 2, DY — cuMBOJI TOXI/IHOT 33 § TIOPSAIKY
r, DY — cuMBOJ TOXiZHOT 3a T TOPAAKY p.

3a gonomoroio dbynmaMenTanbaoro poss’asky Gi(s,z,t,y), i = 1,2, ta
dbysxIii A(s) MoXKHA BU3HAUNTH Taki iHTErpasIu:

uio(s, x,t) = /Gi(s,x,t,y)go(y)dy, 1=1,2, (14)
R
¢

ui (s, z,t) = /Gi(s,x,T,h(T))V;(T, tydr, i=1,2. (15)

Tyt ¢, Vi, 2 = 1,2, — 3anani dyuknii, 0 < s <t < T,z € R. Y Teopii napa-
GoIHUX PIBHIHB (DYHKINA Uio(S, T, t) HA3UBAETHCs moTeHtiagtom [lyaccona,
a dbysxisa u; (s, x,t) — mapaboJiTHIM MOTEHIIAIOM TPOCTOTO Tapy.

Bigznaunmo geski Baactusocti bynkmiit wio(s, z,t), uii (s, x,t), i = 1,2.
[Tpunycrumo, mo ¢ € Cp(R). Toxi 3 BracTupocTeil (HbyHIAMEHTATLHOIO
pose’sizky Gi(s,x,t,y), ¢ = 1,2, BunjmBae, mo mOTEHIIag W) ICHYE 1 9K
dbynkuis aprymentis (s, x) npu dikcosanomy t € (0, T] 3am0B0bHSE B 0012
cri (s,x) € [0,t) X R piBHgHHS (2) 3 ,MOIATKOBOI" yMOBOIO

ligluig(s,:c,t) =p(z), ze€R, i=1,2. (16)
S

Kpim mworo, st dynkmii ui(s, x,t), ¢ = 1,2, B koxHiit obmacti Burasimy
0<s<t<T, x €R, cupaBIKyETHCST HEPIBHICTD

2r+p

| D DYuio(s, z, )] < Ot =) 2 [lel, (17)

me rip— mial HeBig eMHI unciIa Taki, mo 2r 4+ p < 2.
Posristremo inrerpan (15). Slxkmo nmpumycrutn, mo miasaicts V (7, t)
HerepepeHa pu 7 € [s,t) 1 npu 7 = ¢ Jgomyckae caabKy OCOBJIMBICTD 3

“Yepes C'i ¢ 3aBxK M 6yIyTh TO3HAYATHCS CTAJI, IO 3a7I€KATH Bil JAHIX 33044
(2)—(7), 6e3 yrouHeHHd X KOHKPETHOIO 3HAYEHHS.
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[IOKA3HUKOM > —%, To dbyuKig u;1(S,z,t), i = 1,2, € oOMexkenHo0 i Heme-
pepsuoio npu 0 < s <t < T, x € R, Bona 3a/10B0/ibHsE piBHsAHHA (2) B
obnacri (s,x) € [0,t) x (R\ h(s)) i nogaTkoBy ymMOBY

limu(s,z,t) =0, zeR, i=12. (18)

sTt
BaznuBa BractuBicTh (pyHKINI u;1 BijoOpakeHa y Tak 3BaHiil Teopemi
npo cTpubOK KOHOPMAJIBHOI IMOXi/IHOI Bij mapabosiivHOro MOTEHIia Iy Ipo-

croro tmapy (aus., Hanpukaas, |4, o 11, §3], [7, tor. IV, §15]). V crarTi nane
TBEPAZKEHH HE BUKOPDUCTOBYETHCA, & TOMY MU fioro ne HaBO/JIUMO.

3. Po3B’ga3aHHs HEJIOKAJIBbHOI TapaboIivHOl 3a/1a4i COPAYKEHHS

Posp’sas0k 3azaui (2)—(7) Oyuemo miykarn y BUVIsAl CyMH HOTEHLIaJIB
wj0 Ta U1 3 HEBimOMUMHE mibHOCTAMEU V(s 1), i =1,2:

u(s, 1) = / Gi(s, 2, t, y)p(y)dy+
R

t
—|—/Gi(s,x,T,h(T))Vi(T,t)dT, (s.2) €S i=12  (19)

Ba gonomorot ymor cupsikenrst (4), (5), Bpaxosyioun (8), orpumyemo
TaKy CUCTeMy IHTerpaJbHuX piBHsIHL BosbTeppn nepioro poxy mus Vi(s,t):

/Gi(s, h(s), T, h(T))Vi(T,t)dT—

S

>

9
J=l7

V}(T?t)d’r / Gj(sa Y, T, h<T))U(S7 dy) - (I)i(s7t)v 1=1,2, (20)
Djs
e
2
D,(s,t) = Z / wjo(s,y, t)p(s,dy) — uio(s, h(s),t), i=1,2.
jlejS
Posrmstremo dyuxmio @;(s,t) i3 (20). Josememo, mo
lim®;(s,t) =0, i=1,2; (21)

st
« 1+

@i(s.t) = Di(E | < Cllel(t— ) 5 (s — 52", F<s (22)
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Tepmxenns (21) HeBaykKO IepeBipuTn 3 OrIsggy Ha BiaacTusicTs (16)
norenniany Ilyaccona ujy ra ymoBy ysromxennst (7):

181%@ s,t) aleé u(t, dy) — p(h(t)) =
=L/W@—wwm@m=a
D1:UD2¢

Hng noeenennst mepisuocti (22) pisaumo P;(s,t) — ®;(s,¢) nomamo y
Buryisgai cymu I 4+ Is + I3, ne

Il Z / ujO S, y,t Ug0(§>yat)]ﬂ(37dy),
Jj= 1D]s
IQ = ’LLio(S, h(g), t) — uio(s, h(S), t),
2

=Y ([ wn ot~ [ uopu )

—
J Djs Djz

1 JIOCJIIZIMMO OKPEMO KOXKEH JIOJIAHOK IIIET CyMU.
Ockinpku mmpu § < §

”LLJ'(](S,y,t) - ujO(gayat” =
~ 1+a ~ l1—a
= |uj0(87y7t) - Uj()(S,y,t)| 2 ‘uj()(S,y,t) - Uj()(S,y,t)| 2 <
1ta
dujo(8,y,1) ’
s

~ l1—a
(‘uj0(87y7t)‘ + ‘U’JO(Sayat)D 2 S

(s =3

$=546(s—3)

< Olll [(t =5 - 0(s = 3) (s = 9] = < Cllall[((t — )+

T =D -0) (s —7] T <Clglit—s) T (s

(0 < 6 < 1), To HepiBuicTs (22) BuKOHYeTHCst g fAoganka I1. dna Iy we-
piBHiCTL (22) BCTAHOBJIIOETHCS 3a OAIOHOIO CXEMOIO, 3 YPAXYBAHHAM T'€JIb-
neposocti dyskIii h (qus. npunymennas V). g I3 cnpaseayinsa omniHKa

1ta
I3 < Cllell(s —s) =,
110 € o4YeBuIHUM HacjiakoM npumyiienas 1V. Orxke,
14a —

I+ I+ I3 < Clloll(t—s)" 2 (s—3) 2", 3<s,

1o # nmoTpibuo OyJsio goBECTH.
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g Toro, mob perysigpu3yBaTd CUCTEMY IHTerpajbHUX piBHAHb BoJib-
Teppu nepmoro poiy (20), 3acTocyemMo 110 060X 4aCTUH KOXKHOTO 3 i1 PIBHSAHB
inTerpo-andepenianbauit oneparop £, aKuil Ji€ 3a MTPaBUIOM

2 ~ip )
st@_\/7 / —S 20 )d,O, 0§5<t§T77‘:172‘ (23)

Posrasaemo ciouarky Jiifo oneparopa £ Ha paBy YaCTUHY (-T'0 DIBHAHHS
cucremu (20), ¢ = 1,2. Bepyuu no ysaru (21) i (22), g dynkuil ,(s,t) =
E(s,t)®; nerko 3uaxoaumo Gopmyity

(/I\)i(sa t) =

V2T

_ \ﬂ(t — 5)‘%{%(5,0, 1=1,2. (24)

[Tpu bomy s GyHKIT &Ji(s, t) B xoxHil obmacti sursny 0 < s <t < T
CIIPAB/IKYETHCSI HEPIBHICTH

. /(p - 3)_%[‘I)i(p,t) — ®;(s,t)]dp—
2

1B(s,1)| < Cllpll(t — ). (25)

[Tomiemo Temep omepaTopom £ Ha JIiBY YACTUHY ¢-TO PIBHIHHS CHCTEMU
(20), i = 1,2. ¥V pesysbrari 0j1€pKUMO BUPaA3, AKUil micjst 3MiHM NOPSIIKIB
inTerpysanus 3a p i 7, i Bukopucranust dhopmyi (9), (10) moxkua mogaru y
BUTJISIII

Vi(s,t) 2d G [ | N
_IH(S,11(<<3))+\/;¢L92/NU(5’T)‘G(TJMT, i=1,2,  (26)

e

T

Nii(37 T) = /(,0 - 3)75 |:(Zi0(p7 h(p), T, h(T)) - Zio(p, 0,7, O))+

s

+Zia(p, h(p) /G P, Yy, T, (7)) u(p, dy) | dp, i = j,

T

Ny(s.1) == [(0=9)tdp [ Gylp.yrh(r)ulo.dy), i3

$ Dj,

st Toro, mob cupocTuTH MOXifAHI Bij iHTErpaJiB, 3a/€KHUX BijJ mapa-
MeTpiB, y Bupasi (26), mokazkemo, 1o

liTm Nij(s,7) =0. (27)
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[Ipu moBenenti 115010 GaKTy MEBHY CKJIAIHICTD CTAHOBUTE JIAIIE JOC/IIT2KEeH-
e QYHKIT

T

Li(s,7) = / (0 — ) Hdp / Zio(p. 7 b))l dy),

s Djp

fKa 3'gBJgeThes y Bupasi st Nyj(s, 7) Biapasy x micis Toro, sk Gj po3nu-
caru 3a (opmysoro (9). dist Beix inmux cxaagosux y dopmyii aist Nij(s, T)
cuiBBigHOmenHA (27) JIETKO BCTAHOBIIIOETHCS 3 BUKOPUCTAHHSAM HEPIBHOCTEI
(12), (13).

Dyuxuio Lj(s,T) 3anumemo y BULIs

Lj(s,7) = Lj1(s,7) + Lja(s, 7), (28)

e

-

Lji(s,7) = “2(1 — )_%dpx

ey (o

" [D/ {0 ;(ff;():_ 5 -

Jip

_D/ P { ", - ;;f;;(): ”) }“(5’ d”} ’

1

Lis(s,7) = ~3(r — p) " 2dpx

e

< [er -, weate >(>T<)T)2 p>}“(5’dy>'

Jjs

Ockinpku dysxmil fr,(y) = exp {%} HAJIEXKATh JI0 KJIaCy

Cp(R) nma Beix 0 < s < p < 7 <t < T i obMexeni ofuHAIEIO HA it
MHOKHHI, TO 3TijH0 3 ymMoBoto IV jyia Lj1 BUKOHyeThCA HepiBHICTD

1+«

|Lji(s,7)| < C(r—s) 2, j=1,2. (29)

Hocmipumo dynknio Ljs(s, 7). Sanuumemo 11y Bursi

LJQ(S 7')

W/[exp{ (Th< >()T<)T)2 5>}‘
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I S Ry 10) s
p{ 2b; (. h(m)(7 — 5)
y

W / exp{ — h(s))?

} ] R (s, 7, y)u(s, dy)+

h(T)) (T — S)}.EQ(S,T,y)M(S,dy), (30)

ne aepe3 R;(s, T, y) mo3nadeHo inTerpas

T . . T 2 — s
Rj(s,T,y):/(P_S)_2(T_'O)_2€Xp{_2b ((T G )()()r) s)'ﬁ—p}dp’

S

KUl miC/g 3aMiHn 3MIHHUX 2 = f—_z HabyBae BULJIsLLY
[ (y — h(r))?
1 T
R; = [z 2(142)7! — zpd
](877—7y) /Z ( +Z) eXp{ 2. (T h( ))(T 8) Z} 2,
0

a, 0TKe, 3aJI0BOJIbHSIE HEPIBHICTH
[R;(s,7,y)| < C. (31)

(1)

[Mepumit noganok y npasiit wactuni pisnocri (30) nozuaaumo yepes L 2

a apyruii — gepe3 L§'2)' Axmo Bupazuru 3 momomoroio gpopmysiu Jlarpamxa

)

IPUPICT EKCIOHEHTH y KBAJAPATHUX Jly7KKaX BUpas3y 4jist Ly uepes 3HaueHHs
i1 moxiaol y nmpomixkwiit Touni @ = y — h(s) + 0(h(s) — h(7)), a Toxi 3uaiitu
IO TIOX1THY, OTPUMAEMO

Ly (5.7) =

X

1 z
27h; (T, h(T))D/ b (7, h(7))(T — )

332

e {_ij(ﬂ )7 —s)

3 miel piBrocti, ormiaku (31) i ymoBu V BumInBae, mo

} (h(r) — h(s)) Ry (5.7 y)pa(s. dy).

|Lji(s,7)| < C(T—5)2. (32)

(2)(

I3 mepisnocti (31) punsusae Takox ouinka st L,

Latsni <0 (n(s0h) ren {201 @

e D?S ={y € Djs: |y—h(s)| <}, 6 — bynp-sixe momarne uuciao, B —
craJia 3 ymosu .

8,7T):
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Bpaxosytoun cruissigmomenus (28)-(30), (32), (33), pobuMo BHCHOBOK,

110
lim L;(s,7) = 0.
sTT

Ha npowmy it 3aBepiyeThbest qoBejiernst (27).

VY Bupasi (26), 3 ornsaay Ha cnissigHoneHHs (27), BHECEMO NMOXIAHY i
3HAK iHTerpasa i Toai mpupiBHseMo 1eil Bupas 1o (24). Ilicis esemenTapHmx
CIIPOIIEHb OTPUMAEMO CUCTEMY IHTErpajbHUX PiBHIHL Bosibreppu apyroro
pozy, ekBiBaseHTHY cucTemi: (20)

2 t

Vi(s,t) = Z/Kij(m)vj(n t)dr + Wi(s,t), i=1,2, (34)

=%

e

U,(s,t) = — bi(s,h(s))@(s,t), Kij(s,7) = \/zx/bi(s, h(s)) - %Nij(sm).

Mozt dynkuii ¥; 3 (34) cupasiekyersces nepisaicrs (25), a supa Kj(s, 7)
He MaioTh iHTerposroi ocobamBocti. dast Kij(s, T) MokHA OTPUMATH JIAIITe
TaKy OIlHKY:

Kij(s,7)<C(r—s)7', 0<s<7<t<T. (35)
Oninka (35) cnpuuannena inrerpasom

/ aZjo(S, Y, T, h(T))
dy

n(s, dy) (36)
D?,

y BUpasi J1s moxigHol gynkmii L

(ZSLj(S,T):/T(p—S)g[/ZjO(p7yaT’h(7—))/~L(p’dy)_

Jjp

—/Zjo(p,ymh(f))u(s,dy)} dp—

Djs
ij(T,h(T)) aZjO(SayaT’h(T))
_ (s, dy)+
2 <D§/5) Ay
/ 8Zj0(8’gz;7’h(7))u(s,dy))-

(9)
R\Djs
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Bei inmi cxmanosi Bupasy mist K;j(s, T) gomyckaoTh HepiBHOCTI, IpaBi 4da-
crunu sikux Maiorh Bursn C(6) (1 — s)_H%, ne C(0) — nomarna craga, mio
BAJIEKUTH BilT BUOOPY 0.

Hespaxatoun Ha e, mo sypa K;;(s,7) He MalOTh IHTErPOBHOI 0COG/IH-
BOCTI, PO3B’30K cucremu piBHsAHL (34) icHye i fioro MoxkHa 3HaiiTn 3a 110-
MOMOTO0 3BUYAHOIO METOY MOCiIOBHIX HAOIUKEHb:

oo
Vits,) =Y V" (s,1), 0<s<t<T, i=1.2 (37)
n=0

e

VZ.(O)(s,t) = W,(s,1t),
2 t
V(s =3 / Kij(s, V" D(r)dr, n=1,2,...
7j=1

36ixkHicTh psiay (37) BUTIMBAE 3 HACTYITHOT HEPIBHOCTI, sTK& BCTAHOBJIIO-
€ThCSI METOJIOM MaTeMaTHYIHO! 1HIYKINI 3a CXeMOI0, 3aCTOCOBaHO0 y [6, c.
10-11] npu mocstipkenni cucremn pisHsiab (34) ast Bunaxy, koan h = 0:

V;<n>($7t)‘ < Ollgll(t— )72 Y Cra® P (m(6))*, n=0,1,..., (38)
k=0

e

3 mepisnocri (38) Takox Bunsmsae, mo dynkuis Vi(s,t), i = 1,2, gomy-
CKa€ OIHKY

Vi(s,t)| < Cllgll(t—5)72, 0<s<t<T. (39)

Orxe, mu nobyyBasn po3s’s30K u(s, z,t) 3agadi (2)—(7) sBurusiay (19),
(37), akuii, 3 orvtany ma ominku (12), (13), (17), (39), HamtexuTs 10 KIacy
01’2(5}(1) U St(Q)) N C(St) i 3a10BOTBHAE HEPIBHICTD

u(s, =, )| < Cllol]. (40)

TBep/KeHHSI PO €MHICTH MOOY0BAHOTO po3B’a3Ky 3aadl (2)—(7) Burmim-
Bae 3 npunnuny makcumymy [7] (mus. y [6] goBejenust ananoridnoro reep-
JIKEHHS ).

Ouepkanuit pesynbrar ¢chOPMYITIOEMO Y BULJISAL TEOPEMHU.
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Teopema 1. Hezat sukonani ymosu I-V. Todi sadawa (2)-(7) mae edu-
Hull PO36°A30K 3 KAACY Cl’2(5t(1) U St(z)) NC(Sy). Kpim mozo, ueti pose’azon
donycrae 3o0bpasicenna euzaady (19), (37) i ouinky (40).

4. Hanisrpyna ®esepa

Hexait Cp(R) — uigupocrip Cy(R), mo ckiaagaersbes 3 yeix dyukuiit ¢ €
Cy(R), mng axux Bukonyerbcs ymosa (7). Ockinpku migmpocrip Co(R) e
samkuaytum y Cp(R), Bin € 6anaxoBum npocTopo.

Osnaummo gsonapamerpudny cim’io jiniianx oneparopis Ty : Co(R) —
Co(R), 0 < s <t <T, 3a TaKUM IPABUIOM:

Tap(x) = u(s, z,t, @), (41)

ne u(s,z,t, o) — po3s’sa30k 3amadi (2)—(7) 3 dbyskuieo ¢ B ymosi (3).
Baysaxumo, mo oneparopu Ts B npocropi Cp(R) marors nacrynni Bia-
CTHUBOCTI:

a) KO TOCTiIoBHICTE dbyuKii ¢, € Cy(R) Taka, mo sup ||¢y] < oo i
n
lim ¢, (z) = ¢(z) npu Beix z € R, to lim Ty (z) = Tsp(x) npn
n—oo n—oo
BCix 0<s<t<T, x €R,

6) omeparopu Ts — mesimemui (0 < s < t < T), To6r0 Tsrp > 0 ayist
6yb sxol ¢ € Co(R) Takoi, mo ¢ > 0;

B) oneparopu Tg — cruckyoui (0 < s <t < T), 10610, BOHU HE 30i/1b-
MIYIOTH HOPMY €JIeMEHTA;

r) To =Ts;Trt, 0 < s <7 <t<T (HamBrpymnoBa BJaCTHBICTB);

Buiactusictb a), mo € 04eBuAHUM HACIIIKOM Teopemu Jlebera npo rpa-
HUYIHWH TIepexis i 3HaKOM iHTerpaJa, CBiIInTh MPo Te, o onepaTtopn 1y €
HEMEPEePBHUMM He TLTBKHU BiJITHOCHO CUJIBHOI 3013KHOCTI 0y, JI0 0, IPU 1L — 0O,
a it Takol, mpo sKy jeThcs B yMOBI a). BpaxoBytoun 1o BIacTuBICTH, HE
00MEXKYIOUHN 3arajbHOCTI, BCI HACTYIHI MipKyBaHHS Oy/JIeMO TPOBOIUTH 3a
npunyineHHs, mo QyHKIig ¢ — diriTHA.

Hosenemo Bracrusicts 6). Hexait ¢ € Cyo(R) — dinitha 1 HeBix'emua
npu Beix x € R. TMozraunmo wepes y minimym Typ(z) B emysi (s,z) € Sy
ko npunycrury, mo v < 0, To 3 TpuHIUILY MakcuMmyMy |7| BUnBae, mo
3HauYeHHs 7y MOxke gocararucs jume npu s € (0,t) 1 x = h(s). 3adikcyemo
sp € (0,t) mna sikoro Tgypo(h(so)) = . Toui

/ Taorp(h(50)) — Taarp ()] ja(s0, dy) < 0,
D159UD2s
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1o cymepednts yMoBi (5). OTpumana cymnepedricTs BKa3ye Ha Te, 1m0 v > 0,
1o # noTpibuo OyJsio goBeCTH.

Biactusicts B) BummBae 3 6) i Toro dakty, mo Tyl =1 mpu 0 < s <
t<T.

Hamierpymosa BiactuBicTh omeparopiB s € HACTIIKOM TBEpIKEHHI
upo eauuicrs po3s’asky 3agaqi (2)—(7). Cupasai, mus toro, mob 3uaiitu
u(s, z,t) = Tye(x), komm gano, mo limgy u(s, z,t) = ¢(x), MmoxkHa crodarky
PO3B’A3aTH 3371449y y 9aCOBOMY TIPOMIXKKY [T, t], a morim po3s’s3aru i1y da-
COBOMY TIDOMIXKKY [s, T] 3 Ti€eto ,ouarkoow” dbyukieo u(T, z,t) = Trp(x),
aKy Oymno orpumano; inakie Kaxyan, Tsp(x) = Ts-(Trip)(x), ¢ € Co(R),
ab0 Ty = Ts;Tr4.

I3 BractuBocteit a)-1) oneparopis Ty BUILIMNBAE HACTYIHA TEOPEMA.

Teopema 2. Hexatli sukonani ymosu meopemu 1. Todi dsonapamempu-
wna nanieepyna onepamopis Ts, 0 < s <t < T, susnauena pisnicmio (41),
nopodoicye maxuti Heodnopidnut npouec Peanepa na npamiti R, wo 6 obaa-
cmax Dg1 1 Dga 6in 3612aembes 13 3a0anumu mam Ou@dysitHumu npouecamu,
KEPOBAHUMU ONEPAMOPAMU Lgl) 1 Lg2) 610n0610H0, a {020 Nosedinka nNpu No-
MPANAAHHT HA CNIABHY Mexcy yux obaacmeli © = h(s) onucyemvca ymosoro

cnpaotcerns (5).
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Bohdan Kopytko, Roman Shevchuk, Zhanneta Tsapovska

ON TWO-PARAMETER FELLER SEMIGROUP WITH
NONLOCAL CONDITION

In this paper we study a conjugation problem for one-dimensional
(with respect to spatial variable) linear parabolic equation of the
second order with discontinuous coefficients assuming that the non-
local Feller- Wenizell conjugation condition is given on the curve
of discontinuity of the equation coefficients. Using the solution of
this problem we construct Feller semigroup for one-dimensional
inhomogeneous diffusion process with moving membrane.
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S3AJAYA 3 IHTET'PAJIBHOIO YMOBOIO 3A HYACOM 1JI4
ITAPABOJIO-TIIIEPBOJITYHOT O PIBHSHHA 31
SMIHHUMHI KOE®IIIEHTAMMN

B pobomi docaidorcerno zadany 3 iHmMezpasvHo YMOoB0H0 34 waACOM OAA
MIWEHO20 NAPALOON0-2INEPOONTHHOZ0 DIBHAHHA 31 SMIHHUMU Koediyi-
enwmamu 6 obmesicenili obaacmi. Bemanoeaerno xpumepiti edunocmi
ma Jdocmammi Ymoeu ICHYSGHHA D036 A3KY 6Kasanoi 3adavi y 610-
no6idnuT PyHKyionarvrux npocmopar. laa po3s’asanns npobiemu
MAAUL 3HAMEHHUKIS, AKI BUHUKAU NPU NOOYI08] PO36°A3KY, 6UKOPU-
CMAHO MeMPUYHUT NI0TI0.

1. Beryn

B ocranni pokm 3mauyHa yBara MaTeMaTHKIB CIPAMOBAHA HA JTOC/IiIXKe-
HHS 3aJ1a49 3 IHTErpajbHUMU YMOBAMU, Ki € y3arajbHEHHSM IUCKDPETHUX
HEJIOKAIBHAX YMOB. X BUBUEHHS 3yMOBJIEHE SIK TTOTPEGOIO TOOYI0BN 3aralh-
HOI Teopil KpaloBUX 3aJad JJId PIBHAHD i3 YaCTUHHUMW TTOXiTHUMH, TaK i
THUM, 110 331241 3 IHTEerpaJIbHIMHU YMOBAMYU BUHUKAIOTH ITPU MATEMATHIHOMY
MOJie/IoBaHHI 6araTbox (hi3MIHUX TPOIECIB y BUIMAIKAX, KOJIU HEMOXKJIUBO
BUMipaTHU TeBHI (BHi3udHI BeJIMINHU, A€ BiIoMi TXHI cepeHi 3HAUEHHSI.

O UM 3 aKTya bHAX HANPSIMKIB CydacHOl Teopii nudepen iaibHuX piB-
HYHb 3 YACTUHHUMU [TOX1THUMHU € TeOPis HEJOKATbHUX KPANOBUX 3a0ad JIjisd
PiBHSHB MimIaHoro (rimep6osro-einTHaHoOro i napabo/o-rinepboiaHoro) Tu-
Iy, Kl MalOTh BaXKJIMBE 3aCTOCYBAaHHS B I'a30/MHAMII], MArHITHI#N 1ijpojiu-
HaAMIIll, Teopil eJeKTPUIHNX KiJI, Teopii HECKIHYeHHO MaJIuX 3THHIB TTOBEP-
XOHb, B 0€3MOMEHTHIi1 Teopil 060J0HOK 31 3MIHHOIO KPUBU3HOIO Ta iH.

[Touarok BUBUYEHHIO KpaitOBUX 3a/ad JJjisd PIBHAHBb MIIIAHOTO THUIY Oy-
710 okjtasiero y poborax ®@. Tpikowmi [16] ra C. Tenmepcrenra [20], me 6y10
BIIEPIIIE TIOCTABJIEHO Ta JIOC/I/[?KEHO KPaiioBl 3a1a4i JJisd MOJIEJIbHUX PIBHSIHB
rinepb0J10-eIITUYHOTO THITY, TeIep BioMux sk ,3agada Tpikomi‘ i ,3a1a-
4aa l'esuiepcrenra’. Buepire Ha HeoOXigHICTE PO3IISYy KPAOBUX 33129 JIjIsd
piBHAHBL Tapabo/io-rinepbo/IivYHOTO THUIly, J€ Ha OfHiil YacTuHi objacti 3a-
raHo mapabosiiune piBHsHHS, a HA iHMIN — rinmepbosrigne, 6y/0 BKa3aHO B
1959 p. I. M. l'epbanowm |3]. Bokpema, BiH HaBiB HpUKJIAT 33/a4i PO PYX
ra3y 1o KaHaJly 3 HOPUCTUM HABKOJIUIIHIM CEPeJIOBUIIEM: PYX ra3y B KaHAJI
OTMCYBABCS XBUJILOBUM DIBHSIHHSAM, & 330BHI — piBHsgHHAM audy3ii. Takox

IITIMM im. 1. C. Iincrpuraga HAH Yxkpainn, kuz.anton87@gmail.com
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KpaitoBi 33714l A1 TAaKNX PIBHIHL BUHUKAIOTH B T€OPil €JIEKTPUIHAX KT Ta
MarHiTHi# rizpojgunamini. AK npukial, MOxKHA HAaBECTH TeaerpadHe piBHS-
" 0?U 0’U ou

— =CL— 4+ (CR+ GL)— + GRU,

Ox? ot? ot
ne U := U(t,x) — manpyra B nposiguuky, C' — emuicts, R — omip, L —
camoinaykifst, G — koedirierat srpar. Jlerko momituru, mo npu G = R =0,
piBHSHHS € rinmepbojiunoro Tumy, a npu L = 0 — napabojiiuHoro.

Baa4i 3 JOKAJIbHUME Ta HEJIOKAIBHUME (B TOMY YMCJI IHTErpajbHUMMY)
yMOBaMu it 1apabo/io-rinepOo/ivHuX PiBHAHD JAPYTOr0O MOPSIKY, PO3TJIs-
nasmcst y poborax I'. M. Crpyuinoi [14], €. C. Yduanaa [17], B. H. Bparo-
Ba 2], A. M. Haxymesa i X. I'. Bzxkuxarnosa |1], JI. A. Bominoi [5], H. FO. Ka-
uycrina [7], K. B. Cabirosa [21], I. P. FOunycosoi [19], B. O. Kauycrsna
ta I. O. IMumnorpaesa [6], I. 1. Casku Ta M. M. Cuwmotrioka [12] Ta in.
V 6araThox BHIIAIKAX KOPEKTHA PO3B I3HICTH TAKHX 3aa49 JJI OOMEXKEHIX
obJracTeil OB’ si3aHa 3 TAK 3BAHOIO NPOOAEMOI0 MAAUT 3Hamernukie [11], ska
pO3B’a3yBasiach HABEIEHUMU BUIIE ABTOPAMU TiTHKU YACTKOBO JIJIsT OKPEMUX
BUMAKIB 3a4a4. Tomy Kpaiiosi 3a1a4i 1 mapadosio-rinepoo iaHuX PiBHIHD
Ba/TUINAIOTHCST MAJIO JTOCIIKEHUMH.

Maremarudno epekT MaJnX 3HAMEHHUKIB MPOSBJIAETHCI Y TOMY, IO B
PO3B’I3KM PiBHSHD, IKi 300parKyIOThC PsIaMU, BXO/IUTh HECKIHUYEHHA KiJib-
KIiCTh 4jieHiB i3 koedilieHTaMu, 3HAMEHHUKHU SKUX € 9K 3aBrOJHO OJIM3bKU-
MU JI0 HyJisl, [0 COpUYnHgAE po30izkuicTh nux psai. A. M. Kosmoropos |9]
BAMPOIIOHYBAB JI/IsT PO3B’sI3aHHS MPOOJEMU MAJUX 3HAMEHHUKIB METPUYHY
KOHIIEMIIIO0 1 3aCTOCYBaB 11 70 3aja9l PO PyXW HA TOPi Ta B Teopii JAWHaA-
MIYHEX CHUCTeM. ¥y IHX 3aJadax MaJil 3HAMEHHUKU MalOTh BUTJISI JIHIAHIX
dopm (w, k) = wiky + - - +wpkp, w € RP| k € ZP. Inest MeTpudaHOro miaxomy
moJIAra a B HACTYIHOMY: 1) BpaxOBYBAJIOCH, IO JI/Is Maiizke BCIX (CTOCOBHO
mipu JleGera B RP) BeKTOPIB w BUKOHYIOTHCS OIIHKA

(W, k) = C(|ki| + -+ k)0, C>0,8>p, keZP\{0}; (1)

2) ana/i3 3612KHOCTI PsA/IiB 3 MaJUMK 3HAMEHHUKAMY [IPOBO/IMBCS JIUIIIE J1JIsi
THX W, K1 3aJ0BOIBHSOTE OmiHKN (1).

Ha ocHOBI MeTPpHYHOTO TiIXOMYy J0 OMIHOK 3HU3Y MaJUX 3HAMEHHUKIB
y mxosni B. W, TItanmumka suM Ta, #Oro yuHsMu 6y/I0 BCTAHOBJIEHO yMOBH
KOPEKTHOI PO3B’SI3HOCTI 33/1a9 3 HEJIOKAJBHUMH (y TOMY YHCJI TePio/IIHI-
MU, 6AraTOTOYKOBUMHE Ta IHTErpPaJbHUME) YMOBAMU 32 BULIEHOIO 3MIHHOIO
JUTS IMAPOKUX KJIAaciB JHIAHUX (a TakoK CIabKo HeiHIfHNX) piBHAHBL Ta
CHACTEM DPIBHAHD 13 YACTUHHUMHU MOXITHUMHA JIOBLIBHOTO MOPSAAKY 31 CTaIUMU
Ta 3MIHHIMEI KOediieHTaMn.

VY jauiit pobori, sika € possurkoMm [10], 1oC/IizKy€eThCsE KODEKTHA PO3B’si-
3HICTH 33124l 3 IHTErPaJIbHOI0 YMOBOIO 33 9acoM Jijid rnapaboJio-rinepbosid-
HOI'O PIBHSHHS JIPYTOT0O HOPsIKY 31 3MinauMEu KoedilieHTamu.
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2. OcHOBHI HO3HAYEHHA
Bynemo BUKOpHCTOBYyBaTH TaKi mo3HaueHHs: §;; — cuMBoJ Kponekepa;

r=(x1,...,2p) €ERP, dr=dxi---dzy
p

0 =0/0t, Op, =0/0xj, j=1,....p, A=) 02;
j=1

§S=(s1,...,8) €LY, |s|=s1+-+sp, O5=05 05!

1)

k= (k... kp) €ZP, |k = |ke| + -+ |kpl, K] = /K2 + - + K

DP = {(t,l’) 1t e (—Tl,TQ),l' S G}, Tl,TQ > 0,
D’ =DPn{t <0}, DY =D’N{t>0}; t €[0,T1],tzel0,Trf;

G C RP — obMexkeHa OIHO3B I3Ha 00JIACTD 3 TJIAIKOI0 MexKeo G,

CP¥(G) — xmac pusHavennx B obmacti G dymkmiit, ¢-Ti moxigmi AKIX
cupaBKyioTh B G ymoBy lenbiepa 3 nokasaunkom v, 0 < v < 1;

ATY — knac 3amkHeHux obnacreit, mis akux QYHKIT, M0 3a7al0Th y
JIOKAJTbHUX KOOPIMHATAX PIBHIHHS MEXKOBHUX MOBEPXOHBL THX 00J/acTeil Ha-
snexarnb knacy C9Y;

mesgp A — mipa Jlebera sumipnoi muoxunn A C R;

C; >0,j=1,2,..., — BeqimunHY, gKi He 3ajeKaTh Bix k.

3. ITocramoBka 3amadi

B ob6sacti DP posrisgaemo taky 3ajady: sHaiitu dbyukuio u = u(t, ),
sIKa, CIIPABIKYE HACTYIHI YMOBH:

[ Owu—a®)L"u =0, (t,z)e€ DE,

Lu= { Pu—bt)Lru=0, (ta)ep’, "EN (2)

to
au(-t1,2)+ 5 [ ult. )it = p(o), G, 3)

—t1

N — i A9 _

il_r)r(l)@t u(—e, ) il_r}(l)atu(e,x), ¢g=0,1, zed, (4)
L7, =0, j=1,....n, (5)

e
a(t) € C0,Ts], a(t) >0, b(t) € C[-T1,0], b(t) > 0;

Oé,/BE]R, 67&07 QDGLQ(G%
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L — enmintuunnit B G nudepeHtiaabanit BuUpa3 3 JHCHO3HATHIMI KOeirti-
e€HTaMu, BU3HAUYEHU (DOPMYJIOIO

p

L= 0p(wij(x)0s;) — v(), (6)

ij=1

npuuomy L0u = u, L = L(L" 1u), n € N.

4. dyHKIIOHAJBHI TPpOCTOPU

Hexaii obnacrs G nanexurs kiacy A™Y i koedinientn audepenmians-
HOro Bupasy (6) cupaBaKyOTh HACTYIHI yMOBH:

v(z) =0, ve 0 2Y(Q), wij € crbv(@), d,j=1,...,p. (7)
Bimomo [4], mo 3a ymos (7) 3amava Ha BIACHI 3HATEHHS
LX = —)\X, X|8G = 07

Ma€ MOBHY OPTOrOHA/IBHY (/151 3DYUHOCT] BBAXKATUMEMO i1 Ha1a/1i OPTOHOP-
moBanoi) B La(G) cucremy Binacuux dyskuiin {Xj(x),k € N}, Bci Biaacui
3HadeHHs i€l 3aja4i A\g, k € N, € gilficHUMU, HOLAPHO PI3HUMU Ta JIOJAATHI-
v Xy € C2(G), npuaomy

C1k*P <Ny < Cok?P, 0< C1 < Cy, k€N, (8)
max |95 X ()] < CaX/ 4TI g = Cy(s), kel (9)
zeG

Po3p’a3nicTs 3agadi gocaizKyBaTUMEMO y TakuX (PYHIIOHAJBHUX TTPO-
CTOpax:

Wy (G) = Wy 4 (L:G), b,y = 0, G € A™, — mpocrip dyukiiit
y € Lo(G) Takux, 1mo

Y= S A ep(2oA) < oo = [y() e
k=1 G

ne Ag, Xp(x)  Baachi 3mavenns ta siaacui dynkuii oneparopa (6), i3 nop-
Mot [|y; Wi+ (G) || = VY;

3ayBazKnMo, 1Mo Wp2,¢2,’72 (G) - Wpl,wh’ﬂ (G)a AKINO p2 > p1, P2 = Y1,
Y2 2 71, IpUHOMy

||y§Wp1,¢1,71(G)H < ||y§Wp2,¢2,72(G)H' (10)

C™([e,d], Wy ~(G)) — mpocrip dymkmiit f(t,2) = 332 fr(t)X(r) Bu-

sHadeHux B D Takmx, mo Jyist KOKHOro ikcosanoro t € [c¢,d] noximmi
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Of = >, fIEQ)(t)Xk(:L‘), g =0,1,...,n, nanexars upocropy W,y ~(G).
HOpMa B HbOMy HpOCTOpi BU3HAYACTHCA HaCTyHHI/IM YUHOM.:

n

max [|07f /0t W,y (G)]-

”f, C ([Ca d]’ WPWW(G)) ! t€(c,d]

=
q

Cm)(DP) — npocrip dbynxmiit u(t, ), ski € | pasis HenepepsHo mudepen-
MIHOBHUMHY 33 3MIHHOIO t Ta h pasiB HenepepBHO AudeEpeHIiioBHIME 32, X 13
HOPMOIO

Alu(t, x
‘U;C(l,h)(ﬁp)’ = max max |- 51(’ ()9 =,
0<|§|<ht€[0’T] z€ t500xy - Oxp
so<l
ne § = (s0,81,...,5p) €Z5, |8 =so+s1+ -+ 5p.

Ha wnigcrasi oninok (9), (10) sierko mokasaru, 10 CHPABEJIMBE TaKe
BKJIQICHH:

Wp+n+p/4,1/),’y (G) C C2n (G) )

O™ ([~T1, T2 Wpiapja.6 (@) € C2O(DP), p>o0

(11)

Osuauenns 1. Poss’askom  3adawi  (1)-(5) i3  npocmopy
CH[-T1, T); W, 40 (G)) N C%([=T1, 0], W,y p.n(G)) nasusaemo pad

u(t,z) = Z up (t) X (),

keN

de woorcen iz woediuicnmis uy(t) € O[Ty, To) N C%[~T1,0] sadosorvnse
pieHocms

uf(t) + (=) Ha(®)Nug(t) =0, 0<t< Ty, 19

{ () + (=) (NI (1) = 0, —Ty < ¢ < 0, (12)
auy(—t1) + S / uy(t)dt = ¢, (13)

ur(0 —0) = ug(0 + 0),uy (0 — 0) = up(0 + 0), (14)

de o = /Ggo(ac)é’(k(x)dx.
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5. Ilo6ygoBa po3B’a3Ky

Posp’s30k 3aa4i (1)-(5) mykaemo y Burysii psity

) = 3 un(t) X (@), (15)

keN

Je KoxkeH 13 KoedinienTtis uk(t) € po3s’s3kom BianosiaHoT 3a4aui (12)-(14).

Ilozuraunmo:

t
fult) = exp (-D"NA@) . A0 = [ a(r)ir (16)

0
for(t), f3x(t) — po3B’a3KM Takol 3a1a4i 11 3BUIAHOro MudepeHIiaIbHOro

PIBHSIHHSI:

F®) + (D)™ OAL fir(t) = 0, =T1 <t <0, (17)
0 =621, a=12 j=2.3. (18)

Baysaxkumo, mo (yskiil for(t), fsx(t) yTBOpIOIOTH HOpMaAbHY (B TOUI
t = 0) dbyngamenTanbay cucremy po3s’si3kiB piBagnHs (17).
Baraspanil po3s’a30k piBHaHHA (12) Mae BUIIST

~f Cwfik(t), 0<t<Ty,
uk(t) = { Cop for(t) + Cap far(t), —T1 <t <0, keN. (19)

[Mincrasusmm dopmyny (19) B ymosu (13), (14), orpumaemo Taky cucre-
My JHHIHEX aareOpHIHIX PIBHAHD /s 3HaXOMKeHH HeBimomux Cly, j =
1,2,3:

Cir — Cox = 0,
(=1)"Aza(0)Crg — Csp, = 0,
(20)
Cucﬁfo Jik(t)dt + Co, (Oéf% —t1) +/8f for(t) )-l-
+Coi (for(—t1) + 8 2, axlt) (Hdt) = ¢
Busnaunuk cucremun (20) 306paxyerses hopmysiow
to 0
0 —t1

e

gk (t) = far(t) + (=1)"Aya(0) fax (). (22)



154 A. M. Kysp

Binowmo, 1o cucrema (20) mae equnamii po3B’s30K TO 1 JMIIIE TOL, KOJIH
A(k,t1,t2) # 0, k € N. Jlerko nokazaru (MeTOJ0M BiJi CyIPOTUBHOIO), 10
zagada (12)-(14) He MOyKe MaTH JIBOX PI3HUX PO3B’SA3KIB JIJIst TUX 1 JIAIITE JJIsT
tux k € N, mug axux A(k,t1,t2) # 0 (nus. Takox [15]).

Teopema 1. Jlas edunocmi poss’asky sadawi (1)—(5) y wxanri npocmo-
pie CH([=T1,To); Wy (G)) N C*([—T1,0], W, 4.n(G)) neobxiono i docums,
Wob BUKONYEANACH YMOGA

Vk e N A(k’,tl,tg) 75 0. (23)

Hoseneuns. Heobxionicms. [Ipunycruvo nporunexne: ymosa (23) me
BUKOHYETBCs1, T06TO jitst sesikoro k € N A(k, ty,t2) = 0. Toxi icmyiors He-
rTpusianbhi po3s’sizku ug(t) Burusty (19) oxHopiguoi 3amaqi (12)-(14), xe
cTaJi C’q,;, q = 1,2,3, BU3HAYAIOTHCA 3 OJIHOPIAHOI CHUCTEMU AJTEDPUIHUX
piBusnb (20), BusHauHKMK KOl 36iraerbes 3 A(k, t1,t2). Tomy ogaopinna 3a-
nada (12)-(14) mae merpusianbui poss’asku u(t, r) = uj(t)Xz(z), a po3s’s-
30K 3azad4i (1)-(5), axmo BiH icHye, He Oyae €INHNM.

Jlocmammnicmy. Hexaii Bukonyerhest ymosa (23). Ilpumyctumo, 1mo icuy-
I0Th JIBa PO3B’s13KM PO3B’si3ku Uy (t, x), uz(t, x) 3amaui (1)-(5) 3 mpocropy
Cl([_Tlv 13]; Wﬂﬂl’ﬂl(G)) n 02([_T17 0], Wpﬂﬂ,n(G))' Toni dbyukuis a(t, z) =
ug(t, ) — ui(t,x) e poss’askom omgHOpimHOoi 3azaui (1)-(5) 3 mpocropy
CH[-T1, T); W, 40 (G)) N C’Z([ T1,0], W, ».n(G)). Koxunii i3 xoedirien-
TiB U (t) byskuil u(t, x) € po3s’a3kom oxuopiaHol 3ama4i (12)-(14). Ockiab-

u A(k,ty,t2) # 0 ana seix k € N, to ognopigna sagaua (12)-(14) mae
JmIne TpuBiagbHi po3B’askm juia Beix kK € N, a orxe ug(t) = 0, k € N,
Beigcu orpumyenmo, mo 4(t,z) = 0 y npocropi CH([—T1,T2); Wypn(G)) N
C*([~T1,0], Wy n(G)), T06T0 u1(t, ) = us(t, ). ]

Ba ymosu (23) icuye eaunuii poss’szok cucremu (20), a dopmasnbuuii
po3B’sa30k 3amadi (1)-(5) 300paxkyeThest hopMyT0t0

Z orfir(t) Xe(z), 0<t< T,
pymr A, t1,t2)
u(t,z) = (24)
ZA‘P’“Q’; k@), ~Ti<t<0,
keN :u’k‘a 1, 2

6. IcHyBamHsa po3B’da3Ky 3amadi

Pan  (24), ®B3arami, € pos3biKHEUM y  IIKaIl  IIPOCTOPIB
CH[~T1, To}; Wy p.0(G)) NC*([=T1,0], Wp,p.n(G)), 60 Bupas |A(k,t1,t2)],
OyLydu BIIMIHHUM BiJ HyJIs, MOYKe HaOyBaTH K 3aBTOJHO MaJINX 3HAUYEHb
It HecKindeHHOI Kinbkocti wmcen k € N. Iammmu cnoBamu, icHyBaHHS
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po3B’sa3Ky 3a1adi (1)-(5) y mux mpocTopax moB’s3aHe 3 TPoOJIeMOI0 MAJIIX
3HAMEHHUKIB.
[Tozmaummo:

Ty 0
A= /a(t)dt, B= /b(t)dt.
0 -1

Teopema 2. Hexati surxonyemovca ymosa (23) ma icnyroms dodammi
CMaai 1M,V Maki, wo oaa 6CIT (Kpim CKIHYEHNOT Kiavkocmi) namypasonus k
BUKOHYEMDCA HEPIBHICTTLD

|A(K, t1,t2)] > AT exp(—vAY). (25)

rwo () € Wy, 4on(G), de g1 > p4+n-+2n, go > +v+max{A, BT}, mo
icnye edunul poss’asox u(t,r) sadawi (1)-(5), y wkaai npocmopie
CU[=Th, Tl Wy n (G))ONCH[ =T, 0], Wiy (G)). e poss sson sobipasrcy

emvea gopmyaoto (24), npuvoOMy SUKOHYEMBCA OUIHEKG

max{|u; C*([=T1, ol Wp,p,0 (G|, llus O ([T, 0], W,y (G)) I} <
< Callo; W gom (G, Ca:= Ca(n, b(0), a(T), B).

Josenennst. s koxuol 3 dbyukiit for(t), ¢ = 2,3, ma migcrasi (17),
(18) i Teopemu 4 y [8, c. 27| orpumyemo Taki OLiHKM:

077" fur(0)] < C5(1 + 2053 BN) exp(BALIH), j=1,2,3.  (20)
3 (22) Ta (26) punnBae HEPIBHICTH

, r[n%ﬂXm lajilgk(t)‘ < 06(1 + 25j73§)\2) Zexp(B)\ZTl), j=1,2,3, (27)
el—11,

ne Cg = 2C5b(0). Ha nigcrasi (16) orpumyemo

max 0] Fi ()] < (1+ 0j2a(T2)AR) exp(AND), = 1,2. (28)
42

Ba ymos Teopemu 3 dopmyit (19), (24)-(27) BunamBaooTh Taki ONiHKM:

max |0/ tug(t)] < Cr i\ T x

te[leyTQ] (29)
X exp ((1/ + max{A4, BTl}))\Z) ,j=1,2,
max [0 ug (1)) < Csler| A7 %
te[—T11,0] (30)

X exp ((V + max{A, BTﬂAQ}) , j=1,2,3,
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ne C7 = 2max{a(Tz),Cs}, Cs = 206 B.
3 (24) ra (29) orpumyemo, mo

s CH (=T, Ta)s Wi, (G)) |

Jj=12 [—T1,T%]

1/2
<2 ( max{ max |8£_1uk(t)]2} A7 exp(21/1/\2)>
keN e
(31)

1/2
<205 (Z lon | 2AZEHTE o (2(V + max{A, BT} } + ¢)Ag)>
keN
_ 207”807 Wp—l—n—i—n,u—&-max{fl, BTl}—l-dJ,nH.

Ha nigcrasi (30) ananoriqso nokasyemo, 1o

lw:C2 (=11, 0]; Wi, (G))

1/2
<3C%g (Z ’¢k|2/\z(p+n+2n) exp (2(1/ + max{A, BT}} + z/;)AZ)) (32)
keN
— 308”90, Wp+n+2n,u+max{ﬁ, ET1}+¢,n||.
3 nepisuocreit (31), (32) orpumyemo oLiHKY

max{|Ju; O ([=T1, Tals Wi, (G)) I, 1us C*([=T1, 0], Wpn(G)) 1} <

< C9H‘P§ Wq1,q2,n(G)H,

ne Cy = max{2C7,3Cs}, 3 KOl BUILIMBAE JIOBEJICHHS TEOPEMH. [ ]

BayBaxkenns 1. SIkmo B ymoBax teopemu 2 mapamerpu p = n + p/4,
¥,y > 0, To 3 Bknagenns (11) BunymBae iCHyBaHHS KJIACUYHOIO PO3B SA3KY

samadi (1)—(5) — poss’ssky 3 mpocropy C'12(D") N C22M)(D"),

7. OmiHku MaJnxX 3HAMEHHHUKIB

3’acyemMo, KoM BUKOHYETHCsi HEpiBHiCTL (25). Ijist 1boro Ham 3Haji0-
O/IITHCS JesKi JOTTOMIKHI TBEPIKEHHS PO OIIHKY 3BEPXY MiP BUHSITKOBUX
MHOXKWH TIQIKUX (DYHKITI.

Jlema 1 ( [11]). Hezatd ¢pynwuin f € C"[c,d] i nexati das scix t € [c,d]
BUKOHYEMDCHA HEPIBHICTD

7M@) =6 > 0.

Todi
mespE(f, e, [c,d]) < Ci1y/€/9.
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Mok uBicTh BUKOHAHHS OMiHKH (25) 3’sicyeMo BiIHOCHO mapamerpa ta,
SIKUiT € BEDXHBOIO MEXKEI0 IHTerpyBaHHs B yMOBi (2).

Teopema 3. Hexati 6 ymosax (2) B # 0 man =2m, m € N, y pienanni
(1). Todi dna matioce eciz (cmocosno mipu Jlebeza 6 R) wucea ta > 0 ma
0AA Q0BIAHUL vyt Hepiericmy (25) eukonyemovea npu

?7>g+5, r=0, >0,

0as 6CIT (KpPim, MOANCAUBO, CKinuennoi Kiavkocmi) wucea k € N.

SAxwo n = 2m + 1, m € Zy, mo daa matioice 6¢iT (CmMocosHo Mmipu
Jlebeza 6 R) wucea to € (0,T2], ma das eciz (kpim, mMostcauso, cKinuennol
Kiavkocmi) wucea k € N i dosinvrur o, t) nepiswicmo (25) sukonyemves
npu

n =20, v>2A+4e e>0.

Hosenennsi. Hexait n = 2m, m € N. [loznaanmo:
_p_
Ei(k,ts) = {tz € [0, T3] : | Ak, b, t2)| < A, } e>0.

Badikcyemo uncio k = k € N. Toni na migcrasi (16), (21) Ta, BpaxoBYIOUH,
mo A\; >0, A > 0, orpnmyemo ominKy

8A(7;’7 t1,t2)
Oto

— [Bexp(AzA)| > 18], (33)

Tozi 3 oninox (8), (33) Ta j1emu 1 BuIIHBAE, 110

2e

A~ _p__ ~
mesg By (k, t2) < |B7'A 7T < Ok, (34)

ae Ci7 = Ca/|B|. 3 (34) Bunnusae, mo psag Yoy mesg By (k, ta) 36ixumit, a
orke, 3a emoro Bopens-Kanresni, mipa tux ty € [0, 1|, 11sa axux BUKOHYE-

p
- -2¢ . . .
Thesa HepiBHICTD |A(K, t1,t2)| < A\, ? , mopiBmioe Hystesi. TobTo, ams Maiixe
BCix (crocosro mipu Jlebera B R) uucen to € [0, 7] BukoHyeThCs1 HEPIBHICTD

)

_p_
IA(k,t1,t2)] > A2, v<O.

Hexait Teriep n = 2m + 1, m € N. Tloznaunmo:
Ba(ktz) i= {2 € (0,75 : |A(K, t1, )] < exp(—(A+)A) }, & >0,

Badikcyemo uucio k = k € N. Toxi 3 (16), (21) Bunmsae, o

3A(72?7 t1,t2)

G| = [Bexp(- A > 8lexp(-XE A (35)
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Ha mincrasi (8), (35) Ta jemu 1 oTpuMyeMo Taky OIIHKY:
mesg B (k, t2) < 8] exp(—eX?) < |87 exp(—e(Ca)"k*"/P). (36)

3 (36) Burumusae, mo psijt oy Mesg Ea(k, o) 36ixkuuit i ananoriaaumu j10
MIOIIePeTHHOT0 BUITAIKY MIPKYBaHHIME OTPUMYEMO, IO Tpu N = 2m + 1 jajia
maiixke BCix (crocoro mipu JleGera B R) uncen to € (0,7T3], Bukonyerncs
HEPiBHICTH

Ak, tr,t2)] > exp(—(A+)AF), 7 <0,

3 SIKOI 1 BUTLJIUBAE JIOBEJIEHHS TEOPEMU. [ |

8. Bucuosknu

B poboti Ha OCHOBI METPUYHOrO MiAXOMy [0 MpOOIEMU MajuX 3HAMEH-
HUKIB BCTAHOBJIEHO YMOBU KOPEKTHOI PO3B’sI3HOCTI 33/1ad9i 3 iHTErpabHOI0
YMOBOIO [IjIsT Tapabo,/10-rinepboIiYHOr0 piBHAHHS 31 3MiHHUME KOedilieHTa-
vu. OuiHKKM Ma/mX 3HAMEHHUKIB BCTQHOBJIEHO st Maiike BCIX (CTOCOBHO
mipu JleGera B R) 3Hauens Bepxuboi Mexi iHTerpyBantusg. OTpuMani pe3ysib-
TaTU MO2KHa INOIMUPUTU Ha BUITAI0K piBHHHb BUTJIALY

{ (9 — alt)L")u =0, (t,) € DY, (37)

(O — ba(H)L™) (0 — by (t) L™)u =0, (t,x) € DP,

ne a(t) > 0, by(t),ba(t) > 0 — 3amanmi gocrarabo raagki dyskmii, £ — xu-
dbepennianbamit Bupas, 3amanuii hopmynowo (6).

Hanucannsa uiei cmammi, 63azani xascywu, 6ys0 6 HEMONCAUSUM 03
Bozdana Hocunosuwa. Hozo 110606 0o mamemamuru, npaueaobnicms, yeaza
do demaneti ma MoYHICMb 8UKAGIY JYMOK 3a62CIU OYIYMb OPIEHMUPOM OAA
a8mopa Y 8AGCHUT HAGYKOBUT NOWYKAT.
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Anton Kuz’

A PROBLEM WITH INTEGRAL CONDITION
WITH RESPECT TO TIME

FOR PARABOLIC-HYPERBOLIC EQUATION
WITH VARIABLE COEFFICIENTS

In this paper we study a problem with nonlocal condition with respect
to the time variable containing an integral term for a mized parabolic-
hyperbolic equation. For this problem, we established a criterion of
uniqueness and sufficient conditions for the existence of the soluti-
on. To solve the problem of small denominators encountered in the
construction of the solution we use the metric approach.
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YIK 517.95

Tasnnaa Jlonymancska!, Bitamgis IITymcbka 2

OBEPHEHA 3AJJAYA SHAXOA2KEHHA MOJIOAIIINX
KOE®IIIEHTIB ¥ TEJIET'PA®HOMY PIBHfHHI 3
APOBOBMMU ITOXIITHUMHN 3A YACOM

Zlosedero odnosnauny poszs’saanicms obeprenoi 3adaywi Kowst das pis-
HAHHA

uf® — a®Au— r(t)uf” — b(t)u = Fo(z)g(t), (x,t) € R™ x (0, 1]

3 dpobosumu NOTIOHUMU, 3640GHUMY Y3a2aabHeRUMU GyHKUTAMU F{
Ma Y NPABUT YACTNURGT NOYAGMKOSUL YM06. 3adaua NOAA2AE Y 3HATO-
dorcenni mpitivu Gynryil: yaazasorenozo po3e’asky u (nenepepsnozo
34 YACOM 6 Y3U2AABLHEHOMY CEHCI) Ma HeGI0OMUT HETEPEPEHUL Koe-
diuienmis b(t), r(t), t € [0,T].

1. Beryn

ObGepueni kpaiioBi 3aja4i Ha BuU3HAYeHHA abo rojoBHOrO KoedirieHnTa,
abo mpaBoi gacTuaU, ab0 TMOPSAKY APOOOBOI MOXiAHOI v piBHAHHI, a0 HEBi-
JIOMOT KpaitoBol ymoBu BuBdasuch y [1] — [8] ra inmux mpargx, po3s’si3HicTh
npsmol it obepHeHOT 3aJ1ad [I/IsT OJHOTO KJACY PIiBHSHB i3 mceBmoaudepen-
niagbHUM ornieparopoM BeraHoBseno y [9]. OGepreni 3aga4i 3 HeBlOMUMHI
MOJIOMIIINMEU KOedilieHTaMu y PIBHAHHAX i3 ApOOOBUMU TOXITHUMHU MaJI0
susueni. Y [10] 3HaiigeHo jocrarHi yMOBM iCHYBaHHSI 1 €IMHOCTI PO3B’SI3KY

(u,r,b) obeprenoi 3amaui Kommi nys piBastabs
uga) — r(t)ugﬁ) +a?(=A)Pu — b(t)u = Fy(x)g(t), (x,t) € R™ x (0,T],
3 apobosumu noxigauMu Pimana-JIiyBiis uga),u§’3 ) 1a (—A)/?u, BusHade-
HOIO 3 BUKOpHCTaHHsM nepersopenns Dyp’e: F[(—A)Y/2u] = [\ Flu], upu
€ (1,2), B8 € (0,1), v > «, ysaranpuennx ¢ynkmiax Fy Ta B mo9aTKOBUX
ymoBax, mesigomux b, € C(0,7] N L(0,T).

TyT po3riiggaemMo Taky XK 3aJa49y IpH ¥ = 2 1 TOKAa3yeEMO, IO ¥ TIbOMY BU-
[MA/IKY, 3aB/IsIKA HASIBHOCT] €KCIIOHEHT Yy OI[IHKAX KOMIIOHEHT BEKTOP-PyHKIT
I'pina, moxxna BU3HAUNTH HEBimoMi kKoedimientn y kmaci C[0,T] ta po3s’s-
30K U 3aJa4l, aKuii Hemepepsuuii (B y3aranbuenomy cenci) mpu t € [0, 7.

! IeBiBCchKUiT HarioHa pHMI yHIBepCHTET iMeni IBana Ppanka, lhp@ukr.net
2 JIpBiBchKIit  HamioHaabHHE yHiBepcuTeT iMemi Ipama @pamka, vrapi-
ta@gmail.com
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2. Ilozuavenns, hpopMy/aIOBaHHA 33Ja4i i JJOMOMI>KHI pe3yJib-
TaT!

Hexait N — muoxkuna narypanbaux aucen, Z, = NU{0}, @ = R" x (0, T,

n €N, D(R") - upocrip neckinuenno pudepenuiiiopunx dyHKuii i3 KOM-

maktaEvE wocisvm B R™, £(R™) = C®(R"), D¥(R™) — npocrip dbymkmiit

i3 CF(R") 3 KoMmAKTHEMHE HOCisgMH, |l¢llpr@ny = max max [D%p(x)],
|| <k TE€suppp

k e Z+7 A€ K = (K‘l?"'aﬁn)v Kj € Z+7 ] € {1,...,71}, |K’| =K1+ +

Kn, D p(z) = %, D(Q) — mpoctip HeckimdeHno udepeHIiioBHIX

dyHKIii i3 KOMITAKTHUMEU HOCIAMP 1 TakwWx, II0 (%)kv\t:T =0,k € Zy,

D'(R™), &'(R™) i D'(Q) — npocTopu MiHifiHNX HemepepBHUX (DYyHKITIOHAIB

signosiano na D(R"), E(R") 1 D(Q), DL(R)={feD'(R): f=0,t <0},

D(Q) ={v e D'(Q) : (v(-,1),()) € C[0,T] Vo € D(R")}.

Yepes f*g mosHagaeMo 3rOopTKY y3araJbHuX (GyHKINNH f 1 g, BHKOPUCTO-
Bye€MO (pYHKIIITO

A—1
) = {H(t)t JT(\), A >0,

fia (@), A <0,
ne I'(z) — rama-dyukuis, 0(t) — dynkuis Xesicaiina. 3aypazkumo, 1110
In# o= Pavp-

Haramaemo, mo moxigna Pimanma-Jliysina mopsiaky § > 0 BuzHadena ¢op-
MYJIOIO
UIEB)(w,t) = f_p(t) x v(z, 1),

a noxigaa Kamyro — dopmyitoro

t
Dt’gv(m,t) = [(t— T)”_a_laa%v(x, T)dT
0

mpun—1<a<n, nelN
Busgaemo obepueny 3amaay Korri

W — a2Au— r@ul”) — b(t)u = Fy(z)g(t), (z,t) €R™x (0,T]), (1)
u(z,0) = Fi(x), w(x,0) = F(z), v € R", (2)

(u('at)"pl(')) = (I)l(t)a (u("t)v@Q(')) = (I)Q(t)a te (OvT] (3)

mpu « € (1,2), 8 € (0,1), ne Fy, F1, Fy — 3amani y3aranpaeni ¢yHKIIl,
g, ®1, Pa, w1, 02 — 3amani peryssipai byHKIUT, u, r, b — HeBigOMI dYHKIIT, Ye-
pe3 (f, ) mosHayeno 3Ha4eHHa y3aragbHenol byHKHil f Ha OCHOBHIi (dyH-
KIil @, a? — ojarHa CTAsA.

[Tozravaemo:

Ca2(Q) ={v € C(Q) : Av, Dj'v € C(Q)},
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Ca2(Q) = {v € Cap(Q) [ v,u € C(Q)},

(Lo}, 1) = 0} (1) = a*Do(a 1),

(L"9v)(x,t) = D¢v(x,t) — a?Av(z, t),

(Lv)(z,t) = foa(t)iv(z,t) — a®Av(z,t), (2,t) € Q, ae
foa(®)*v(x,t) = (f,a(T), v(x,t+ 7')) mpn v € D(Q).
[Ipasmibua dbopmysa [pina [11]:

/ o(y, 7)(E) (g, 7)dydr = / (L790) (y, 7Yy, 7)dyclr—
Q Q

/ v(y,0 dy/fZ a(T)Yr(y, )d7+/vt(y,0)dyif2a(7)¢(y T)dT
0

R7
Yu € Oa,z(Q), ) € D(Q).

Ilpunymenusi:

(Al) F(),Fl,Fg eg’(R”) gGC[ ],
(A2) @5, 2", &) € Cl0,7), p(t) = (1 > 2(t) — ®1(8) Y (1),
"), j

f =po >0, 0p;: €D =1,2.
tl(%T]lp()l po >0, ¢; (R

Osuauenns 1. Pose’asxom 3adawi (1)-(3) nazusaemo mpitixy dynwuit
(u,7,b) € U(Q) = D(Q) x C[0,T] x C[0, 77,

AKA 3040060ADHAE MOMOANCHICTND

T

T
(u, L)) = / 9(t) (Fo(-), (- 1)) dt + / r(t) (ud? (1), (-, 1)) di+
0

T
+/b(t)( (-t dt—l—z ) fi—a(t),d(z,t)) V¥ € D(Q)
0

ma ymoeu (3).
Heobxioni ymosu nozodocennsa danux

(Flﬂoj) = (ﬁj(o)v (F2,<,0j) = (I);(())’ J=12 (4)

g noBefieHHd pO3B’3HOCTI 3a/iadi BUKOPUCTOBYEMO MeTO (PYHKIIT
I'pina.
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Osnauenns 2. Bexmop-gynwyia (Go(z,t), G1(z,t), Ga(z,t)) mara, wo
npu docmamnso Pe2YAAPHUT go, g1, g2 PYHKYLA

t

w(z,t) = / dr / Golw — y,t — 7)go(y, 7)dy-+
0 R»
2

+ZI/GJ'(9: —y,t)g;i(y)dy, (x,t) €Q
J=1lpn

e waacunnum (is Co 2(Q)) pose’asxom sadawi Kowsi
L™u(x,t) = go(,t), (x,t) € Q,

u(x70) :gl($)7 ut(x,()) :.92(x)a x GR”,

HA3UBAEBCA sekmop-Pynruyicto I'pina yici 3adayi.

TTozHauaeMo:
T
(Go)(y,7) = / / Golx — y,t — T)p(z, t)dadt,
T R™
T
Gi0)(y) = / / G — . )pla, Odadt, j= 1,2,
0 Rn
(@) t) = / Gl — . t)pla) do, j=0,1,2.
]Rn

Brigno 3 [12] Maemo 300parkenHsi KOMIIOHeHT BeKTOp-pyHKIil ['pina

fn/2ta71 ‘ ’2
_T 20 (1717 (e, @)
Gol@, ) = || 1,2 <4a2t0‘ ‘ (1,1) (n/2, 1)> ’
—n/24j—1 2 .
e A X O L (W) o
G]($7 t) - |:L"” 1,2 (4(12_[:& (1’ 1) (’I"L/2’ 1) 5 ] — 1,2,
m,n (a1,7m) - (ap77p) B .

ne Hpq (2‘(617 R H-dynkuis @oxkca [13]. 3a Bracruso-

crsivu Ti€T DYHKITT 0IePKYEMO OITIHKH

a—1 2 14 n—a_ 212\ 2a
t (ﬂ) ey () T
|x‘n 1o

|Go(z,t)| < C

)

n+2-2j PN

L rxP ey _e(l22) e a
|Gj($7t)|§0‘x|n(tl)“ 2 (&) , j=1,2npnlz| >t2,
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, n > 2
Gty < Tl ymntisy ) T
Gotar 0] = O () =Cot+mEE), =2,
tz 1 n=1,
2—nyj—l—a
. _ Ctj_l |$’2 min{l,% s "f’ -~ at P ‘x| n > 27
Gz, )] < PO (tT) ¢ (1+ ), n=2,
=13 n=1,

)
j=1,2npu |z| <tz. Tyri gani depes C mo3HauacMo pisHi K01aTHI CTAI.

Jlema 1. Jlan eciz k € Z4, mysvmuindexcis k, |k| =k, ¢ € D(R"™)
NPABUABHL HACTNYNHI OUIHKW!

| D (Gow) (y, 1) < Ct* ||l pr )
| D5(Gow)t” (y, )] < Ct Y0l I pr gnys
| DE(G50) (5, 1) < CEH Yol Ik ny
DG (5, 1) < CH Y[l lpr ey, (4:8) € Quj = 1,2.

Hosenenns. Jlema noBoauthest gk [10, gema 1| 3 BUKOpUCTAHHIM Ha-
BEJEHUX BUIINE OI[IHOK KOMIOHEHT BeKTOp-dyHKIl ['pina. Posrasmaemo Bu-
magok n > 2. OckiaIbKa

0
——Gj(zr—y,t), i=1,...,n, 7=0,1,2,

0
—Gj(z—y,t)= B

0y;

1 mos1ibHO JiyIst TOXIIHUX BUIMX TIOPSAAKIB, TO jig Beix ¢ € D(R™) ta MyJib-
TUIHJIEKCIB K

Dr(Gip)(y,t f Gy( “p(x)dx

3a YMOBH piBHOMipHo'l' 36i2KHOCTI 1HTErpaJIiB

an y,t f G ”(p(x)dx, Jj=0,1,2.

3a mux yMOB i3 monepesHbol piBHOCTI 0JIEP2KUMO, IO D“(@jgo) € C(Q),
j=0,1,2 qysa gosinbaux ¢ € D(R™) i mynabruingexcis k.

ITokazkeM0 piBHOMIpHY 301KHICTH IHTETpATB Uj (Y, t) A/ KOXKHOIO K.

Bpaxosytoun oninku dbyukiii Go(x — y,t), dinitaicts Ta obmekeHicTsh
byukmiit Dp(x), (z,t) € Q, y Bumajxy |x| = k, omepxyemo

<[ [ 1Gote— )] D pta)lde+

x|z —yl2 <t
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v [l ol D] <do| [ PR

dz+
x:|z—y|2 >t x:|z—y|2 <t

pa—1 EPAPAS B ST lo—y|2 \ TG
+ ‘l' y’ 2(2 )efc(it(}:l ) ’Dﬁw(l‘)’dl’ <
[z —ylm\ e

|z —y|2 >t
o2 d a-1 .2 L
1 o=l p2 4, n—a  (:2\Za
< dok,1 [Z / rdr + / . (fa) 3-a) ¢ c(ta) dr] HSOHD’C(RW) <
0 ta/2

“+00

< doﬁyztafl [1 + / Zn+172aefczdz] H@HD’“(R”) <
1

< do 3t ol Dk mny, (¥,t) € Q.
Tyrinani dj.o = C, do,dj i djrr (7 =0,1,2,3, k € Zy) — nonarsi crai.

Bpaxosytoun ominku ¢yukuiit Gj(x — y,t), j = 1,2, ananoriano ozep-
JKYEMO

et <| [ G- p D ela)dot

Tz —y|2<te

. DKZ
- / Gj(x—y,t)D“go(x)dx‘ < dju0 [tﬂ—l—a / 1D ()|

d
g2
z:|z—y|2 >t x:|z—y|2 <t
K 2 nt2-2j oeul2\ Tog
L h/i W) ¢(Tz|(kvtay| )2@’“)6‘C(L7%L)2 dz) <
T —y
x:|lz—yl2 >t
/2 +o00 :
<d j—1-a j—1 Y= —c(é)ﬁ
< djea [t rar+ 07 [ 7 ()T e ) o ey
0 ta/2
+oo

< ot 14 [ 22 0 gl <
1

< djwst " lellpr@ny, (4:8) € Q, k=1sl, j=1,2.

Bpaxosytoun pesynbratu [10] i Bractusocti H-byukiii [13], onep:kyemo
300parKeHHsT

P —n/2ta—ﬂ—1 |x‘2
(Gop)y " (2 1) PR 23 \ 1g270

(1,1) (a-=B,0q) )
(1,1)  (n/2,1)  (1,1)
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(O‘_5705)

_ ﬂ.—n/Qta—B—l 2.0 |l"2
4 (1,1) (n/2,1))"

|x|n 1,2 a2t

(1,1) (-8 >
(1,1) (n/2,1) (1,1)

ﬂ.fn/2tj7571 271< |x’2

8 _
(GJ(P) (.Z' t) - ‘:C|n 4a2to¢

TP (G~
IR 12 \4a2tel (1,1)  (n/2,1)
Ta icHyBaHHg nux QyHKIiH 11 Beix  # 0, ¢ > 0. Bigowmo [13], mo npu
at =30 v — Zzp:n-i-l Vit Dol i — Z;ﬁ]:m—l—l a; >0
*t1/2 aF
H40 Z‘(a1a71) s (aZH’YP)) <Oz HT(E*CMA .|zl = oo,
P < (b1,00) ... (bg,)) — 1 1

e
_ B
A* = q =1 %~ Z?:l%'a M*:Egzlbi_2f=1ai+L2qaC:(2—5)52‘5-

Bukopucropyoun ofepzKani 300pakeHHa (DyHKITii (@@iﬁ ), j=0,1,2,
MaeMO
A*:a*:2—a>0, MéznTH+ﬁ_av #;:%-H_‘_B_]’ ]:172

8
Orox, y Bunagky |x| > t2 omepKyemo

Go OBl |2 MRS a2y e
(Gow) P (2, 8)] < Cy o (I;Cl) o e(28) T
T
N ti—1-8 2 M o2 7
(@07 @, 0] < G (LY ()™ o

. . . B
Briguo 3 [13, Teopema 1.12], omepKyemo HACTYITHI OIHKY 0pu |x| < £2:

—p—1 j—1—f—a

—~ (B t =~ (8 t
(Gop)” 0] < Cop oy (Ci) )] < Gy G = 1,2
Ak Bume, 3HAX0IUMO

=\ [ D ()]

’DZ<GO<P)§ )(y7t)| < dO,H,O[ / de‘i‘
x:|z—y|2 <t

taB=l g g2\ ME2E2ES2 2y g

" / |:C—y|n<‘ Y e ()T D)

x|z —y|? >t
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e rdr do ja—B-1 .2 n+2426-2a -
2(2—a) —c(r) %=
<l [ 55+ [ (5) )" ]Il <
0 ta/2

00
< dO,n,Qta_B_l [1+/Zn+1+2ﬂ—2ae—czdz}”SDHDIC(Rn) <
1

< dO,n,Btaiﬁilu(PHDk(R”)’

5 \(8) |D" ()|
D ) B =T
|z —y|2<te
ti—1-8 12 Lﬁﬁaﬂj (=) P
v [ () T e T ] <
r—=y
x:|z—y|2 >t
tee/2
<4 rdr
< ml[ A—j+hta T
0
W i1mp 2 nt2426-2) (z)%
22—« =
) e=lim) ™ dr] |l oy <
ta/2

oo
< dj,/{72tj_1_ﬁ [1 4 /zn+1+26—2j6—czdz} HSOHZ)’“(R") <
1

< djy"i:3tj_1_ﬁ|"10HDk(R”)v (y;1) €Q, k= ‘M? J=12

3. Teopemu icHyBaHHSA Ta €AUHOCTI

Ak npu nosesenni Teopem 11 2 i3 [10], Bukopucrosyoun Jsemy 1, mo-
Kazyemo, mo 3a npuiynienas (Al) npu menepepsuux r(t),b(t), t € [0,T]
Oyab-sikuit po3s’a30k u € D (Q) piBusHHS

(1) 00) = hott) + [ 7(0) (7). o)t = 7))art
0
’ (6)
+/b(7') (u(-ﬂ'), (@090)(-,75 — T))dT Vo € D(R"),t € [0,T],
0
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e

+ [ 9 (Rat), Gog)ot =) )ar, t € [0.7),

0

€ poss’szkom 3agadi Komi (1), (2). fk y [10] nokasyemo, mio inrerpaiu B
(6) 1 hy(t) nemepepsui na [0, 7] npu nosiabmiit ¢ € D(R™).
3 pisasinng (1) orpumyemo

(i (1)) = 0 (u(, 1), Ay () =
= r()(u” (1), 05) +b(0) (ul 1), 05) + 9(0) (Fo 5), 4 =12,
a BUKOPUCTOBYYH yMOBH (3), MATHMEMO

O\ (1) = a?(ul- ), Apr () + (S (1) + b(t) @1 () + g(t) (Fo, 1),

(a) 2 (B) (M
V(1) = a® (ul-. 1), Apa()) + (OB (1) + b(OD2(t) + 9(0) (Fo. 2).

3Bijcu, BpaxoBytoun mpuiyiieHas (A2), 3HaAX0MMO HerepepBHi (DyHKIT

r(t) = [(2{7(1) = a*(u(- 1), Apr() = 9(8) (Fo, 1) ) @2(t)-
—(20() = @ (u(-, 1), Aga()) = 9() (Fo, 02) ) <>}/p<>

b(t) = [ = (@17() = a*(u(, 1), Apr () = g(t) (Fo, 1) ) @4 (8)
+(257(1) — @ (ul-1). Do) ~ <t>(Fo,¢2))q>“ <t>}/p<
t€10,T7.

[Moznaunmo uepes Hy(u,t), Ha(u,t) nupasi vacruun (8), nigcraBumo ix y
(6) Bigmosigno 3amicts 7(t), b(t). OTpumyemo HesiHiiiHe onepaTopHe piBHSI-
HHA

(u(,1), () = he(t) +/Hl(uvf)(uTﬂ)(wT)v(@ow)(-,t—f))dﬂr
0
(9)

+/H2(u,7')(u(-,7'), (aggo)(-,t — T))dT Vo € D(R™),t € (0,T]
0

11010 Hesizomoi u € D' (Q).
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Hapnaxu, axmo u € D'c(Q) — poss’asox pisaamng (9), r,b BusHadeHi
dbopmysoro (8), To 3 HaBEJEHOrO BUIEe BUILIMBAE, 110 Tpifika (u,r,b) 3a0-
BosibHsie 3ajauy Ko (1), (2). Tlokaxkemo, 1m0 % 3a0BOJIbHSIE yMOBH (3).
[Tozmagmmo

(u(,1),1()) = @1(t), (u(-1),92()) = ®3(t), t € (0,T].

Ak Buie, 3 yMOB nepeBU3HAYEHHS 1 MOTO/IXKEHHA JTAHUX, O€PKYEMO

r(O@;7(1) + 6025 (1) = (1) — 0 (u(-,£), Ay () = 9(0)(Fo.05).
05(0) = ©;(0), @7 (0)=25(0), j=1,2.
Bsigcn a3 (7) punimsae, mo dynxuii ¥;(t) = @7(t) — @;(t), j = 1,2
3a/I0BOJIHAIOTEH PIBHAHHS
v (0 bW =0, te0,T], j=1,2
j j 7 ) ) ) y A
Taxi piBHgHHS €KBIBAJCHTHI OJHOPIIHUM IHTEIPATLHUM PIBHAHHSIM JIPYTOrO
pony 3 IHTErpOBHUMH si/[pAMU 1 MAIOTh TiJbKM HYJIbOBI po3B’sa3ku. Towmy
i(t) = @;(t), t € [0,T], j = 1,2 ra rpifixa (u,r,b) 3a10B0/bHsIE 32124y

(1)-(3).

Teopema 1. 3a npunywens (A1), (A2), (4) icnye T™ € (0,T] (sidnosio-
no Q@* = R™ x (0,T*]) i pose’asox (u,r,b) € U(Q*) 3adawi (1)-(3): pynruia
u — po3e’azok pishanna (9), r ma b eusnaveni gopmyasamu (8).

Hosenenns. Bume nokasano, mo wabip (u,r,b) € U(Q) € po3s’si3kom

.

obepuenoi 3amaui Komi (1)-(3) Toxi it Timeku tomi, kom u € D'o(Q) —
pose’si30k piBastaBs (9), r, b Bu3HAveni dpopmysmomw (8). 3amummiocs qoBecTn
pO3B’a3HiCTEL omepaTopHoro pisaguag (9) y mpoctopi D¢ (Q).

3 BUKOpHUCTAHHSIM TeopeMn BaHaxa Ta ofep:KaHux y jemi 1 OmMiHOK 3a

cxeMoro stoBeJienns Teopemu 2 B [10] moBoamMo po3s’a3uicTs piBHAHHA (9) ¥

MR(Q*) - {U € D/C(Q*) : HUH = Sup sup M

<R}
te(0,7*] peDK (R") HSDHDK(Rn)

npu jesikux R > 1 1a K € Z, 110 3a7eKUTh BiJl MOPSKIB CUHIYJISIPHOCTEIH
3aJaHUX y3arajJbHeHuX (DYHKITI. [ ]

Teopema 2. 3a npunywenns (A2) poss’asox (u,r,b) € U(Q) sadaui
(1)-(3) edunufi.

JloBenennsd. /loBemeHHsT TPOBOANTHCS 38 CXEMOIO TOBEJIEHHS TEOPEeMU
3 B [10] mpu s = 0, v = 2 Ta 3 BUKOPUCTAHHSAM OJIePKAHUX y JjieMi 1 OIiHOK.
]
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Lopushanska Halyna, Shumska Vitalia

INVERSE PROBLEM OF FINDING
MINOR COEFFICIENTS IN A TIME FRACTIONAL
TELEGRAPH EQUATION

We establish the unique solvability of an inverse Cauchy problem for
the equation

u$® = a2 Au —r(t)ul? — bt = Fo(z)g(t), (x,t) € R™ x (0,T)

with fractional derivatives, given distributions Fy and in right-hand
sides of the initial conditions. The problem is to find the generalized
solution u (continuous in time in generalized sense) and unknown
continuous coefficients b(t), r(t), t € [0,T].
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Poman Mamok!

ITPO BAPIMAIIINHICTH TEOJE3INHNX KIJI B
EBKJIIIIBCBKUX IIPOCTOPAX E? TA E?

Buxaadeno ocnosti 6idomocmi npo iHEapiaAHMHE SaAPIAUITIHE DIGHAN-
HA MPEMBO20 NOPAIKY HA E6KAINIBCHEIT NAOWUHI Ma 8 e6KAIII6CHKO-
MY NPOCMop:.

1. ITonepeaui momoBJieHOCTI

B npomy mommci BUBYAETHCSI MOXKJIUBICTH HAJIATH BapidmMiiiHOl TPUPOIN
JliHisiM mrocTiiiHOT neproi kpuBuan Ppene. 3ajig TeXHIYHUX Iijaeil po3pi-
BHATHMEMO [IapaMeTPU30BaHI Ta HemapaMeTprn30BaHi Kpusi. Bei Bimobpazke-
HHS BBAYKQTUMYThCS HACTLIBKY TJIAJKAMU, HACKLIbKHA 1€ TTOTPIOHO i BU-
KOHAaHHS BIJIOBIHOI KIJIBKOCTI yIOXi/IHEHb, 3aK/j1a/leHux y (hopMmysiax, Io
BUKOPUCTOBYIOTHCs. CJI0BOM L €BKJIIBCHKUI 03HAUYUMO, 9K JIHCHO €BKJIi-
nischbkuit mpocrip E™, rak i mpocrip 3i curmarypoio (1,—1,...,—1). Tlo-
MIOHUM YMHOM BXKUBATUMEMO Ha3BY ,pimMaHiBchbkuit‘. OTpumani Bucian, 3
BIJIMTOBITHOTO 3MIHOIO TEPMIHOJIOTIT, ITO CYTi € CITPABEIINBUMY TTPU JTOBLIBHIN
CUT'HATYpI, aje BuOpaHa TYT CUTHATYPA BiJMOBia€ 3aCTOCYBAHHIO Y PEJis-
TUBICHKiN aHagiTuuaHiit Mexanimi. B mpocropi E™ 3ampoBaammo KoopamHATH
20 2t 2L cykymmicTs (%), ne a = (0, ..., n—1) Ho3HaUATIMEMO TPY-
6010 mHCAHOIO JTiTePoIo X, a cykymuicTs (X)), ne i = (1,...,n—1) no3Hauaru-
MeMo Tpy6oro titeporo X. 3amicts sitepu 20 wacro BxuBaTHMEMO JIiTEpy .
Bino6paxenns ¢ : U C R — E" 3amae napamerpusosany napamerpom (abo
Mipro10) ¢ emeosrcuny B ipocropi E™. O6pas crexuHn € HeapaMeTpru30Ba-
HOIO KPUBOIO B ILOMY TIPOCTOPI, IKY Ha3BeMO nummio. HuTh MoXKHa 3a1aTH
bymkuisvu z¢(z0) = 28(t). Ynoxignenns 3a Mipkoro ¢ no3HagaTIMEMO Kpa-
mKoto 3ropm: u = & = (%), w = (¥%). Ynoxignennsa za suimmoo t = 2°
nozravaTuMemo KirurunkoM: v = x = (x'V), v/ = (x"*). TIpoekuis

©: (ma,ua,ua) — (t;xi,vi,v’l)
TTOAETHC (popMyTaMu
ivt = ul,

(t')3v’i = {u' — tu’,

IIITIMM HAH Yxpaian, romko.b.m@gmail.com
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(V" = ()2 — 3700 + [3()% — i 7] .
[TpumycriMo, mo B 3MiHHAX (t;xi,vi,v’i,v” Z) PO3IVISIAE€ThCA HeaBTOHOMHE
(oo 3MiHHOI t) BapisriiiiHe 3aBIaHHs, TOB'sI3aHe 3 IHTErPAJIOM

/L(t;xi,vi,v’i)dt. (1)

Hexaii Bianmosigaoo0 cucremoro Bapigniifinux piBHsHb (110 3BYyTHCS DIBHSIH-
uamu Oitnepa—Ilyaccona) €
E; = 0. (2)

Bupasu y miBiit vactuni 1i€l cucremu piBHsIHb 3BYThCs Bupasamu Oiiiepa—
[Tyaccona. Heasronomuomy Bapisniiinomy 3asaannio 3 inrerpanaom (1) tmo-
CTaBUMO Y BiIOBIHICTH aBTOHOMHE (110,10 3MiHHOI () BapisiiiiiHe 3aBIaHHA,
zanucane B 3minuux %, u®, 4%, mos’a3ane 3 iHTEr PATIOM

[ el i)ac, 3)
3 dyukiiero JIarpamxa
L= (Lop)t. (4)

Bapiarmiiini 3aBganns (1) 1 (3) € piBHO3HAYHUME B TOMY PO3yMiHHI, [0 MHO-
KUHU 1X PO3B’93KiB OsHAKOBI. Po3s’askamu € nesiomini numi (nenapame-
Tpu3oBaHi Moo 3MiaHOI ¢ KpuBi) B mpocropi E™.

Jlema 1. Hezati supasu Otnepa—ITyaccona 3 pienans (2) eionosidaromo
sapiayitinomy sasdannio (1). Todi supasu

ga: {—uiEiop,iEiop} (5)
e supasamu Otaepa—ITyaccona dasn Pynruii Jaspanoca (4).

SayBaxkenns: 1. Bapigriiine piBasians (5) Mae Taky K CTPYKTYPY ¥
sminanx %(C), sky Mae if piBusHas (29) HuKYe y 3MiHHUX X' (1):

Ea = Nup (27, 1[*)11’3—i-1l’87jﬂ52V Nag+Qap (27, u) i’ +he (27,u7) = 0, (6)

3i ckicHOIO? MaTpHIEIO

oL oc
ourouP  Oucous’

Nag =

2marpura A, 3BETBCST CKiCHO10, KON A[aﬁ] def %(Aag — Aga) = Aug.
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Haranaemo dopmyny mig nepinoi kpusuau Ppene kpupoi y mpocropi E?

Cana e @) - (@w)?

- 3 3
] ]

(8)

VYV pimaniBCbKOMY TPOCTOPI MOXi/HI BiJl BEKTOPHOrO IMOJS JOTHIHOI IIBU/I-
KOCTI w4 y310BK crexkuan £(() 3aMiHIOITHC HA KOBAPIAHTHI ITOXiTHI, AKi
nozHadarumemo depes w’, u’’. Y nBoBumipHoMy piMaHIBCHKOMY HIPOCTOPI
MOXKHA T00yTH KBaJApaTHUT KOPiHb y B30pi (8):

e pulu’?
ik:¢mwﬁgp—, 9)

Jle TIpaBa, 9aCTUHA Ma€ Ha3BY 03MaAK06aHO0T Kpueunu. JIireporo g, sk 3Bndaii-
HO, mo3HadaeMo det(gag).

2. Bapigmiiinicts gopikok mocTtiiitHoi kpuBuHu PpeHe HaA €B-
KJIiaIBChKiii a00 J12Ke-eBKJIiAiBChbKIl mIomimHi
Y mpoMy po37isi po3mOBIMO TPO ICHYBAHHS BapidIiiHOTO TPUHITUIY B
nmapamerpudHiii popmi, eKcrpemMasii gKOro 3aal0Th JYrd KiJl HA €BKJIiIiB-

CBbKiii mjiomuHi, abo, BiMOBiIHO, Tyru rinepbos Ha JizKe-eBKJIIIBChKI 11710~

mwmni 3 merpuaanm tersopom diag(l, —1). Koopaunaru nozmauarumemo qe-

pes x = (20, z1).

Teopema 1. Hezali a6moHoMHa CUCTNEMA DIBHAHD MPEMBO2O NOPAIKY
€ = 0 y dsosumipromy NPocmopi 3a0060AbHAE MAKT YMOBU:

1. sona € cucmemoro pisnaneo Otaepa—Ilyaccona;
2. 60Ha Hadinena e8KAIIIGCHKOI CUMEMPIEI;

3. cucmema {E, =0} mae nepwum imwmesparom kpusuny Ppene k, i
BMIWAE, AK PO3G A3KU, YCi KPUGL CMANOT KDUCUHU;

4. Micmumb pIBHANHA NPOCTUL ATHIT 6 NPUPOOHLOMY GLOMIDL,

u=20.

Toos

lw]*ia — (@ - ) uq

Ea = T —3 U eaﬁuﬁ—I—m
u
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Oyukrio JIarpamka MoXKeMO IiTHANTH:

el
€apUutU
= W —mllu . (10)

Hoseyennst niei Teopemu MoKHa 3HaiTH B [1].
Vzaranpuennst 300paxkenns (10) ma piMaHiBCHKHMH TPOCTIP TOJAETHCS
dyukiieo Jlarpanxa
LR =k —m|ul . (11)

Pigasnua Oitnepa-Tlyaccona mmst (11) BupakaroThcst B30POM, IKWii TIOKPH-
Ba€ BUIAJKHI PI3HOI CUI'HATYPH METPUYHOTO TEH30Pa Jog 3 JOMOMOTOIO OIIe-
paropa XoKa *:

124 Il
N CE)
[[ul] ]
' (o).
e RO §“ WU _R_0, (12)
[l
ze
V19
Ra = HU’HL’ €5y RaprTuPutuf (13)
3 0YEeBHIHOIO BJIACTHUBICTIO
Raou®=0. (14)

Hokiaine Busegennst B3opy (12) moxkna 3naiiru y upaui [2|. Haragaemo, six
JIie ormepaTop XO/Ka Ha JOBLIBHUI BEKTOpP @ 1 HA JIOBLIBHUNI JTBO-BEKTOD
a A by JBOBUMIDHOMY IIPOCTOPI:

(xa)a = Vgl €gaa’,  ¥*a = —sgn(g)a, (15)

x(a A b) = \/F eap(a A b)*. (16)

SayBaxkenns: 2. 3 origny Ha B3ip (9), dyukmia JIarpamxka (11) crae
aiHHOIO 33 CTApPINO0 MOXiaHOI0, ToMmy piBHsHHs Oiitepa—Ilyaccona € Tpe-
THOTO MOPSIIKY.

3ayBaxkenuns 3. ,,Cuny‘ R, dka BUHUKAE B NpaBili 4acTuHi pPIBHIH-
H (12) MoxkHa Bupazuru B repMinax hOPMaIbHO 3alPOBAJZKEHOTO TEH30PA
3 144
L,CILHY
(u A u)"

A A
[Juf[[luw A w']]’

1
Ro =3 RappuP ST (17)
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[ITo6 mepekoHaTHCs y MPABUIBHOCTI IIHOIO TBEP/KEHH:, MOTPIOHO 3a-
YBAXKHUTH, 10 y ABOBEMipHOMY mpocTopi Tersop (u A u’) " mae Beboro jmm
OJIHY CYTTEBY KOMIIOHEHTY, siKa, TIPpU MicTaHoBIi y Bupas (17) ckopodyeThest
31 3HAMEHHUKOM y 9JICHAX, IO MICTATH ), .

TBepakennsi 1. Pisnanna (12) mae xpusuny Ppene k nepwum inme-
J'panom.

JdoBenenns. Y ABoBUMIpHOMY TIpocTOpi Bemanny R i3 B3opy (13) mo-
JKHa 300pasuTn B TepMinax xpusunu mrozosudy K = Rio'? takum unmmroM:

K
R=—xu.
[l

Tenep noaiiimo oneparopom Xozka Ha pisusans (12). Orpumaemo:

u’ (u-u)
]| [l
(w-u) *su —(u - -u) xu K
—m -sgn(g) — u. (18)
[Jwll® [[e]
Yuoxigniv Bupas (8):
dk _ (uAw)(uAau?) o (u-w)flund (19)
d¢ [lw A w'||[[w]® [Jull®
u//
[MigcraBmo BUpas mmst W 3 pisasians (18) y dopmyay (19). Jani ckopu-
u
cTaiiMo 13 BJIACTHUBOCTI
(a A *b),z =~ |29| (a-b)eup (20)
. . dk
JUTsT IOBLIBHUX BEKTOPiB @ Ta b. OTpumaemo, 1110 T = 0. [ ]

2.1. IIpo noBHOTY BapifLiiiHOrO onuCy reome3iiiHnux Kis

Y 1mboMy PO3JLI JOBEIEMO, IO KOXKHEe reoje3iiiHe KOJIO0 Y JBOBUMIPHOMY
nPOCTOPI MOKHA HAIMTH y3rO/ZKEHOI0 MIpKoio ¢ Tak, mob gopixka %(()
Oys1a eKCTpeMaIbHOI KPUBOIO /I Bapidriitnoro 3ananus (3) 3 dyHKIHE0
Jlarpanxka (11).
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3. BusnayajibHe piBHIHHSA OJis reoae3ifiHnX KiJ.

3 MeTO010 BUBECTH JUHAMIUHE DIBHSHHS, sike 6 KepyBaJI0 PyXOM Y3II0BK
reoIe3iiHol HUTi, TPUPIBHANMO 0 HYJId YIOXITHEHWH BUPaA3 AJd KPUBUHUI
®pene k (8) B npupoaniit mipni (,Harypasbhiii napamerpusarii-)

usus =1, (21)

IO 33JAEThCS eeMEeHTOM JOBXKUHA ds = \/ u;ut ds:

dk
% — 'U;,s'u,,

Homydimo cronm 1ie it 0O9eBuIHY B’ A3b
o'y +usu’’s =0, (23)
dKa € nudpepeHIiitinM HaCTIIKOM YKJIaTy
usu's = 0. (24)
Jani poss’azyemo cucreMy piBHAHb (22) Ta (23) cTocosHo u'’ g i oTpuMyeMo

W) = €af (u/s)ﬁ oo
N AL )

Yurau nepeBipuTh 3a JI0NOMOTrOIO CliBBigHOMEHb (24) Ta (21), mo y ABoBu-
MIpHOMY ITPOCTOPI BUKOHYETHCA CITiBBiTHOIIIEHHST

epa(14)” = (us)aepy (ul)’ (us)7
110 3BOJIUTH piBHAHHS (25) /10 106pe BIOMOTO PIBHSIHHS T€0e31HHIX Ki
u’ s+ (u'su's)u = 0. (26)

Abu nosbaBurucs B'si3i us-us = 1, mepepaxyiiMo noxigmi B (26) nuisxom
[EepPEexXoJIy Bij MIpKHU S 70 JOBLIBHOT MipKu ( y3/I0BXK I'e0fe3iiiHOl JOPIXKKH,
a BKIHII TIEPEKOHAEMOCS, 10 Ie0Ie311H] KOJIa MOYXKHA OXapaKTEPU3yBaTH K
iHTerpasIbHi JOPIAKKH 0Ch SIKOTO Ge3BiMipHOro (To6TO HE3aTEKHOTO Bij BU-
6opy mapamerpa B3jI0BXK IHTEIDaIbHOT KpuBOi) audepeHiiiinoro piBHsaHHs

u’ uu’ u-u’ (u-u')?
- w3 W gy 38U
[l [luf? [[uf? [l

(27)

Tsepaxkenus 2. Muooicuna 2€00e31GHUL Kia Y IB0BUMIPHOMY DIMAHIG-
COKOMY NPOCINOPE GUYEPTYEMBCA EKCMPEMANLHUMY KPUSUMU SAPIAUITHO20
sasdanma (3) 3 nidinmes'pasvroro dynruicro (11).
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HosBenenns. /lomoBuiMo piBHsaHH: (27) 11 TAKAM JOJATKOBUM, SIKE HE
cyuepeunts piBasHHIO (12) (60 camé € iforo Hac/AKOM BiJ| 30BHIIIHBOIO J10-
MHOKYBaHHS A 371iBa Ha BEKTOD ), i sike 3adixcye Bubip Biamipy ¢ y310B3K
EeKCTPEeMAJIbHUX JTOPI?KOK:

(u . u//) g (u . u/)2
(e e]|®

:*(mu/\u'—u/\’R>. (28)
[[ae]]

Jitst 6161101 3PYYHOCTI TOIAIBIIION0 OOYMCIEHHST 3AiiCHIMO 3rOPTKY BHUPa-
3ig Oitepa—Ilyaccona (12) 3 moBiabHEM MpOGHUM BEeKTOpOM @. B3assim 10
yBaru Biactusocti (15) i (20), orpumaemo:

* (a Au') u-u’

ER q = -3 x (aNu')+
i ap @)

+ﬁ(u/\u’)~(u/\a)—’f\’,.a.

Koy Temep 3aMiHETH B I[bOMY piBHAHHI BeKTOp u’’ iforo BEpasoM 3 yKia-
ay (27), omnovacno Gepyun mij yBary mojarkose piBusiaug (28) 1 o3nauen-
us (16), orpumaemo:

_x(aAu) x (uAR) m

R —
E'.a= a2 Tl x (a Au) * (u A u')+
+ I (uAu)(uAa)-R.a=
__@w®R) R _R.a=o0,
[l
3 oy Ha Biacrusicrs (14). [

4. BapigniiiHicTh 'rBUHTOBUX JIiHili y TpPUBUMipHOMY ImpOCTOpPi

Y TpuBuMipHOMY HPOCTOPI HIyKaemo Ge3BlamipHi A0pixkku (cebmo Hu-
mi), MO MAKOPSIOTHCS (BEKTOpHOMY) Bapidriiinomy piBasaaio Oiiepa—
[Iyaccona 3 TperivMu noxiganmu. Taki HUTI OMUCYIOTHCA CUCTEMOIO JBOX PiB-
H$IHb TPETHOIO MOPSIJKY 11070 BeKTop-pyHKIiT X(t), e x(t) = (xl(t), x2 (t)),
a He3aJeXKHA 3MiHHA ¢ OTOTOKHIOETHCH 3 KOOpAmHATOI ' TpuBMMipHOrO
upocropy E. Kpurepiii Bapisuiiinocru € takuwm [3]:

Jlema 2. Cucmema pishans mpemvbozo nopaoky

S
Ei(t,xj,vj,vj,vj)zo

€ cucmemoro pisHand Otaepa—Ilyaccona, AKWO © MINGKU AKULO 60HA NPUOU-

pae guznady
E=A.V'+ (V.8,)A.V +B.V +c, (29)
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de cxicna mampuys A, mampuuya B i padouox ¢ sanreocams 00 sminnuz t,
x) v 4 3a0060ADHAIOMD CUCTNEMY PIBHAND 13 YACTNUHHUMUY NOTIOHUMU:

0 iAjy = 0, (301)

2Byij) — 3 DxAij = 0, (30ii")

20,Bju — 40, 1Az + 9 Aij +2D<0 1 Ay = 0, (30iv")

9, i) — DxBijy = 0, (30v))

20,0 icj) — 40 By + Dy* 9,1 Aij + 6 Dxd Az = 0, (30v)
48X[icj] -2 Dx3v[icj} - D2 A;; = 0. (30vii)

Hacrynuy teopemy hopMyaroemMo o/pa3y B PiBHOIPABHUX 3MIHHUX

3posywmijio, 1m0 BLAMIpHA 6ail/IyKiCTh 1110/10 MipKu ( y3/I0BXK PO3B’430K CH-
CTeMU MAEThCsl HA yBa3i.

Teopema 2. V mpusumipromy e6kAidi6CoroOMY NPOCMOPT THEADIAHMHE
810MipHO-6atdyoice pisuanns Otaepa—Ilyaccona mpemwvozo nopadky mooice
bYymMu MIALKY MaAKUM:

U X u +3 U X u (- w)
pe— u.u —_—
[l ]| [Jwl?

[(w-u)i— (4 u)u| =0, (31)

Kpusuna ®pene k € inrerpajom piBHAHHSA, CKPYT » = — /. Biamosigna
cim’a dyukiint JIarpanxka moxke OyTu, 30KpeMa, TaKOIO:

UO (u2 1 u1u2)

Lo | (w1n! + uou?) + pllull
E . u (UOU2 — u2u0)

O = Tl @0 T ) + pllull,
£ _ U2 (uluo — uoul)

) [l (o T wrer)) + ol -

3ayBakeHHd 4. Y3arajibHeHA BEJIUYNHA KIJTBKOCTH PYXYy HE 3aJI€KUTh
on Bubopy dyukiii JIgarpanxka i3 Bkazanoi cim’i i € 700pe o3HaveHa:

oL 4oL _uxu  u
ou  dcou  Jul® Ml

Hauepk nosegenns Teopemu 2. Cucremy pisastab Oitiepa-Ilyacco-
a (29) moxkHA pO3T/IAIATH K BeKTOpHY audepenmiitay dopmy Ildadda

e = E;dt ® dx. (32)
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Sanposaaumo unbliny dhopmy Idadda:

e = Aydv? @ dx' + kidt @ dx’,
k=(W.0,)A.v +B.v +c. (33)

SoBHimHi Audepentiitii cucTemMu, ki piXKHITHCA MOHANOLIBITE (DopMaMu,
KpaTHUME 10 (POPM TOPKAHHS

0" =dx' —v'dt, 0" =dv' —Vv"'dt, 0" =dv/ —v"dt,
BBaKaIOThCs piBHoznaunuMu. Popmu (33) 1 (32) € piBHO3HAUHEME:
€ —€e= Ain”j ® dXi.

Kazxemo, 1110 30BHIIIHS audepeHItiiina cucTeMa, IopoIKeHa (hopMoIo €, Mae

cuMeTpiero 3 TBipHuKoM X, Kosu icayroTh marpumi P, = i I, 3anexHi ox
v Ta v/, i Taki, mo

X(e)=®.€e+ E.(dx—vdt)+ IT.(dv —V'dt). (34)

3ocepebMOCst Ha CUMETPISAX, dKi 3aJal0ThCd Y TPUBUMIPHOMY JI?Ke-EBKJIi-
JIBCBKOMY IIPOCTOP1 MOJIe/IbHOI TeOpil BITHOCHOCTI TBIpHUKAMU TPYIHN JIZKe-
eBKJIIIBCbKUX pyxiB. B npomy Bunajky saxiagaevo, mo A i k B (33) ne
zajexarh Big ¢t 1 X. Tomi TBipHUKYM JI2Ke-eBKJIAIBCHKUX 00EpPTaHL Mmapame-
TPHU3YIOTLCS CKICHOIO MaTpuiieio §2 1 BEKTOPOM 7r:

X=—(m-x)0+ gootT™.0x + §2- (x \ Ox)+
+ goom. Oy + (m-v)v.0y + 2 (VAD)+ (35)
+2(m-v)Vv. 0y + (- Vv)v.0, +2-(V ANDy).

TyT meHTpajbHOI0 KPAIIKOIO MO3HAYEHO BHYTPINIHIA 100yTOK BEKTOPIB
abo TEeH30piB, OIMYIIEHOI KPAITKOIO IIO3HAYEHO 3rOPTKY BEKTOP-PAI0YKA 3
BEKTOP-CTOBITYUKOM.

Bumnagok BiacHe €BKJIIIBCHKOTO TTPOCTOPY BUTJIAIAE TIOMIOHUM IHHOM.

Temep moTpibHO 3HANTH PO3B’I30K CHCTEMU MUQEPEHIHHNX PIBHIHD i3
gacTuaanMu noxiganmvu (30) Bkymi 31 cucremoro audepeHtiiHX piBHSAHDL
i3 wactuHHUME TOXigHUME Ha Koedirmientn A, B i ¢ piBugmas (29), gxa
BUHMKAE 3 yMOBU cuMeTpii (34) 3 TBipHUKOM, 3anmcannm y Burasai (35).

Y BuUCIII OTPUMYEMO

const const
Ao = 35 =
(1 —v12 —vy2) (1 4+ vivl 4 vov?)

3/2°
10 JIa€ TepIuii 1o1aHoK y (29),
Byj = const - (14 v-v))"**(vv; — (1 +v-v) gij), ¢=0.

Bsip (31) orpumyemo 3rigno 3 penenrom (5) Jlemn 1. ]
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JoktasiHe 10BeIeHHsT MOYKHA BiAIIyKaT B mpari [4].

Y Teopewmi 2 Bupasu g moxkianBux pyskmiit Jlarpanka ne 3anucani B
TepMinax JudepeHIiaTbHUX HE3MIHHUKIB 1, BiIIOBI/IHO, He € iHBapiaHTaMu
Ta, HE BUPAXKAIOTHCs B CIOCIO, HE 3aj1exKHMiT Bl cucremu Koopauuar. Hacryt-
HEil (DAKT BUICHIOE CHTYAIIITO.

Teepaxkennss 3. V (aoice-)esraidiecoromy npocmopi B, n > 2, 3i
CUJSHATNYPOIO MEMPUKY HE DIGHON0 2, He iCHYE THEapLanmmol dynryii Jla-
spanoica, pisnanns Otaepa—Ilyaccona das axoi € mpemwvozo nopaoky.

Hosenennsi. 11106 y piBaganax Oiinepa—Ilyaccona ne 3’sBisiucs mo-
XiHi 9eTBepTOrO MOpsiKy, dyHKINs JIarpanka nmopuaHa HecTu adinHy 3a-
JIEXKHICTD BiJT IPYTUX MOXITHUX:

L= A(u®).4 + L(u®).

Vmosa meamiaaocti X P L 3 JBIYi TIPOJOBXKEHUM TBIPHUKOM €BKJIiTIBCHKUX

obepTaHb
X® = M.(uA 8y) + M.(i A 8y) (36)

B 4ieHaX, JIHIHUX 3a 3MIHHOIO U, A€ YMOBY
UNOy(AU)+UANXN=0. (37)

Ockinbku BekTOp-hyHKIIA A HE 3a/1€2KUTh Bijl 3MIHHOT U, piBHstHHS (37) mo-
BUHHO BUKOHYBATHCH TOTOYKHBO 32 U, HWHBIMUMU CJIOBAMMU, 3MIHHY U MOXKHA
3aMIHUTU Ha JOBLIBHUI BEKTOD @:

u AN 9y(Aa)+aANA=0. (38)

Posrisinbmo Bupas u A 9y (A.u). Bin € ToroxsiM 10 JiBOT YacTUHY DiBHSIH-
us (38) mpu a = u. Tomy ymoBy (37) MOKHA 3amucarn 0Ch SIKAM IHHOM:

u A 9y(Au) =0. (39)

Pisuanna (39) mae 3araabuuil po3s’ 430K
p

A= f([lull?). (40)
Bropuivo pisHsiHHS (38) 3 BEKTOP-CTOBIYMKOM U:
|w]?0u(X.a) —u(u.8y) (XA.a) + (u-a)A— (A.u)a=0. (41)
Homvmuoximo piusiaast (41) 371iBa 30BHINHAIM 9HHOM Ha BEKTOD U:

|uPuAdy(MN.a)+(u-a)uAX—(A.u)uAa=0. (42)
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Jomuoxivo pisuguns (38) ma ||ul|? i Bix oxep:xamoro BimmimiMo piBmsn-
ua (42):
lulPa AX—(u-a)u AX+(A.u)uAa=0. (43)

IIpn n < 2 ne piBHAHHS IEPETBOPIOETHCA B TPUBIAAbHY TOTOXKHICTH. Ko
n > 2, sunuimimo koedinienT npu 3MiHHil @ B piBasnui (43) B Tepminax
varpuii G = (gag),

[ul*(GRA-ARG) —uRuaA+ARueu+(A.u) (URG—-G®A) =0,

1 BI3bMIMO CJIiJI 33 MEPHIMME JIBOMA, 1HIEKCaAMU 3JIiBa:
(tr(G) - 2) (||u||2>\ — () u) ~0.

Ipu tr(G) # 2, 3 BpaxysamusayM (40), maemo poss’msok A = Ag([|ul]?) u, i
TOMY

L= Xo(Jlul®) (w- i) + £u®). (44)

3Bepuysmuch tenep 10 B30piB (6), (7), 6aummo, mo dbyukmia JIarpan-
ka (44) He BUTBOPIOE YJIEHIB 3 TPETIMM NOXIIHUMHE y BiIIOBIIHOMY PiBHSIHHI
Oitnrepa—Ilyaccona. [ |
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ABOUT THE VARIATIONALITY OF THE GEODESIC
CIRCLES IN THE EUCLIDEAN SPACES E? AND E?

Main results concerning the invariant variational equations of the
third order in the FEuclidean plain and in the Euclidean space are
presented.
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CONVERGENCE OF EULER CONTINUED FRACTION FOR
THE RATIO OF HYPERGEOMETRIC FUNCTIONS IN Q,

The conditions of convergence of Euler continued fraction to the ratio
of hypergeometric functions in the field of p-adic numbers are establi-
shed.

1. Introduction

The following fraction is called Euler continued fraction [1]

X apz

bo(z)+ D3 Gy

where
an=—(c—a+n)(b+n), n>1,

2
bn(z)=c+n+(b—-—a+n+1)z, n>0, )

and a, b, ¢ are complex numbers, such that ¢ ¢ Z\N. Let us notice that if at
least one of the numbers a,b belongs to the set Z\N, then the fraction (1)
reduces to a ratio of polynomials. The fraction (1) arises from the expansion
of the ratio of Gauss hypergeometric functions

F(a,b,c;2)
c
F(a,b+1,c+1;2)

(3)

into continued fraction [1]. Let us recall [2]| that Gauss function F(a,b,c; 2)
is given inside the disk {z € C : |z| < 1} by the sum of Gauss hypergeometric
series

F(a,b,c;z)ngl(a,b,c;z)zzi—., (4)

n=0

where a,b,c € C, ¢ ¢ Z\N, and (-),, are Pochhammer symbols:
(a)o=1, (a)p=ala+1)...(a+n—-1), neN.

The Gauss function F'(a,b,c; z) is the analytic solution of the following dif-
ferential equation

2(1=2)y" +(c—(a+b+1)2)y —aby=0, z€C, |z]<1, (5

! Pidstryhach Institute for Applied Problems of Mechanics and Mathematics of
NAS of Ukraine, medoks@ukr.net, quaternion@ukr.net
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and satisfy the following differentiation formulas:

d"F(a,b,c;z) _ (a)a(b)

)
dz" (O)n
(6)

“Fla+n,b+n,c+n;z), neN, c¢Z\N. (6)

From equalities (5), (6) we obtain the following relation

F(a,b,c;2)
CF(a+1,b+1,c+1;z)
B (a+1)(b+1)z(1 —=2) 1)
(c+1>F(a+1,b+1,c+1;z)'
Fla+2,b+2,c+2;2)

=c—(a+b+1)—

If we apply Pfaff’s transformation [1]
F(a,b,c;2) = (1 —2)"F(c—a,b,c;z/(z — 1))
to formula (7) and use the substitutions z — z/(z — 1), we get the following

recurrent relations

Ap+1%2

wp(2) = bp(z) + w1 (2)]

n € NU {0}, (8)

where

Fla4+n,b+n,c+mn;z)
Fla+nb+n+1l,c+n+1;2)

wp(z) = (c+n) ne NU{0}, (9)

and ay, by(2), n € N, are defined by equalities (2). Then from equalities (8),
(9) we obtain

F(a,b,c;2) a1z
=b >2
“Fla,p+Lct1;2) O(Z)+b1(z)+ a2 e
et anZ
by— n
1(2) + wn(2)
So we get a continued fraction expansion of the ratio (3) (see [1])
F(a,b,c;2) 0 aq,z
~b D 1
Flabt et " ORI (10)
The sequence of functions
fo() =bo(z)s Falz)=bo(z)+ D S meN, (1)
olz) = bolz), JnlZ)=0bol2 k21 by(2) n )

is called the sequence of approximants of fraction (1).
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Definition 1. The Euler fraction (1) is said to converge (uniformly) to
the function G(z) in the set M, if the sequence of its approzimants fn(z)
converges (uniformly) in M to G(z) as n — oo.

In the work [1] it was established that for a,b,c € C, ¢ ¢ Z\N, Euler
continued fraction (1) converges to the ratio (3) if |2| < 1, or if z = —1
with Im(c —a +b) < Re(c+a — b — 1). In present work the results of the
work [1] are transferred to the case when the parameters a, b, ¢ of the Euler
continued fraction (1) are p-adic numbers and the convergence of sequence
of approximants (11) is considered in the p-adic norm. The main result of
this work consists in the following propositions:

Theorem 1. Let a,b,c € Q, be such that
lalp # [blp,  min{lalp, [blp} > 1, el > max{|alp, [b],}- (12)
Then fraction (1) uniformly converges in the p-adic disk {z € Qy : |z], < 1}.

Theorem 2. Let a,b,c € Qp, be such that |c|, > |ab|, and inequalities
(12) hold. Then Euler fraction (1) uniformly converges in the p-adic circle
{z€Q,: 2|, < p"/=P)} to ratio (3).

2. Basic concepts of the p-adic numbers

In order to prove Theorems 1, 2 let us recall some concepts of the theory
of p-adic numbers [3]. The p-adic norm is defined in the set of rational
numbers Q by the rule

1
|0|p =0, ‘:U|P = pordva T € @\{0}7

where p is a prime number, and the p-adic ordinal ord ,x of the rational
number z is defined by means by the equality

d max{m € Zy : x =0 (modp™)}, ifz€Z, x#0,

ord , x =

b ordpa—ord,b, ifx=%, a,beZ\{0}.

The field of p-adic numbers, denoted by the symbol Qp, is defined as the

completion of the field Q with respect to the p-adic norm introduced above.
For the p-adic norm the strengthened triangle inequality holds, namely

|z + y’p < max{|x]p, ‘y|p}'

This inequality implies the principle of isosceles triangle [4] for the field
Qp, which consists in that for any z,y € Q, the alternative holds: either

’x|p = |?J’p> or |z +yl, = max{]w|p, |?J‘p}> if ’x‘p # ‘y|p'
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3. Properties of the partial numerators and denominators

Now we shall obtain properties of ay, b,(z), n > 1, defined by the equali-
ties (2). Let us denote: D(r) = {2 € Q, : |z[, <7}, r > 0.

Lemma 1. Let a,b,c € Q, be such that inequalities (12) hold, then for
all z € D(1):

janlp = loclpy 720, [ba(2)lp = lclpy n>1.

Proof. As |n|, < 1 for any n € Z, then from the conditions of Lemma
1 together with the principle of the isosceles triangle [3] it follows that for
z€ D(1)
la+nlp=lalp, [b+nlp=[blp, |c+nlp=I]cp, neN,
(13)
lc—a+nl,=|cp, lc+n+b—-—a+n+1)z|=|cp, neN.
From the relations (2), (13) we obtain that the following relations hold

lanlp = lbclp, n >0, [bp(2)]p=]lclp, n>1.

4. Properties of the canonical numerators and denominators

Let us define p-adic norms of the canonical numerators and denomi-
nators of the Euler fraction. Let us remark that the recurrence sequences of
functions {A4,(2)}2%, {Bn(2)}5> which are defined by the equalities

(14)
Bp(z) = bp(2)Bn-1(2) + anzBn—2(2), n > 2,

are the sequences of canonical numerators and denominators of the approxi-
mants of the Euler fraction, so that

fn(2) = An(2)/Bn(z), neN.

Lemma 2. Let a,b,c € Q, be such that inequalities (12) hold. If z €
D(1), then

{An(z) =bn(2)An—1(2) + anzApn_2(2), n>2,

[An()lp = lelp™,  [Ba(2)lp = lcly, neNu{0}. (15)
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Proof. We shall apply the method of mathematical induction on n.
It is obvious that

[Ao(2)lp = [bo(2)]p = lelp,  [Bo(2)lp =1, [Bi(2)lp = [b1(2)]p = Iclp-

Therefore from Lemma 1 and the principle of isosceles triangle for all z €
D(1) we obtain [A1(2)|p, = |bo(2)|p|b1(2)]p = |c|127. Thus the equalities (15)
are true for n = 0,1 and the base of induction is established.

We assume that equalities (15) are true for all n < k, where k > 3.
Then from Lemma 1 and from the inductive hypothesis it follows that for
all z € D(1)

k k k
b (2) A1 (2)lp = lely ™, larzAk—a(2)lp = [Blplelylzlp < [ely™,

k k— k— k
b1 (2) Be-1(2)lp = lely, laxzBr—2(2)|p = larzlplely™ = [blplel; ™2l < el

From these relations together with the recurrent relations (14) and the prin-
ciple of isosceles triangle we obtain

| Ak(2)]p = max{|b(2) Ax—1(2)|p: lanzAp—2(2)p} = |e[ET,

| Bu(2)|p = max{|b(2) Bi-1(2)lp, larzBr-2(2) p} = |elp,

what means that the equalities (15) hold for n = k. Therefore, the step of
induction is obtained. u

5. The convergence of the sequence of approximants

Let us establish the conditions of convergence of the sequence { f,(2)}5°
defined by formula (11).

Lemma 3. Let a,b,c € Q, be such that inequalities (12) hold. If z €
D(1), then for allm € N

ule) = @y = 2ol (16)
p

Proof. We shall use the method of mathematical induction on n € N,
For n = 1 we have

Al(z) Ao(z)

1f1(2) = fo(2)lp = )Bl(z)  Bo(2)

A1(z)Bo(z) — Aop(2)Bi(z)
Bo(2)B1(z)

N :
_ a1z 4 b0(2)b1(2) = bo(2)b1(2)|p _ |aalplzlp

| Bo(2) | B1(2)lp ey
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Let us assume that formula (16) is true for n = &, £ > 1. Now we shall prove
that it is true for n = k+1. In fact, on the basis of Lemma 2, | By, ()|, = [c[y
for all n € N, so that

- 236 ) -

 |Apa(2) Bie(2) — Ai(2) B ()1,
N el + ’

z € D(1).

By applying the recurrent relations (14) to the functions Ag1(2), Br+1(2)
in complience with the induction assumptions and according to Lemmas 1,
2, we obtain that

a(e) = fule)l, = [Pt Lo Bt (D)
 big1(2) A(2) Bi(2) + ag12 45 (2) Br-1(2)
By (2)Br+1(2) »

_ lan12(Ak-1(2) Bi(2) = Ar(2) Be-1(2))lp
[ Br—1(2)lp| Br ()l

laalp - - - lag 2[5+

= lars12lplely [ fi(2) = fr-1(2)lp = Wees

[ |

Proof of the Theorem 1. Based on the assumptions of the Theorem 1

and of Lemmas 1, 3, it follows that for any m,n € N, m > n, and z € D(1)
the following estimates are true:

[fn(2) = fm(2)lp < max |f;(2) = fi-1(2)]p <

T n+1<<m

d " d
< |blp |z zlp ) < |blp =
lclp lclp

From the inequality [b|, < |c|, the fundamentality of sequence (11) in Q,
follows and so its convergence in Q, follows too.

6. Convergence of the sequence of approximants to the ratio
of hypergeometric functions

The Theorem 1 brings us to the fact that in the circle D(1) there exists
a function f : D(1) — Q,, which is the pointwise limit of the sequence
{fn(2)}nZ0
f() = lim fu(2), =€ D).

n—o0
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From Lemma 2 it follows that the image of the map f in fact is a subset
of the unit circle {z € Q) : ||, = |c|p}. Let us establish the requirements on
the parameters a,b,c € Q, for which the function f(z) to be equal to the
ratio (3).

Lemma 4 ([4]). Let a,b,c € Q, and min{|al,, |b],} > 1, |c[p, > |abl,. If
z € D(p"/(=P) then
|F(a,b,c;2)|p = 1.

Lemma 5. Let a,b,c € Q, be such that |c|, > |ab|, and inequalities (12)
hold. If z € D(p"/(=P)), then for all n € N

. F(a,b;c; 2) _ lailp ... |an+1|p|z‘n+1 (17)
F(a,b+1;¢+1;2) » ]c|;2,"Jrl b

fn(2) —

Proof. Let us prove that for all n € N the following formula is true

. F(a,b;c; z) _ n+12An-1(2) + wnt1(2) An(2) (18)
Fla,b+1e+152)  any12Bn-1(2) + wnp1(2)Ba(2)’

where wy(z),n € N, are defined by the equation (9). Let us use the method
of mathematical induction on n € N. For n = 1 we have

F(a,b;c;2) a1z

= by + 27
CF(a,b—i— Lie+1;2) 0t wi(z)

Let us assume that the formula (18) it true for n = k. Now we shall prove
that it holds for n = k + 1. From the induction assumptions we obtain

. F(a,b;c;2) _apzAp_o(2) + wi(2)Ap—1(2)
F(a,b+1;¢+1;2)  agzBg_o(2) + wi(2)Br_1(2)
Since wy(z) = b(z) + h1Z (see formula (7)), then
wg41(2)
. F(a,b;c; 2) B arzAg_o(2) + (bk(z) + wi’ilé)) Ak_1(2) B
Fla,b+1;¢+1;2) apzBj_a(2) + (bk(z) + wiilé)) Bi_1(2)

_ ki12A-1(2) + Wiy (2) Ar(2)
ag+12By-1(2) + wi41(2) Bi(2)

Therefore from the formula (18) and from Lemma 2 it follows that

F(a,b;c;2)
c
F(a,b+1;¢+1;2)

ful2) —

p
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bn(2)An—1(2) + anzAn—2(z)  apzAn—2(z) + wn(2)An—1(2)
bn(2)Bn-1(2) + anzBn—2(z anzBn—2(z) + wy(z)Br-1(2)

_ [fn1(2) = fra(2)lplanzlplbn(2) — walz)lp
el '

) _
)

p

Since from Lemma 4 and formula (9) it follows that for all n € N, |w,(2)], =
|c|p, then from Lemma 3 and formula (8) we obtain (17). n

Proof of the Theorem 2. Since from the assumptions of Theorem 2
and from Lemmas 1, 5 it follows that for any n € N and for z € D(p'/(=P))

it is holds
bl O\ ], \ "+
| (z| < lefy (12}
= lelp {jgp, 12 v\ el

From this inequality and from inequality |b|, < |c|, it follows that the
sequence of functions (11) converges to the ratio (3).

F(a,b,c;z)

fn(2) = CF(a,b+ 1,e+1;2)

1. Lorentzen L., Waadeland H. Continued fractions with applications. Studies in
Computational Mathematics, 3, North-Holland Publishing Co., Amsterdam,
1992.

2. Jones W.B., Thron W.J. Continued Fractions. Analytic Theory and Appli-
cations. Encyclopedia of Mathematics and its Applications, 11, Addison-
Wesley Publishing Co., Reading Mass., 1980.

3. Koblitz N. p-adic Numbers, p-adic Analysis, and Zeta-Functions, Graduate
Texts in Mathematics. Springer-Verlag, No. 58, New York, 1977.; Second
edition, 1984.

4. Muxaiino Cumotiok, Oxrcana Mensine. 36iocHicms Henepepsenozo dpoby Hep-
AYHOG 00 BIOHOWEHHA 2INEP2EOMEMPUIHUT PYHKUIT 68 TOATL D-GOUNHUT YUCEN
// Marem. Bicuuxk HTTII. — 2015. — T. 12. — C. 52-60.

Oxkcana MeaBigb, Muxaiio CuMoTIOK

3BI2KHICTH HEIIEPEPBHOTO JIPOBY OMJIEPA 0
BIZTHOIIIEHHA T'TIIEPTEOMETPUYHNX ®YHKIIIN B Qp

Locaidoceno 36iocnicmo nenepepenozo dpoby Otlaepa 00 610HOUEHHA
zinepeeomempuunux dynkuyiti Iayca 6 noai p-adunnuz wucea.
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HEJITHIMHUN PO3B’430K HECTAIIIOHAPHOTO
KIHETNYHOI'O PIBHAHHZ#

Ompumano HabAUNCEHUT PO36 A30K HECTNAUIONAPHOZ0 KIHEMUYHORO0
pienAnHA, Axe onucye QuPysitine NPUCKOPERHA 3aPAONCERUT LaCTIU-
HOK HG CUNHIT YOaPHIT TeUAT Y 6UNAOKAL, KOAU 360POMHIT 6NAUEG
YACTMUHOK WG CMPYKMYPY MeNti € CYMmmesum, 4 NPUCKOPEHHA He-
atnitinum. Lvozo pesyavmamy byao docsenymo 3a6daru ywacmi y
pobomi HAYK08020 ceminapy, axutl onoaoeas Bozdaw ITmawmnux.

1. Beryn

Hudepentiiaabae piBHSIHHS, sike ONUCYE 3aJI€XKHY Bij dacy t YHKIIIO
posnoniny f(t,z,p) 3a KOODIWHATOIO X Ta IMIYJIbCOM P PEIATUBICTCHKUX
YaCTUHOK, 9K1 TPUCKOPIOIOTHCS Ha, CUJIBHIN HEPEJIATUBICTCHKIN yapHii XBU-
JIi, Ma€ BUTJIST

ot oxr Ox ox 3dx” Op
ne D — koedimient nudysii. Cucrema KoopauHaT 0OpaHa TaKUM YUHOM, 110
yIapHa XBUJS 3HAXOAUTHCA B TOUI = 0, a MOTIK PyXaeThCd 31 MBUIKICTIO
U B JI0JATHBOMY HANpaMKy. Kpaiiniii npasopy4 4sen y pisusnni (1) onucye
IHYKEKII0 YaCTUHOK B MPOIeC MPUCKOPEHHS:

Q = Qt(t)Qp(p)Qx(x)- (2)

TunoBo po3r/IsaTaeThCa MOHOCHEPTETUYIHA, 1HKEKITisT YaCTHHOK 3 MOMEHTOM
pi Ha (PPOHTI yAapHOT XBUJII:

Qolp) = 00— pi), - Qx=0(a) 3)

ae ingekce 'l mo3nauae BesmunHu Oe3nocepesnbo nepes GporTom (B Touni
x =07),n - edbexrusnicTs inxexil. Bona Bu3nauae 4acTKy ycix 9aCTUHOK,
SKi MOYMHAIOTH MPUCKOPIOBATUCS B PEKMUMI CTAIIOHAPHOI 1HXKEKIll, TOOTO
koun Q¢ (t) = 1.

[IprckopeHi YaCTUHKN MOXKYTHb OTPUMATH MOMITHY YaCTHHY KiHETHIHOI
eneprii yaapuoi xsuii. Toi BOHE CTBOPIOIOTH 1iepes i1 GPOHTOM THCK, CITiB-
MIpHUI 3 TiApOAWHAMITHUM. BiH y CBOIO 94epry CHOBLIBLHIOE MOTIK ILJIA3MU,

ITIMM i S1.C.Higcrpurata HAH Yipainn, petruk@astro.franko.lviv.ua
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SIKa HAMITAa€ HA yAapHY XBUJIIO. Y ITHOMY IOJISTa€ HeJIHIAHICTE (Tami cKopo-
ueno "HJT') 3agaui: dyukuis u(z) 3anexurs Big f(t, x,p). dximo x enepris,
AKY OTPpUMAJIN 9YaCTUHKU, € SHEXTYBAHO MaJIOIO, TO MAa€MO TPUCKOPEHH, AdKe
BiOyBaeThcs B pexkumi ‘TectoBoi wactunku’ (maai 'TY’). Toxi cTtpykTypa
Tedil He MOTUMIKYETHCI YACTUHKAMU, i BOHA, MA€ Pi3HI MIBUIKOCTI: U] TIepe
(mms x < 0) i ug 3a dpoutom (s > 0), gaki He 3a7TeKaTh BiJL & y CBOIX

obJ1acTsx.
Posp’a30k piBasgans (1) B rpanuni TY rta 3i cramioHapHOO 1HKEKIIETO,
Q¢ = 1, orpumano B poborax [3,4], se BuBeseHO TakokK HEOOXiAHUiT st

NPAKTUIHUX 3aCTOCYBaHb BUPA3 JIsi CEPEJIHLOr0 uacy npuckopenns (t(p)).
TY-po3B’s30K j/1g HecTamioHapHol iHxkexIil, Qy = Q(t), omepxkano B Ha-
miit pobori [5]. Cranionapua (to6ro df/0t = 0) HJl-3amaqa Gyna poss’s-
zana B |1]. Jegki acnektn necrarionapuoi HJI-mpo6iemu 6ymo goc/iazkeno
B [2]. Tam posrusianacs crainjioHapHa iHXKekIisi Ta 6y/10 OTpUMaHO HabJIu-
JKeHnil BUpa3 JJIsd CEPeTHLOT0 Jacy HpHCKopeHHd. B macTymmomy po3mimi
Hamu orpumano Habmkenunit HJT pos3s’sizok mnecranionapuoro pisasams (1)
3 HECTAITIOHAPHOIO 1HXKEKITIE0.

2. Po3B’a30k

Bacrocysasmmu mepersopenns Jlammaca 3a 3MiuHO0 t 10 piBHAHHSS (1),
oTpuUMaeMO piBHsIHHS Jis Jlamaac-00pazy yHKII po3nomiay f:

0 0 0 du 0
Fradl = 2 o8 L Qe @

Ilepersopenns pipaanns (1) ana f 1o pisaanmsa a1 f y dopui (4) MoxEBe
amme Toai, kosm u(x) i D(z) ne 3anexars Bij gacy.

Inrerpyroun pisnsans (4) 3a sminmoo x Big x = 0~ g0 * = 07 Ta Bix
x = —o00 1m0 x = 07 Ta npumyckaioun, mo « i D € nocriitauMu 3a (GpoHTOM
10610 Au1st > 0), orpumyemo [2]:

o] -] e ag e
) — F, — —up Ofo
|: 8£:| _foup;'i‘foupfp_zllguppaia (6)
P _
Y] - T, 7
e
1/2
F2<s,p>:(1+4f§2) -1 )
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2sA
Fy=—, (9)
p up
L " Fsw pia (10)
A== / fls,x,p 10
fo(s
up = u zp) o (11)
1dlnup
Ip—1+§ dnp (12)

Inpexc 0’ nosnauae Beamunan Ha dpouti (B Touni = 0), a 2’ nokaukae-
ThCS HA PO3TAIlyBaHHA 07Ipa3y 3a (hpoHTOM yaapHoi xBusi (B Touri z = 07).
B TY-pexumi, up = w1 i I = 1. Bupas (7) mae raxuit camuii Burisii y
rpamuri TY, a (6) € H/l-yzarampuenaam TY-supasy (21) 3 poboru [5].

2.1. ®yukuis f,(p)

incranopka (6) i (7) y (5) nae pipuanna s Jlantac-obpasy dynkmii
posmoaiay Ha GpPoHTI fo:

Ofo  <— —
52+ ST = a(p)oo - pT, (13)
ze
3
= , (14)
Ampip up — uz
* 3upky, F:
U +u
2 Up — U
€ CIEKTPaJIbHUM HeKCOM BYHKIT fo, T06TO fo ox p~SP). Unen
3up !,
sf = OUpip (16)
Up — U2

€ cnekrpaabauM ingekcom cramionapuol HJT dyuxnii fo(p) = fo(t = o0, p),
Ky 3Haiigeno B [1].
Posp’sa3kom piBasans (13) € dbynkiisa

fo(s,p) = q(pi)Quexp [— /:<(s,p’)i§,] : (17)

Bona moxe 6yTu 3ammncana g J1006yTOK

E(S,p) = fo(p)@(S)%(S,p), (18)
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ne cranionapuuii posnomain fo(p) maersesa supasom [1]

i 30y p 3Jp/ dp'
f = exp | — _ 19
o) = oy 20 p{ / L (19)
3l 0y = ui/up Ta 0p = up/us. Cramionapunii pos3s’a3ok B rpanmmi TY

OTpUMYETHCs 3 Bupa3y(19) nicTaHOBKOIO TOCTIHOT 0y (p) = 0.
Tperiit Mmaoxknuuk y (18) € Taknm:

Po(s,p) = exp (—ho(s,p)), (20)
rHe / /
D /
hO(S,p):S/ UPFP(S7P)+U2F2(Sap)dli' (21)
2 Jp, Up — U2 P

Banmcanwit y TakoMmy Buram, he y HJI pexumi mae surmsm, momibuuit 10
anasorianol ¢dywkmii B TH-rpannni (aus. manpukiaaz supas (3.28) B [3]):
BIIMIHHICTH TIOJIATAE JIWIIE B TOMY, IO MaeMO TyT Fj, 1 up 3aMicTh BemanH
beamocepeIHBO TIepeT (bporTOoM ymapHoi xBui FY i ug.

®yuxnis posnoginy fo(t,p) 3amaernes obepuenum nepersopennsim Jla-
wraca Bupasy (18):

folt.p) = Lo(p) / Qult — ) polt', p)dt’ (22)

1e po(t) — 3BOpOTHE MEeperBopenHs Jlamtaca Bix exp[—ho(s)], a Q+(t) 3amae
3MiHy ePeKTUBHOCTI iHXKEKIII B 9aci.

2.2. ImoBipHicTh ©o(t)

DopwmyJsta neperBopenns Jlamnaca

/0 " polt)e Mt = exp (—hols,p)) (23)

samucana g s = 0, 10BoIuTh, 10 QYHKIA @o(t) € HOpMOBAHOIO HA O/1H-
HuLo (3]

/ T ety = 1. (24)
0

ToMy MU MOYKEMO PO3TJISLIATH ©o (L, p; pi) 9K IMOBIPHICTE TOTO, 110 YACTUHKH,
IHKEKTOBAHI 3 IMITyJIbCOM Pj, MOXKYTb OyTH MPUCKOPEHUMHU 10 IMITYJIHCA P
BIIPOJIOBK Hacy t.

Bigrax, qudepenniopanns pisaocti (23) 3a § 3 HACTYMHOIO MiICTAHOB-
Kot s = 0 Jae cepejHiii yac TpUCKOpeHHS |3]

(t(p)) = /Ooo to(t)dt = ahgis)

. (25)
s=0
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Sk zasmaganoca, npodias u(r) BBaxKaeTbCa He3MIHHUM B 9aci. Mu Oy-
JIeMO BUKOPUCTOBYBaTH 1€ OjHe HaO/mkenusi. HaBiTe 3a npuiyiienHs mpo
cranionapsicTs u(x) GyHKIis up(p) moBuHHA 3MiHIOBATHCS 3 t. A TOMY, SIK
e BuHO 3 (11), i BigHOMEHHS

f(s,2,p)/fo(s,p) = F(s,z,p) (26)

LOBMHHO 3a/iexaru Bij s, sk ue € B pexumi TY [4,5]. ko rak, To 1o-
xigaa (25) € gocnts ckmagnoo: F,, Fo i up B (21) 3anexars Bix s. OgHax,
SIKITIO PO3TJISHYTH PO3BUHEHHS F (S, z,p) B pan MakaopeHa 3a MajiuM S Ta
0OMEKUTHCST JINTIE JOMIHYIOUNM MEPITAM UJIEHOM PsiIy, TOII MAaTUMEMO, IO
Bignomenns f(s,x,p)/ fo(s,p) He 3ameKUTH Bij acy. 3a TaKOro Hab/IHKeH-
Hsl 33/[a9a 3HAYHO CIPOILYEThCs. 30KpeMa, hyHKIis Uy (p) € crarionapHoo.

3a rakoro mabmkenus it A, osnauena supazom (10), He 3a/€KUTH Bij
qacy:

0
A(p) = /_ F(z,p)dz. (27)

Tomi 3 (25) oepKyemMo BHUpas i CepeIHBOro dacy mpuckopenus B HJI-
pexknmi, sike orpuMano B [2] (dopmyna (25) y 1poMy MOKJIMKaHHI):

(t(p)) = / 3 (A+ D?) v’ (28)

Up — U2 uz ) p/

i

Bamucanuii TaKMM IMHOM, BUPa3 € JyzKe MOMOHIM 10 Bigomol dhopmysn 3 [3]

(t(p)) = / = (2+2)T. (29)

st rparum TY:

up — U2 (U1 U2 b

BaxuBo, mo B Hab/IMKEeHH] CTAIliOHAPHOCTI U, MOXKHA TAaKOXK 3HAUTH
HJI poss’sizok piBusinus (1).
3anuinemo P, 9K J100yTOK:

Po = Pop * Poz; (30)

- 3 [P upFy(s,p)dp
op(5,p) = exp | —5 [ Rl 1
Pop (8, D) exp( 2/10i o —us P (31)

Feals, ) = exp (—3 / “”p)d”) (32)

2 up —uz p

Y dopmyni (32) mume Fy zanexurs Big s. e Fh € myxe nmogiGaum
7o Fy B rpannmi TY, 3a BUHATKOM TOTO, IO Qo2 MICTHTH Up 3aMICTh U1 B
sHameHHuKy (auB. posain 3.3 B [5]). ITizcranoska

e

u9 . u9 _ u9g Up — U1 (33)
Up — U2 Ul — U2 Uy — U2 Up — U2
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B (32) mepeTBOpIOE Iieii BUpa3 y J00yTOK

(7002(87]9) = SOEQP(Sap) - €xp (3 ATQ(p))a (34)
ﬂe / /
3 [P ugFs(s,p’)dp
TP _ _2 i

Doz (8,p) = exp ( 5 /pi s 7 (35)

€ TOYHO TAKUM 2Ke K, K Po2 B 1T U-rpanur, a

ATy (p) = /p 3(Da/uz2) up — uy dL’/ (36)

up — Uz up —uz P’

[Tiy wac nepersopens B (34) Oys10 3aMMINEHO JMINe NEPIIUil YleH y PO3BU-
menni Fh B psjl 3a MaauM mapaMeTpoM 4sDs/u3, 110 BUIpaBIaHe /T MaJIuX
3Hadenb 8; To6To Gpasiocs, mo Fy &~ 2sDa /u3.
O6eprene neperBopenHs Jlammaca mepinoro MHOXKHUKA B (34) oTpuMaHo
B [4,5]:
242 —&(7)?
800T2P(t) = 22A26+1t2\/77—:142/2+1 (HA2+1 &) — 271/2HA2 (f)) ) (37)

me Hy,(z) — ismannit nominom Epwmita (anen Hy(z) = 2z), £(7) = 71/2 +
Ay /(27Y2), T = t/ty, ta = 4Dquy?, Ay = 3(0s — 1)t~ !, o — creninb B 3a-
nexuocti koedinienra mqudysil B immyascy dactuaku D(p) o< p* (3naven-
Hsl v OBUHHO OyTu Takum, 111006 Az 6yn0 ninum). ObepHene nepersopents
Jlammaca npyroro muoxuuka B (34) € genvra-dynukmieo 0(t + ATy). Orxke,
3BOPOTHE MepeTBopents (34) € rakum

Po2(t) = /%sz(t —t)6(t' + AL)dl' = gy (t + ATy). (38)

Bupas (31), 3asisku (9), MoxkHa nepenucaru sik Pop = exp (—s11), e
P 3A(p') dp'

T = —_— . 39

)= [ (39)

Tenep, 3rizHo npaBuia obepHeHoro neperBopents Jlamraca 100yTKy BuU-
sy @o = e %1 - Poa(s), maemo, 1m0

Po(t) = woa(t — T1)H(t — T1). (40)
3 (38) Ta (40) ocTaTOMHO OTPUMYEMO, IO
Polt) = a3 (t—T1 + ATR)H(t — T1). (41)

Bukopucranus 1mporo Bupa3y B popmyiii (22) 1ae po3s’si30K MOCTABICHOT
npobsiemu, a came, 3aJa€ HeCmauionaphy Gynryito poanodiay fo(t,p) das
YACTMUHOK 31 3AACHCHOI0 610 HACY THHCEKUIEID A HEATHITHUM DEHCUMOM
npuckopenns. Heniuitini edbektu BpaxoBaHo TyT y HaOJIMKEHHI MaJjoOro s,
1m0 BifmoBinae (HAGJMKEHOMY) IPUIYIIEHHIO PO CTAIOHAPHICTD (DYHKITIi
u(z) ra up(p).
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2.3. ®yukuis f(t,z,p)

3 HesaseKHUM Big 9acy JF JIerko 3HAWTH TAaKOYXK PO3MO/LT TaCTUHOK
noBkoJia yaapuol xusi. Crupasii, obepHeHne nepeTBopenHs Jlamjgaca Bupa-
sy f(s,2,p) = fols,p)F(x,p) onpasy mae f(t,z,p) = fo(t,p)F(z,p) ne-
pexn dpourom ymapuoi xsuai (z < 0). Bupasu mms posnominy 3a dbponTom
(x > 0) nogano B po3aiii 3.4 poboru [5].

Jig npakTUYHUX 3aCTOCYBaHb MOXKHA BUKOPUCTOBYBATH HAO/IMKEHHS
dbyukuii F(z,p), 3anpornonosane B |2|:

F(z,p) ~ exp [Sfép) (1 - Zi) /Om ;(sz?)dm'] , (42)

SIKe € IePIIUM 4JIeHOM PO3Kjaajy F(s) 3a maaum S.
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of the time-dependent injection, with application to supernova remnants //
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Oleh Petruk

NON-LINEAR SOLUTION OF THE TIME-DEPENDENT
KINETIC EQUATION

The approzimate solution of the non-stationary kinetic equation whi-
ch describes the diffusive shock acceleration of particles is derived for
the regime when the back-reaction of particles on the flow is essential
and acceleration is therefore non-linear.
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MIIIIAHA 3AJAYA /14 HEJITHITHOT O
YJIBTPAITAPABOJITYHOI'O PIBHAHHA
CIIEIITAJIbHOT O BUTJIAAY

Ceimatt nam’ami B. 1. IImawnuxa
NPUCEAUYEMBCA

Y ecmammi poszeaanymo miwany 3adawy 0as HEAIHITH020 YAbMPaA-
NAPAOONTHHO20 PIBHAHHA 3 IHMEZDAALHUM 000GHKOM CNEULaAbHO20
suzaady. Bemawnosaeno docmammi ymoeu iCHYSAHHA Ma €0uHOCTI
pose’asky 3 npocmopie Coboacsa uici 3adani, a MaKodc ymosu, 3a
AKUL HOPMaA P036°a3ky 3adawi 6 mpocmopi Jlebeza npamye do Hyas
NPy 3POCMAHHE $ACOBOT 3MIHHOT.

1. Bctyn

Haykosi mpami Bormama Iocumosuua Iltammmka mpucssadeni Teopil
YMOBHO KOPEKTHUX 3aja4 id JAudepeHiiajbanx piBagHb. Pazom i3 yuus-
MU BiH po3poOWB OpUTIHAILHI METOMU JOC/TIIKEHHsT PO3B’I3HOCTI 6araThox
HEKJIACHYHUX 33739 I JIHIMHIX 1 CTa0KOHETIHINHNX PIBHIHDL Ta CHCTEM
PIBHSIHB 13 9aCTUHHUMU TIOXiJHUMU CKIHYEHHOTO ¥ 0€3MEeKHOr0 MOPSIKIB,
a TaKOXK Jijist IudpepenIiaabHO-0NIEPATOPHUX PiBHAHD, CTAOKOHE T HITHUX 1H-
Terpo-audepeniiagbHuX piBHAHD [4], HeaiHIHUX PIBHSIHB 3 J0aHKOM THILY
omeparopa mam’ari [3].

Y crarti po3ryigHyTO HEjiHilHe yabTpamapadosidHe PiBHAHHS 3 iHTE-
TPAJIbHUM JIOJAHKOM. BCTaHOB/IEHO yMOBU OJTHO3HAYHOI PO3B’SI3HOCTI B MPO-
cropax CoboJieBa Mimranol 3aa4i jjisd [bOT0 PIBHAHHS Ta, IOKa3aHO, 110 3a
IIeBHUX YMOB Ha KoediieHTn piBHAHHS HOpMa PO3B’I3KY ITi€l 3a1a49i B IIpO-
cropi JleGera L%(G), ne G — obmeskena 061acTh, SKiil HAIEXKATH IIPOCTOPOBI
3MiHHI, IPAMY€E 70 HyJIsi IPU 3POCTaHHI 4acOBOI 3MiHHOI. 3ayBaKUMO, IO
BHAXO/PKEHHIO YMOB OJHO3HAYHOI PO3B’¢I3HOCTI MilMaHUX 3a/Jad Ta 3a/1a4i
Kot st yaprpanapabosiigaux piBHAHDb 0e3 iHTErpajibHUX J0/IaHKIB IPH-
cBsiueHo, 30kpema, mpari 1], [2], [5], a maga veniilinux yasrpanapaboiaHIx
DIBHSIHB 3 IHTErpaabHUM J0JAHKOM THITY OTlepaTropa mam’sti — mpaiio [3].

! Hamionamsauit gicoTexmiammii yHiBepenTer YKpainm, protsakh@ukr.net
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2. OcHoBHI no3HaYeHHd Ta (PYHKIIOHAJIBHI IPOCTOPU

Hexait Qi D o6mexeni obacti Biamosinmo B R™ i R!, 3 mexamu 052 € C1
i0D € CYh 1, n€ N upuaomy | < n;xz € Q, y € D, t € (0,T), ne
Te(0,00), Q=2 xDx(0,7), 7€ (0, 7], G=Q x D.

Mosaauumo: X := 0N x D x (0,T), Sp:= Qx0Dx(0,T), v — ogunnuna

!
soBHimEs HopMath 10 S, S+ = {(z,y,t) € Sp : Y wicos(v,y;) < 0},
i=1
l
Sz = {(z,y,t) €Sy : Y wicos(v,y;) =0}
i=1

Bsenemo mpocropu:
L>*(Qr) := {w : w-sumipna Ta icaye taka craaa C, mo |w(z,y,t)| < C
M. B. HA Qr}, [|[w; L®(Q7)| = inf{C : |w(z,y,t)] < C m. B. HA QT};
L*(G) := {w: w-Bumipna, f lw(x,y)|? dedy < oo},

1
s (G = (f e W drdy)
L?(0,T) := {w: w-BuMipna, f\w (t)|? dt < oo},

lw; L2(0, )H—(f!w |2dt>%

L*(Qr) == {w: w-snvipna, [ |w(z,y,t)*dedydt < oo},
Qr
lw; L2(Q7)|l = ( [ |w(z,y,t)[* dedydt) ?;
Qr
Wh2(Qr) — MuoxkuHa BCix PO3MOLAB w, sKi pa3oM 3i cBOIMM MOXigHEMMT
TIEPIIOTO TIOPAIKY 32 BCiMa 3MIHHEME HaaexkaTh 10 mpoctopy L2 (Qr),

lws WH2(Qr)|| = ([ [Jw(z, y, 1)1 + Jwe(@, y, )P+

Qr
! 1
Zl|wyz($ Y )P+ Zl|wxl($ Y, )?] dt) 2
k(0O) — mpocrip k-pa3s menepepsuo audepentiiosanx dbyHKii Ha O;
([0, T); L*(G)) — mpocrip memepepsrmnx dbynkmiit ([0,T] — L*(G));
1

w\»—'

+

D;C?(Q)) — mpocrip memepepsHo-mudepentiiiosrnx dynkmiin (D —
Q

).

QQQQ

(
“(
3. ®opmyIIOBaHHA 3a/1a4i

Pozristnemo yHKIl, /15 sKUX BUKOHYIOTHCS YMOBH

n
(A): Qij € LOO(QT): Z)] = ]-7 BN [ Zaij(xay’ t)é-lé-] 2 CLD|§|2
=1

. M. B. (z,y,t) € Qr 1a s Beix £ € R",) ag — noparna crana;
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(C): ce C(Qr), c(x,y,t) = co n. m. B. (z,y,t) € Qp, co € R;

(E): E € L*0,7);

(F):  Fec(o.T)I30)):

(G): g € C([0,T]);

(S): icHye Taka noBepxHS 3 10JaTHO Mipowo JleGera I't € 9D C RITL,

mo Sk =Q x Ty x (0,7);
(K): ke CH(D;C*(Q), klyg,p =0, klaxr, =0, e Iy =8dD\I'y;
(U): uQ, Uo,y; € L2(G), j = 1, .. .,l, UO|3QXD = 0, UO‘QXI‘l =0.

ITo3raunmo:

55 Y, t sz :C y + Z al] x,Y, t)kxj(xay))xi - k‘(SC,y)C(JU,y, t)’
3,j=1

Ki(t) := /k‘(:v,y)F(:E,y,t) dx dy,

b(xa Y, t) = F(:L‘, Y, t)(Kl(t))_1>
fx,y,t) = bz, y, ) E(1).

B obsacti Qr posriasHEMO MimaHy 3ajady [JIsT yJIbTPanapado i aHOro
PIBHSHHS CIEIiaJbHOTO BUTTISIITY

n

up + Z Ty, — Z (aij(z,y, t)us,)a; + c(z,y, t)u + Vu? + (g(t))2+

i,j=1
+(w9.) [ (dey. )~ ko, p)VaZ+ GEOF) dedy = fa.0, (1)
G
u(:v,y, 0) = u0($7y)7 (l’,y) €G, (2)

ulgy =0, ulgy =0. (3)
Bsenemo mpocropu:
Vi(Qr) :=={w: w, wy, € L*(Qr),i=1,...,n, w|ET =0};
Va(Qr) == {w : w € WH3(Qr), w\S%F =0, w!ET = 0}.
Osuauvenns 1. Qyuxuyiro u(x,y,t) nazsemo poss’askom sadaui (1) —

(8), axwo u € Va(Qr) N C([0,T]; L*(QR)), cnpasdocyemoca ymosa (2) ma
oas ecix Pynxyit v € V1(Qr) sukonyemvea piehicmo

l n
/ [upw + Z Tily, v + Z i (2, Y, Uz, vz, + c(x,y, t)uv+
Or i=1 ij=1
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+b(x,y,t)v/ (d(w,y,t)u — k(x,y)\/u? + (g(t))2> dx dy—+
G

+uy/u? + (g(t))?] dedy dt = /f(a:,y,t)vd:z: dy dt. (4)
Qr
4. IcHyBaHHd Ta €QUHICTHL PO3B’a3Ky 3amaui (1) —(3)
Hexait K1(t) # 0 nna Beix t € [0,7T]. Posrngnemo jgomomizkHy 3aa4y:
sHaiitn napy dyakmii (u(z,y
(

rakux, o u € Va(Qr) N
PIBHICTH

,1),q(t)), nas saKuX BUKOHYETbCA ymoBa (2),
[0,T); L3(G)), ¢ € L*(0,T) 3ajs0B0ibusiors

l n
/ [uw + > iy v+ Y aii(@,y, )z, ve, + o(@, y, uvt

Or i=1 ij=1
+uyv/u? + (g(t))?] da dy dt = / F(z,y,t)q(t)vdxdydt (5)

Qr
g Beix v € Vi(Qr), Ta

q(t)= (K ()" <E(t)—/ (d(z,y, yu—k(z,y)v/u? + (9(1))?) dz dy> (6)
G
ngist Beix ¢ € [0, 7.
Ymosu poss’s3nocti 3aga4i (2), (5), (6) maBegeno B mHacTymnHiil Teopemi.

Teopema 1. Hezati Ki(t) # 0 das eciz t € [0,T] ma sukxonyromvcs
ymosu (A)7 (0)7 (E)7 (F): (G): (K)7 (5)7 (U), ma Qijy,,; Qijz;, Cy), < LOO(QT)v
Fy, € L*(Qr), i, =1,...,n, k=1,...,1, F‘S% = 0. Todi icnye edunuti
po3e’azox 3adawi (2), (5), (6).

Hosenenns. IIpoBoauThCs 3a cXeMOIO J0BeIeHHsT TeopeM 3 i 4 i3 [2]. m

Ouesnpno, mo axmo (u,q) € po3s’sskom 3azaqi (2), (5), (6), o byn-
Kiisg v € po3s’a3kom 3azadi (1) —(3). Orke, B Teopemi 1 3ammcano ymosu
icnyBanusi po3s’si3ky 3aza4i (1) —(3). Jlerko BcraHOBUTH, BUKOPHCTOBYIOUN
cxeMy J1oBejieHHs TeopeMu 2 3 |1], 110 meit po3B’sa30K €quHMIil.

5. AcuMOTOTUYHA TMOBE/IHKA PO3B’A3KY

BBegemo Taxi mo3HateHHs:

1
2

f1 = max /(F(w,y,t))dedy ,

[0,T]
G
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N

¢ = sup (sup |e(z,y.0)?)?,
0,7 G

a1 = maxesssup (esssup |a;;(x,y,t )\2)%,
g 0,1 G

2\ 1
as = max esssup (esssup |a;jz, (z,y,1)[%)2,
boj0,1] €]

K1 € R maka crana, mo

n

/ ko (2,y))  dady |+
=1

& ij=1

—+

/(kwj (z, y))2 dxdy

G

N

1 2
+Z / vi(@y))dedy |+ /(k‘(:v,y))2dxdy < Ky,

=1 G

5= @4—200—3— 2f1K1(na1+a2+1+mesG+co)’
P ko
 2fF((mes G)’K7(g(1))* + (E(1))?)
5(t) = K2 )

Teopema 2. Hexati u ¢ pose’sskom 3adawi (1) —(3); dymxyia Ki(t)
maka, wo |[Ki(t)] = ko > 0 dan eciz t > 0 1 B > 0; suxonyromves ymo-

' (4), (), (B), (F), (). (K) (S) (U) ma aija, € L(Qr). oo
klggo { |E(7)|? dr = 0, hm f lg(t)

dt—O mot_lgfl Hu(a 3 )7 ( )H_
0.

Hosenenns. Jlomuoxxumo pisusung (1) na u Ta npoiarerpyemo no G

l n
/ [utu + Z Ty, u + Z aij (T, Y, ) g g, +

& i=1 ij=1
tc(x,y,t)(u)? + uy/u? + (g(t))Q] dx dy+

+/b(w,y,t)udm dy/ (d(:v,y,t)u—k(x,y) u? + (g(t))2) dx dy =

G G

:/f(a;,y,t)uda:dy, t>0. (7)
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OniHmMO OKpeMo J0JaHKH] y JiBiit yacTuai piBHOCTI (7), BHKOPUCTABIIN YMO-

Bu (A)-(U).

l n
I, = / [utu + inuyiu + Z aij (@, Y, )z, ug, + c(z,y,t)(u)*+

& i=1 i,j=1

+ur/u2 + (g(t))Q] dx dy > ;j(/(uf dmdy)—i—
//le cos(v, y; dad:z:—FaO/Z )? dz dy-+
Q= 1 G = 1

o= 1) [y - WOmeE,

G
Ty :—/b(a;,y,t)udxdy/ (d(x,y,t)u—k(a:,y) u? + (g(t))? ) dz dy <
G G
N (mes Q@+ nay +az + ¢ +1) /(u)2 da dy+
ko
G
1/2
+f1Kl‘g§f0)’meSG (/(u)2 du dy) ;
G

T ::/f(m,y,t)udmdy | Bt )’f1</(u)2da;dy>l/2.
G G

Bpaxosytoun omiaku mogaskis Z; — I3, 3 (7) masa t > 0 orpumyemo

%% (/( ) dmdy) + = //sz cos(y;, v;) do dx+

G Q1 =l

n

+G/ <a0 D () + (co — 1)(u)2> dz dy <

=1

- [E@)|f1 + f1K1|g(t)|mes G </(u)2 dx dy) 1/2+
ko

G

K Q 0+1 2
+f1 1 (mesQ + nkcu +az++1) /(u)2 do dy + (g(t))QmesG. (8)
0

G
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Buxopucrasmm B (8) mepisnicts 2|vw| < |[v]? + |w|?, v,w € R, orpumaemo

1d
2dt /( Vdrdy | + = //sz cos(y;, v;) do dz+
G

/ {ao ;(Uxi)2 + <Co — g—

G

0
_flKl(mesQ—i-nkal +as+c +1)>(u)2} dudy < 5(;)’
0

3

t>0. (9

Bacrocosytoun B (9) episricts @pinpixca [(v(x))? dz<s< [ Z vy, (2))? dz,
Q Q i=1

sIKA, BUKOHYETHCs /11 JIOBLIBHOT PyHKIIT v € WO’ (Q), a crana s 3amexuTh

Biz ), orpuMaeMo

% /(u)2 dx dy +5/(u)2da:dy <o(t), t>0. (10)
G

G

[Tpoinrerpysasmu Hepisuicts (10), 3uaiigemo

t

/(u)2 dx dy < e_ﬁt/(uo(x Y)) d:cdy+/ T)dr, t>0. (11)

G G 0

I3 (11) orpumyemo HEPIBHICTH

k41
/(u)Qdmdy < e_ﬁt/(uo(x y))? dx dy -+ Z Alt—k-1) / d(r)dr. (12)
G G 0<k‘<[t} k

k+1
3 ymos Teopemn purmsae, mo  y. e PER) [ §(r)dr — 0 npu t — +oo.
0<k<[t] k
Toni 3 (12) snaiigemo, mo [(u(z,y,t))? dzdy — 0 npu t — oco.
G
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Nataliya Protsakh

INITIAL-BOUNDARY VALUE PROBLEM FOR NONLINEAR
SPECIAL TYPE ULTRAPARABOLIC EQUATION

The initial-boundary value problem for nonlinear ultraparabolic equa-
tion with the integral term of a special type is considered in this paper.
Some sufficient conditions of the existence and uniqueness of solution
from Sobolev spaces and conditions when the norm of the solution in
Lebesque spases tends to zero as the time variable grows are obtained
for this problem.
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HOMOGENIZATION OF DEGENERATE
PSEUDOPARABOLIC VARIATIONAL INEQUALITIES

Multiscale analysis of a degenerate pseudoparabolic wvariational
inequality, modelling two-phase flow with dynamical capillary pressure
in a perforated domain, is the main topic of this work. Regularizati-
on and penalty operator methods are applied to show the existence
of a solution of the microscopic variational inequality. A priori esti-
mates and the method of two-scale convergence are used to derive the
corresponding macroscopic obstacle problem.

1. Introduction

Pseudoparabolic equations are used to model fluid filtration in fissured
porous media [3], heat transfer in a heterogeneous medium [29], two-phase
flow in porous media with dynamical capillary pressure 9], or to regularise
ill-posed transport problems [4,22]. Pseudoparabolic variational inequaliti-
es can be used to describe obstacle [31] and free boundary problems [10].
The well-posedness for pseudoparabolic equations and variational inequa-
lities was considered by many authors [5,6, 10, 15,19, 25, 26, 31, 32|. Multi-
scale analysis for non-degenerate pseudoparabolic equations was considered
in [24] and the method of two-scale convergence was applied to derive the
corresponding macroscopic equations. Along with multiscale analysis results
for elliptic [7,11, 14,28, 30] and parabolic [13, 18] variational inequalities,
to the best of our knowledge, there are no results on homogenization of
pseudoparabolic variational inequalities.

In this paper we consider multiscale analysis of degenerate pseudopara-
bolic variational inequalities modelling an obstacle problem for unsaturated
flow in porous media with dynamic capillary pressure. Global existence
results for the corresponding degenerale pseudoparabolic equations are obtai-
ned in [6,19]. Models for two-phase flow with dynamical capillary pressure,
originally proposed by [12,23], consider a flux for moisture content v defined
by a Darcy’s law

J = —Ak(u)V(p+n),

! Mathematics, University of Dundee, DD1 4HN Dundee, Scotland, UK,
mptashnyk@maths.dundee.ac.uk
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with some constant A and permeability function k(u), and the pressure in
the wetting phase p is assumed to be a function of moisture content v and
its time derivative Oyu, e.g.,

b= _Pc(u) + 10,

in a simplified form. Then for u we obtain a pseudoparabolic equation of the
from

Ou =V - (Ak(u)[P:(u)Vu+ 7VOu + ey]), (1)

where P.(u) = —P/(u), A and 7 are positive constants, and vector e, =
(0,...,0,1) determines the direction of flow due to gravity.

In this work we consider a two-phase flow problem in a perforated domain
with Signorini’s type conditions on the surfaces of perforations:

u>0, Ak(u)(P.(u)Vu+7Vou+epn) -v>—f(t,x,u), 5

u[Ak(u)(P:(u)Vu+ 7VOou +ey) - v+ f(t,z,u)] = 0. @)
Then a weak formulation of equation (1) together with conditions (2) results
in a pseudoparabolic variational inequality of the form (5). In our analysis
of the thin obstacle problem (1), (2), defined in a heterogeneous perforated
domain G¢, where € denotes a characteristic size of perforations, we shall
consider a function A(z) describing the heterogeneity of the medium, instead
of a constant A, and a more general convection term, describing flow trans-
port by a given velocity field.

The paper is organised as follows. In Section 2 we formulate the micro-
scopic thin obstacle problem defined in a perforated domain G¢. In Section 3
we derive a priori estimates and show the existence of a solution of pseudo-
parabolic variational inequality (5). In Section 4 we prove convergence results
as € — 0 and derive macroscopic problem defined in a homogeneous domain
G with the constraint u(¢,z) > 0in (0,7) x G. In Appendix we summarize
main compactness results for the two-scale convergence.

2. Formulation of mathematical problem

In this work we consider an obstacle problem formulated as a variational
inequality of the form

u € K(t),

(Opb(u), v —u) + (A(z, Vu, 0 Vu), V(v —u)) > (R(t,z,u),v — u) (3)

for v € L2(0,T;K(t)), where K(t) is a closed convex set in H'(G). We shall
consider the variational inequality (3) defined in a perforated domain with
a periodic microscopic structure.
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To define the microscopic perforated domain G¢, where € denotes the
characteristic size of perforations, we consider a bounded domain G C R",
for n < 3, with a Lipschitz boundary 0G, a unit cell Y, a subset Y, with
Y0 C Y and Lipschitz boundary I' = 8Y°, and denote Y* =Y \ Y% Then

Go= ] e +9),
fexze

where =5 = {{ € Z" : e(Y? 4+ ¢) C G} and the microscopic domain G¢ is
given by G° = G\ GE. The boundaries of perforations are defined as

re=J T +9).
{eze
In the variational inequality in (3) we consider
A% (x, Vus, 0, Vu®) = A%(x)k(u®)(Pe(u®)Vu® + Vou®) — FE(t, x,u),

and R(t,z,u) = 0, where the functions b, A%, k, P,., and F*¢ are specified
below. On the microscopic boundaries I'* we specify following conditions

u® >0,
(A% (2)k(u®)[Po(u®)Vu® + 9, VU°] — F*(t,z,u%)) - v > —ef°(t, z,u°),
u® [(A%(2)k(u®)[Pe(u®) VU 4+ 8 Vu'] — Fo(t,z,u%)) - v+ ef°(t,z,u’)] = 0.

Then the closed convex set K¢ is defined as
Ke={ve H(G?):v=kp on 8G, v>0on I}, (4)

with some constant 0 < kp < 1, and the corresponding variational inequality
reads

(Oeb(u®),v — u)gs,
+ (A%(2)k(u®)[Pe(u®)Vu® + 0, Vu©], V(v — ua)>G% (5)
- <F5(t7x7u5>7 V(U - ’U’E»GET + <6f5(t,:c,u5), v = UE>FET >0,
for v — kp € L?(0,T; V) and v(t) € K¢, where
V={ve H(G"): v=0 on 0G}.
We use notation G = (0,T7) x G, G = (0,T) x G, I'r = (0,T) x I, and
I's. = (0,T) x I'?, and
T / /
@)c; = [ [ ovdadt, for 6 € OIS LG), v € L7 (0,157 (GF),
0 JG*

T
(6, Wrs, = /0 /F Gt for ¢ € LP(0,T; LO(T), 4 € L (0, LY (1))
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Assumption 1.

1) k: R - Ris Lipschitz continuous with k(z) > 0 for z > 0 and
k(0) =0, eg k:()— for some ¥y, > 0 and 8 > 1,

P.(z) =

1+’y 25
for 95, vp, A > 0 and |k(2)P:(2)] < C < oo for z > 0.

1+’y z’\

2) A€ L>®(Y) is extended Y-periodically to R", and A(y) > ag > 0 for
yeY,and A°(z) = A(x/e).

3) b: R — R is continuous, nondescreasing, and continuously differenti-
able for z > 0, b(z) > 0 for z > 0, b(0) = 0, and |V'(2)| < (1 + 22)
for z> 1 and 9, > 0, e.g. b(z) = ¥p2®, with 0 < a < 3 and ¥, > 0.

4) F¢: RT x R" x R — R"™ is Lipschitz continuous, and F¢(¢,z,z) =
Q°(t,z)H(2) + k(z)g, where \H'(z)(b’(z))_%\ < Cforz>0,gecR"
Ve -Q%(t,x) =0for (t,z) € G3, Q°(t,z)- v =00on '}, and Q°(t,z) —
Q(t,z,y) strongly two-scale, Q € L?(Gr, Hqiy(Y*)) N L®(Gr x Y*),
where Haiy (Y*) = {v € L}(Y*)",V, - v =0, v is Y-periodic}.

5) fe(t,x,€) = folt,x/e)f1(§), where fi € C§(R), with £f1(£) > 0,
f1(0) = 0, and |f1(€) J£P 1/k(n) dn| < C for 0 < € < kp, and
fo € CH([0,T); CL..(T)) with fo(t,y) > 0 for (t,y) € I'r.

6) Initial condition ug € K and [5©¥/(¢) [£ 192 dé € LY(G), where
K={ve H(G):v=rp on dG, v >0in G}. (6)

Definition 1. A solution of (5) is a function u—rkp € L*(0,T;V), such
that 9ib(uf) € L?(0,T; L™ (G?)), with v > 6/5, \/k(u®)Vows € L*(G%), and
uf(t) € K¢, and u® satisfies variational inequality (5) for v € L?(0,T;K?),
and initial condition u(t) — ug in L*(G%) ast — 0.

3. A priori estimates and existence result

Similar to [19], in order to prove the existence result for variational
inequality (5), we first consider a regularisation of functions b, k, and P,
given by bs(v) = b(vt + &) and bs(v) = b(v) if b(v) = v for ¥, > 0,
ks(v) = k(vT+9), and P, 5(v) = P.(vT+4), where § > 0 and v = sup{v, 0}.

Then the corresponding regularised problem reads

(Oibs (uf), v — us)as, + (A% (2)ks(ug)[Pe,s (u5) Vus + 0 Vug], V(v — uj))as,
—<F5(t,a:,uf;),V( —u )> <€f5(t,x,uf;),v—uf;>peT >0, (7)
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and u5(t) € K%, for v € L*(0,T; K°).

To show the existence of a solution of problem (7) we apply the penalty
method and consider

Orbs (ug ) =V - (Aa(x)k(;(uf;’#)[Pq(;(ug,“)Vug# + 8tVu§7H])

1
+V - FE(tz,uf,) + ;B(ui,u —kp) =0 in G7,

(8)
(A (@) k(w5 ) [Pes(45,) Vg, + 0V ug ) — FE(t,w,u5,)) v

= —ef*(t,z,u5,) onl7,

where ;1 > 0 and a penalty operator B : L?(0,T;V) — L*(0,T;V’) is
monotone, bounded, hemicontinuous, and B(v — kp) = 0 for v(t) € K°.
Then performing calculations in the same way as in [6,19, 25|, by using the
Galerkin method and a priori estimates similar to those in (9), we obtain the
existence of a unique weak solution u§ —kp € H'(0,T; V), with u§(t) € K¢,
of regularised problem (7), for every fixed ¢ > 0 and 6 > 0. Notice that
in (7) we have 0 < 946”7 < ks(€) < k1 < 00, 0 < Pog(€) < pe(d) < 00, and
b5(€) > 9p0%71 > 0. In the derivation of a priori estimates for (8) we use
that B(up — kp) = 0 and

T
/ <B(ul€$“u - HD)7 at“’%,u)V’,th > 0,
0

where (¢,1)ysy denotes the dual product between ¢ € V' and ¢ € V.
Assumptions on b and estimates for uf , in H'Y(0,T; H'(G?)) ensure the
boundedness of 0;bs(u§,,) in L(G%).

Lemma 1. Under Assumption 1 and if 3 > A > 4+ « forn = 3 and
B > A>3+« forn = 1,2, solutions of variational inequality (7) are
non-negative and satisfy the following a priori estimates

1(u5 +6) Pl e 0.2 (o)) + 1/ Pe.s (u§) Vgl 20,1y o) < C,

IVugll Lo (0.7:22(Ge)) + 1165 (u§)[ Lo (0,7522 () < C, o)

1\/ ks (u5)0:Vug| L2 0,m)xae) + 114/ 05(u5)0cusll 20,1y x ey < C,
10bs (uz) || 20,1 2r (o)) + IVOu§l L0, myxGey < C,

for 1 < p < 2 defined in (18), r = 6/5 forn = 3 and 1 < r < 4/3 for
n = 1,2, and the constant C > 0 is independent of € and §.

Proof. To show that solutions of (7) are non-negative we consider v§ =

uf — ﬁ((ug)_) as a test function in (7), where v~ = min{u, 0} and

~ woq
h(w):/0 md@“.
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Notice that v§(t,z) = kp > 0 on dG and v§(t,x) > 0 on I'* for ¢t € (0,7).
The definition of h implies that h((ué)_) = 0if uj > 0 and h((u5)”) <0 for
us < 0, we have that h((u$)™) = ks(6) "} (u$)~. Then we obtain
(ebs (u5), h((u5) 7))z, + (A% (2)(Pes(u5) Vg + 8:Vu5), V(u5) )as,
—(F°(t, w,u5), VR((u5)”))as, + e(f(t, 2, u5), h((u5)~))rs. < 0.

Using the definition of h and properties of f¢, for the boundary term we
have

(ef*(t, @, u§), h((u§) " ))rs. = (ef*(t, @, u§), h((u5) ") Xus<o)rg. = 0.

Assumptions on F© and the boundary conditions on G imply
(F*(ug, t,2), Vh((u5)"))ag. = (9, V(ug))as,

T ~
+/ V.- H§(t,z, (us)” )dzdt =0,
0 Ge

where ﬁg(t,:v, v) = Q(t,x) [ H(E)/ks(€) dE. Assumptions on b, the defini-
tion of h, and the non-negativity of initial data ensure

(Debs (u5), P((u§) 7))z = (Debs((u5) ™), Al(u5) 7)) ez,

L e [ o

Then the non-negativity of initial conditions, i.e. ug(z) > 0 in G, and
assumptions on A yield

sup || V(u§)~ |l 2(qe) = 0,
(0,7)
and using the non-negativity of uj on (0,7") x 0G* we conclude uj(t,z) > 0
a.e. in (0,7) x G°.
To derive a priori estimates in (9), we first consider v = u§ — hs(u5) as
a test function in (7), where

hs(v) = H/U k;f)dﬁ and 6 = min k(z) > 0,

Z2KD

and obtain

(015 (ug), hs(ug))as + O(A% (2)(Pe,s(ug) Vus + 0, Vug), Vug)cs
_<F6 (tv z, u&)? Vh5(u§)>G§ <€f€(t7 z, ’U,(;), h5(u6)>FE <0

s

(11)

for s € (0,T]. Notice that hs(v) < 0 for v < kp, hs(kp) = 0, and 0 <
hs(v) < v for v > kp. Using those results we obtain that v5(t) € K¢ for
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u5(t) € K¢, since v5(t) > 0 on I'® if uj(t) > 0 on I'* and v§(t) = kp on 0G
if u5(t) = kp on OG.

We shall estimate each term in (11) separately. The boundary integral
can be written as

<€fs(t7 Z, ug)? htg(ug))f‘i = <Ef€(t7 z, U(E;), h5(ug)Xu§<HD>F§
+<6f€(t7 xz, ’U,g), hé(ug)XUSZHD>F§ .

Then assumptions on f¢ imply

<€f€(t €T 'U%) h§(ug)xu8>ﬂD>Fe > 0
(= (t, 2, u5), hs(u5) Xug<np )1

where the constant C' is independent of § and . To estimates the third term
in (11) we consider the properties of Q° and H and obtain

(FE(t 2, ug), Vhs(ug))as = (9, Vug)ce +/ . V - H5(t, x, uf)dzdt,
0 €

where Hj(t,z,v) = 0 Q°(t,x f H(&)/ks(€) d¢. Using Q°(t,x)-v =0onI'®
and H5(t,z,kp) = 0 yields

S S
/ V- H5(t, z, uf)dedt = / H5(t, z,us) - vdyzdt = 0.
0 JGe 0 Joge
The first term in (11) can be write as

(@ubs(ui). )z = [ o [ bh(€)hs(€) dedoc

-/ f(s) sems©)deao— [ [ f(o) 5 (€) s (€) ded.

The definition of hs and properties of function b ensure that for us < kp
ug(s) , KD KD dp
L[ wemsteasar= [ [ v [ dcas
¢ JKkp Ge Ju§(s) 5(77)
> 01/ u§ 4 0|1+ Pde — Oy

for s € (0,T], where the constants C1 and C3 are independent of § and e.
For u§ > kp, the monotonicity of b ensures

/S/E(Sb5 Yhs (€ d{dx_Q/s/uas /kd()dndfdm>0
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for s € (0,T]. Then integrating by parts and using assumptions on the initial
condition yield

ug(s)
I [ [ thes(©de e, + ba<u§<s>>h5<u§<s>>xug>@] e

D

+/ |Vu§(s)\2dx+/ P.s(u§)|Vu§|*dzdt  (12)
G= Gs
u5(0) )
<CiaC [ [ b©m© deds Gy [ 050 do
s Jkp Ge

for s € (0,T], where the constants C}, with j = 1,2, 3, are independent of €
and J. Hence, using assumptions on ug, we obtain

Sup/ |uf5+5|1+0‘_ﬁxu§§mdaz+ sup/ |Vus|?dx
(0,7)JGe (01)JG=

. (13)
+ / / Py s () Vs Pt < C,
0 Ge

with a constant positive C independent of € and 9.
To derive an estimate for \/ks(u§)0;Vus we need to use the equation
with the penalty operator (8). Testing (8) by v* = dyuj, yields

(A% () ks (uf ) [Pes(ug,,)Vus , + 0:Vug ], 0:Vug ) Gs

)

+ (Oibs(ug,,), Opus ) ae — (F°(t, @, u5,), VOug ) Gs (14)
1
+ <€f€(t, x,uf;?#), 8tu§’u>p; + E(B(ufm — /fD),atuf;’#)V/yT = 0,
for 7 € (0,T], where the penalty operator is given by B = J(I — Px:),

with Pge : V — K® — kp being the projection operator on K¢ — kp and
J : V — V' a dual mapping, which can be chosen as

(J(u),v)yrv = / (uv + VuVv)da.

£

Using the following property of the projection operator
(J(u — Peu), Pceuw — v)yry > 0 for v € K° — kp,

for the difference quotient of Pieu with respect to the time variable we
obtain

0 S <J('U/—P]CEU),P]CU—P]CSU('—h)>V/’V.

Sl
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Then, the last inequality, together with the regularity 8tu§’# € L?(0,T;V)
and the fact that ug,kp € K¢, yields

N
.
. 0 vt = Jim S (B (1), 05,05) = 5, 0Dy
j=1
t;
= lim > |(J(@5, — Peeits, ) (1), (35, — Peeiis,)|| )
le j—1 )

+ (J (@5, — Pre=5,,)(t;), P, (t;) — P/Caﬁg,u(tj—l)>vl7v] dt

1 . B B B
=3 / 1@ = Peeits ) ()P + [0 , = Peeiis,,) ()P da > 0,

where ﬂg,u = ug’u —kp and t; = jhfor j =1,...,N, N € N, with ty =
Nh = 7. Using assumptions on k and P, and applying Hdélder’s inequality
yield

(A% (2)ks (u5 ) Pes (U5 ) Vus 0 0V g ) as < ol fks (g, )00V ug | 2 e

+Co ks (u5 ) Pe,s(u5 ) | Lo ) 1/ Pes (u5 ) Vgl 2 e

for some 0 < 0 < ap/8. The boundary term can be written as
v ) ois e =2 [ 00 [ (b€ dedrat
<€f ( ,.I,U(g“u), tu5,,u>1—‘f- =¢ t f ( 7:1:75) E Y
2 KD

e / / " O fe (1, €) dédryt.
$JED

Then assumptions on f¢ imply

(et 15,), O s | < o2 /F s, (7)2dy + /F 05 . Pdyat] + C,.

with some C' independent of u, € and §. Then the trace estimate

ellvlizaey < Clllvlizaie) + €21Vl Zaigs) ),

which follows from the definition of G¢ and I'®, the standard trace estimate
for v € H*(Y*), and a scaling argument, combined with the properties of an
extension of v , from G* into G, see Lemma 2, and the Dirichlet boundary
condition on JG, ensures

(e fe (2, u5,,), O e | < o1 [[IVag, (D) 172qey + VU572 (6e)] + C
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with 0 < o1 < ap/8. The assumptions on F¢ and k and the fact that
dug ,,(t,x) =0 on (0,T) x G yield

(Fe(t, 2, u5,), VOrug ) g = (g ks(ug,,), VOrug ) Ge
_1
—{(Q(t, ) H' (uf ) (b5 (u5,,)) ™2 Vg, o /V5(u5 ) 005 ) e
and, applying Holder inequality,

(Fe(t,,u5,,), VOus e | < oully/ks(us, ) Vo5 |32 e
+ 02| bg(ufs,#)atufs,u”é(ci) + CIHVUE,;LH%?(GET) + Co,

for 0 < o1 <ap/8,0 < 09 < 1/4 and Cy, Cy are independent of pu, €, and ¢.

Then, using the estimate for Vuj , in L>(0,T; L?(G?)), which can be
derived in a similar way as the corresponding estimate for Vu5 in (13), we
obtain

1/ 05 (w5, )00l L2 (o) + 1/ R (g, )0 Vg 2 ey < C,

for any 7 € (0,7] and a constant C' independent of u, £ and §. Considering
p — 0 and using continuity and strict positivity of ks and b, together with
lower-semicontinuity of a norm, we obtain the third estimate in (9).

If b is Lipschitz continuous we also have

19ebs (u5)II7 ey < (yac 165 (u5)] ll/b5(u5)Oru5 | Fa ey < C.
»L T

Otherwise, we can consider

[0¢bs (1) || 2 OTLT(GE ) = [|b5(u§)Orusll 20,17 (Ge)
< sup [|4/b5(u5) H H\/b/ u5)dpus | 12 G5)
(0,7)

for some 1 < r < 2. Then the first estimate in (9) for 0 < u5(t,2) < 1 and
assumptions on b’ for u§(¢,x) > 1, combined with the uniform boundedness
of [[u§ll Loo (0,7; 11 (Ge)), ensure

sup || b'<u>|| . <G,
(0.7) "L (6o

where r =6/5 forn =3 and 1 <r <4/3 for n =1, 2.

From assumptions on b and the estimate for u§ in L>(0,T; H'(G?)), we
also obtain the boundedness of bs(u§) in L°°(0,7T; L?(G®)), uniformly in e
and 6.
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To derive the estimate for Vouu§ in LP((0,T) x G¥), with some p > 1,
we follow the same ideas as in [19]. Using assumptions on P, and uj > 0 we

can rewrite the term /P, 5( u )Vus as

o
/o“fs VPes(€)de = O [(u5 +8)' 2 = 617V2] 4 O,

with some constants C7 and C5 independent of € and . Then the estimate
for P.s(u5)|Vu§|?, together with the Dirichlet boundary condition on 9G,
implies that (us + 6)72% € L2(0,T; H'(G?)). Considering an extension
(u(S + 5)
(us +6)*

where

-3 of (u§ +6)'~ 3 from G¢ into G, see Lemma 2 applied to v° =
%, we obtain

1-X/2

[V (u§ + ) Iz20m)xa) < C1lIV (W5 +8) 2| 120 1) xc) < Co,

€ — —=1-)\/2
[ (ug + )" /\/QHLQ((O,T)XGE) < [|(u§ +6) I z2((0,1)x )

——1-)/2
< O3V (ug +6) lz2(0,1)xc) + Ca < Cs,

where the constants Cj, with 7 = 1,...,5, are independent of ¢ and e.

——1-)/2
Notice that the extension (u§ + 0) / satisfies the same Dirichlet boundary
condition as the original function (u§+4)'~*/2. Then the Sobolev embedding
theorem ensures

1-2/2

HW ”LQ(OTC( @) < C for n = 1,

1

105 +9) 2020y < C forn=2, re(l,+oc), (15)
= 1-)/2

H(ug +9) / ”L2(0,T;Lq(G)) <, forn >3, qg=2n/(n-2),

with a constant C' > 0 independent of € and 4.
For § and 6y such that (1 —\/2)0 + (14« — )01 = —yf, where [ is as
in the assumption on k£ and v > 1, we obtain

/ (u + 6) Bz = / (5 + 8)IAD (4 §)(Hra=B)0 g,
o/ 1
< ( / uj + )12z ) ( / (u+6) 1=z ) (1)

< / ) ran) / (15 + 8) o g ) 7

For n = 3 we have p = 6 and p; = 6/(6 — #). Then the estimate for
(u§ + 0)+2=A) in L1((0,T) x G°) yields 6; = 1 — 6/6 and the integrability
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of (u§ +5)1_A/2 with respect to the time variable implies § = 2. Hence
B =2—-A+ %(1 + « — () and in order to ensure that v > 1 we require
1/8 2 P 8 2 8
(S Zaa—B)s1 = SaZaslon
5<3+30‘ 3ﬁ) 37343

If n = 2 the Holder exponents in (16) are p = r/6 and 1/p; =1 —0/r, for
any 7 > 2. Thus we obtain § =2, 6 =1 —2/r and

—B=2-N+0+a—p6)(1-2/r).

1-)/2

For n =1 the estimate ||(u§ + 6) Ir200,m:0@) < C ensures

—W=2-N+1+a-8)=3+a—A—0,

and for v > 1 we require that 5> X > 3+ a.
Then, using (15) and (16), we obtain the following estimate

T T
/ / Vs Pdwdt = / / s (5) 3 V Oyl Pl (uS) 5 davdt
0 € 0 €

T ) 2 T s 1-2
< / / ko (u5) | Vs Pt ) * / / ko(u§) Frdedr) (17)
0 & 0 &
T » 1—k
gcl(// ké(ug)*ﬂdxdt) .
0 1>

for some 1 < p < 2. Assumptions on k and conditions on «, 8 and A,
specified in the formulation of the lemma, ensure that there exists such
p=p(8,\,a,n) > 1 that

||k’6(u<€5)_p/(2_p)||L1((0,T)sz) < Oy,

where C9 is independent of € and ¢ and the exponent p is defined as

~ 2(3A+2B8— 20— 8)
3\ +56—-20—8

for n = 3,

with 8> A >4+ «,
S22l +a—-B)+r( A+ —-3—a)]
S 214+ a-B)+r(A+28-3—a)

forn=2, any r > 2, (18)

and 8> A>3+ a,
2+ —-3—qf
284 A-3—a

forn =1, with 8> A > 3+ a.

This implies the last estimate in (9). ]

To ensure that in the derivation of a priori estimates the embedding and
Poincaré constants are independent of €, we considered an extension of uj
and of (u§ + 8)' "2 from G* to G with the following properties:



Homogenization of degenerate pseudoparabolic variational inequalities 219

Lemma 2. There exists an extension v of v¢ from LP(0,T; W1P(G*))
into LP(0,T; WYP(G)) such that

%o (Gr) < Cllv°llLrcsy, 1V llrar) < CIVY ey, (19)
where 1 < p < oo and the constant C' is independent of €.

Proof. The assumptions on the geometry of G* and a standard extension
operator, see e.g. [1,8], ensure the existence of an extension of v® satisfying
estimates (19). n

A priori estimates (9) ensure the following convergence results for a
subsequence of {uj} as 6 — 0:

Lemma 3. Under assumptions in Lemma 1, there exists a function
uf € L?(0,T; HY(G?)), with 0pu® € LP(0,T;WYP(G?)), such that, up to

a subsequence,

uy — us, bs(u5) — b(u®)  strongly in L*((0,T) x G%),

ks(us) — k(u) strongly in L1((0,T) x G®), %0
bs(us) — b(u®) weakly-+ in L>(0,T; L*(G%)), (20)
uy — u° weakly- in L>(0,T; H(G%)),

for any 1 < g < o0, and

Orbs (uf) — 9;b(u®) weakly in L*(0,T; L"(G*)),

Opus — Opu® weakly in LP(0,T; WHP(GF)), (21)

ks(us)Vorus — k(u®)Vou® weakly in L*((0,T) x G%),

ks(u5) Pes(u$)Vus — k(u®)Po(u®)Vu  weakly in L*((0,T) x G°),

as 6 — 0, where p is defined in (18), r =6/5 forn =3 and 1 <r < 4/3 for
n = 1,2. Due to the lower semicontinuity of a norm we also have
VUl Lo 0,7522(60)) + IV ()0 Vu || 2 (e + [[VOu® || Lo ae.)

(22)
+Hb(uE)HL°°(07T;L2(GE)) + Hatb(us)HLZ(O,T;LT(GS)) <C,

with a constant C > 0 independent of €, and u®(t,xz) > 0 in (0,T) x G°.

Proof. A priori estimates in (9) and assumptions on functions b, k,
and P, stated in Assumption 1, together with Lions-Aubin compactness
lemma |17|, ensure convergences stated in (20) and (21). [

Theorem 1. Under assumptions in Lemma 1, there exists a nonnegative
solution of microscopic variational inequality (5), for every fized € > 0.
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Proof. Using the convergence results in Lemma 3, together with the
assumptions on k, P., b, H, fy, and f; stated in Assumption 1, and taking
0 — 0 in the regularised problem (7), we obtain that u® satisfies the vari-
ational inequality (5). The regularity of u¢ implies u € C([0,T]; L*(G*))
and uf(t) — up in L?(G®). The weak convergence of u§ in L*(0,T; H'(G?))
and non-negativity of u§ in G%, ensure that u®(t,2) > 0 in (0,7") x G* and
also on (0,7) x I'* and u*(t,x) = kp on (0,T) x 0G. Hence u°(t) € K¢ for
t €10,7). [

4. Derivation of macroscopic inequality

Using estimates (22) and compactness theorems for the two-scale con-
vergence, see [2,20,21] or Appendix for more details, we obtain the following
convergence results for a subsequence of the sequence {u°} of solutions of
microscopic problem (5), as € — 0.

Lemma 4. Under assumptions in Lemma 1, there exist functions u €
L?(0,T; HY(G)) and w € L*(Gr; H . (Y*)/R), with dyue LP(0,T; W'P(G))
and Oyw € LP(Gr; W}}g(Y*)/R), such that, up to a subsequence,

u® — u, b(u®) — b(u) strongly in L*((0,T) x G),
kE(u®) — Ek(u) strongly in L1((0,T) x G),
b(uf) — blu) weakly-+ in L>=(0,T; L*(G)), (23)
O¢b(u®) — Ob(u) weakly in L*(0,T; L™ (G)),

foranyl < qg<oo,r=6/5forn=3and1l <r <4/3 forn=1,2, and u®
is extended by zero into G \ G°, and

Vu® = Vu+ Vyw two-scale,
Vo — Vou + V0w two-scale,
k(u®)Vou® — k(u)(Vowu + V,0pw) two-scale, (24)

k(u®)Pe(u®)Vu® — k(u)Pe(u)(Vu + Vyw)  two-scale,
5Hu€”%2((0,T)><FE) - |Y|_1||U||2L2((0,T)xcxr)’
as € — 0, where p is defined in (18).

Proof. The estimate for Vo,u® in (22), combined with the Dirichlet
boundary condition on G and the Poincaré and Sobolev inequalities, en-
sures that O,u® and its extension 0;u°, see Lemma 2, satisfy the following
estimate

|0vu™|| Lo 0,710 (Ge)) + 107 || Lo o,7w 10 ()

+ [|0puf || Lo (0,1) x =) + 11080 [| Lo 0,7y x @) < Cs
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for1 <p<2asin (18), 1 =np/(n—p) forn > 2 and ¢; > 2 for n = 1, and
a constant C' > 0 independent of €. Then using Lions-Aubin compactness
lemma [17] we obtain the strong convergence of u in L2((0,T) xG), extended
by zero into G\ G*. Strong convergence of u®, continuity of k£ and b, bounded-
ness of k(u®) and estimates for b(u) in L>(0,T; L?(G¢)) and for d;b(u)
in L?(0,T; L"(G?)) ensure the strong convergence of {k(u®)} and {b(u®)}
and weak convergence of {0;b(u)}. A priori estimates (22), the strong
convergence of uf, continuity and boundedness of k(§) and k(£)P.(&) for
& > 0, together with compactness theorems for the two-scale convergence,
see e.g. |2,20,21], imply the first four convergence results in (24). The last
convergence in (24) follows from the estimate

E”’UH%Z(FE) < C””H%IO’(GE), o> 1/2,

with a constant C' > 0 independent of ¢, see [27] for the proof, and the
compactness of the embedding H!(G) C H°(G) for 1/2 < o < 1. [

Theorem 2. Under assumptions in Lemma 1, a subsequence {u®} of
solutions of problem (5) convergences to a function u € kp+L?(0,T; H}(G)),
with Oyu € LP(0, T; WYP(Q)), 0:b(u) € L2(0,T; L™(G)), with 6/5 < r < 4/3,
and u(t) € K, satisfying macroscopic variational inequality

(Orb(u),v — u)y + (Anomk(u)[Pe(w)Vu + 0 Vu], V(v — u)>GT
_<Fh0m(t7m)u)7 V(U - u)>GT + <fh0m(t,u),'l} - U>GT Z 0

forv—rkp € L*(0,T; HY(Q)), with v(t) € K, where K is defined in (6),

(25)

Fhom(t, z,u) = . Q(t,x,y) dy H(u) + k(u)g,

From(t0) = . folt.9) dy i),

and matriz Apom is defined in (31).

Proof. To derive macroscopic inequality (25) we consider
vi(tx) = u(t, @) + ¢(t, @) + o(e)p(t, x) + ev(t, x, x/e)
as a test function in (5), where ¢ € CY(Gr, CL (Y)), ¢, € H}(0,T) x G),

er
with ¢(t,z) + u(t,z) > 0 and ¢(t,x) > 0 inp (0,T) x G, and o(e) — 0 as
e — 0. Notice that since u® — u strongly two-scale on (0,7") x I'* as ¢ — 0,
there exist such functions ¢ and o(g) > 0 that v*(t,z) > 0 on (0,7) x I'®
for sufficiently small € > 0. We also have that v°(¢t,z) = kp on (0,7) x 0G.

Then convergence results in (23) and (24) yield

/G Y:él(y)k:(u) [0:(Vu + Vyw) + P.(u)(Vu + Vyw)|[Vé + Vyopldydzdt
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+]Y¥| Ob(u)d drdt —/ / F(t,z,y,u) (Vo + Vy)dydxdt (26)
GT GT *
—i—/ / f(t, x,y,u) ¢ dyydxdt > 0.
GpJT
Assumptions on F*¢, ie. V- Q%(t,z) = 0in G5 and Q°(t,z) - v = 0 on I'%,

which implies that V, - Q(¢,z,y) = 0in Gy x Y* and Q(t,z,y) - v = 0 on
Gr x I', Q is Y-periodic, and the fact that « is independent of y ensure

/ / F(t,z,y,u)Vyy dydzdt = 0.
Gr *
By choosing ¢ = 0 and ¢ = 0, respectively, we obtain

/ / ) [0¢(Vu + Vyw) + P.(u)(Vu + Vyw)| Vo dydzdt > 0
Gr Jy+

/ ][* u) [0:(Vu + Vyw) + Pe(u)(Vu + Vyw)| Vo dydzdt

—/ ][ F(t,z,y,u)dy Vo dydxdt + Opb(u) pdxdt  (27)
GT * GT

1
+/ * /f(tym)qbdfyydxdtzo_
Gr Y| Jr

Considering £ in the inequality for w yields

/ A(y)k(u) [0:(Vu + Vyw) + P.(u)(Vu + Vyw)] Vb dydxdt = 0,
Gr JY*

for all ¢ € C§(Gr; Cper(Y*)). For a give u € L*(Gr), the last equation is a
pseudoparabolic equation for w with respect to microscopic variables y:

Vy - (A(y)k(w)[0:(Vu + Vyw) + Po(u)(Vu+ Vyw)]) =0 in Y7,
A()k(uw)[0:(Vu + Vyw) + Pe(u)(Vu+ Vyw)] - v =0 onI'p, (28)

w Y — periodic,

for © € G, where Y = (0,T) x Y*. Using a regularisation of k and P, in a
similar way as for (5), we can show the existence of a solution of problem (28).
Considering the equation for a difference of two solutions w; and wy of
(28), taking ¥ = (w1 — wa)/k(u + §), with § > 0, as a test function, using
assumptions on A, and letting 6 — 0, yield

[Vy (w1 —w2) || e 0,m522(0xv+)) = 0.
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Hence a solution of (28) is defined uniquely up to an additive function
independent of y. The structure of (28) suggests that w is of the form

w(t,x,y) = Z@ u(t,z) W (y) + w(t, x), (29)

where w’, for j = 1,...,n, satisfy the following unit cell problems

divy (A(y)(Vyw! +¢;)) =0  in Y, / W (y)dy = 0,

Ay)(Vyw? +ej)-v =0 on T, ! Y — periodic,

(30)

where {e;};—1, . n is the standard basis of R". Notice that the well-posedness
of (30) follows directly from the assumptions on A in Assumption 1.
Substituting expression (29) for w into (27) determines the matrix Ayom =
(AZ ) i,5=1,...,n> Wlth

hom

ow’
ai =L aw (s
b= 1. ()<5j+8yz>dy (31)

For any ¢ € Co(Gr,Cper(I')), with (¢, 2,y) > 0in (0,7) x G x I, using
the non-negativity and two-scale convergence of u® on I'*, we obtain

0 < lim e(u™(t, 2), ¥(t, z, 2/¢))rs. = Y|~ (ult, 2), (t, 2, y)) Gpxr
= <u(t7 95),@(75733»%,

where

Bt a) = - / Bt y)dy, >0 in (0,T) x G.
N

Y]

Hence u(t,z) > 0in (0,7) x G. The weak convergence in L?(0,T; H'(G))
of the extension @® of v, given by Lemma 2, ensures that u(¢,x) = kp on
(0,T) x 0G. Thus we have that u(t) € K.

Considering ¢ = v—u, for any v € kp+L?(0,T; H}(G)) with v(¢,z) > 0
in (0,7) x G, as a test function in (27) yields the macroscopic variational
inequality (25). [

Remark. Notice that if in pseudoparabolic and elliptic parts we have two
different functions depending on microscopic variables y, i.e. A(y)k(u)VOu
and B(y)k(u)P:(u)Vu, with A(y) > ap > 0 and B(y) > by > 0, we need to

consider a modified form for function w, i.e.

autx -
w(t,z,y) = Z Z/ 088% i(t—s,z,y)ds @)

j=1
+w(t, x),
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instead of (29), where ¥/ and y’ satisfy the following unit cell problems:

divy(B(y)(Vy?’ +e;)) =0 in Y, ¥ (y)dy = 0,
Y+ (33)

By)(Vy¥ +¢)-v=0 on T, ¥ Y — periodic,
and

divy (k(u(t + ) [A(@y) VX + By)Pe(u(t +5))Vyx’]) =0 in Y7,
Bu(t + NAY) V90 + B(y)Pe(u(t +5))Vyx7] - v =0 on Iy,

X’ Y — periodic, (34)
X (0,2,y) = w (y) — 9 (y) in Y*,
for s € [0,T), » € G, and j = 1,...,n, with w’ satisfying (30).
The well-posedness of (30) and (33) follows from the strict positivity

of functions A and B. To show the well-posedness of (34) we consider the
regularised problem

div, (k(u +6) [A(y)vyatxg' + B(y)Pu(u + 5)vyxg}) —0 inYy_,,

k(u+ 8)[A(Y)Vy0ix + Pe(u+ 8)B(y)Vyx}] - v =10 onTros, (35
xfé Y — periodic,
X3(0,3,9) = ! (y) = ¥ (y) in Y.

Assumptions on k, P., A, and B ensure that problem (35) has a unique
solution x} € H'(0,T; L*(G; H}..(Y*))). Then considering x}/k(u + 6) and
drx} as test functions in the weak formulation of (35) we obtain

HvagHLOO(O,T;LQ(Y*)) + [V Pe(u + 5)VyX§\\L2((0,T)xY*)
+VE(u+ 8)Vydixil 2 (o0mxy+) < C,

for x € G and a constant C' > 0 independent of §. Assumptions on k
and P, in Assumption 1, together with the additional assumption that & is
continuously differentiable for z > 0, combined with the regularity d,u €
L1((0,T) x G), where g1 =n/(n—1) for n > 2 and ¢; > 2 for n = 1, imply

(36)

(k(u+ 6)Vy8txg, Vyb)y: = —(K'(u + 6)6tuvyxf;, V) v
—(k(u+ 0)Vyx3, Vyoith) vz

for ¢ € C}(Gr x Y*). Taking the limit as § — 0 and considering estimates
in (36) yield

VEu+8)V,00 = VEWV, 9  in L*(Gr x Y*).
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Then, using the continuity of k and P, regularity of dju and the estimate
for Vyx} in L*(0,T; L*(G x Y*)), we can pass to the limit as 6 — 0
in the weak formulation of (35) and obtain that the limit function x’ €
L*(Gr; HYo (Y™)), with /k(u)dyx? € L*(Gr; H}..(Y*)), is a solution of (34).

Considering the expression (32) for w in (27) and choosing ¢ = v — u yield
the corresponding macroscopic variational inequality

(0ib(u),v —u)g, + <k:( )N Ahom:Vu + Bhom Pe(u)Vul], V(v — u)>GT

/ Khom - S, a?)asVu dS, V(U — ’LL)>G
T

_<Fhom(t)xvu)7 V(U - u)>GT + <fhom(ta U), v — U>GT Z 07

where Apom, Fhom and fhom are defined in Theorem 2, and matrices Byom =
(BY ) and Kpom(t,z) = (K’ _(t,2)) are determined by

hom hom

oV
BZJ = B (51 d )
hom ]é;* ( ) ( J =+ 8y7,> Yy

Kiflt:2) = | Ku(t + 5,2) [AW)00,x7 + B)Polult + 5,2)) 0,17 dy.
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Appendix

Definition 2. [2,21] A sequence {u®} C LP(G) converges two-scale to u, with
ue LP(G xY), iff for any ¢ € LY(G, Cpex(Y')) we have

lim : u(z)¢ (a:, g) dr = /G]{/ u(x, y)o(x, y)dedy,

e—0
where 1/p+1/q=1.

Definition 3. [2,20] A sequence {u¢} C L*(T'°) converges two-scale to u, with
u € L2(G x T), iff for ¢ € L*(G,C2.(T)) holds

per

1
e [ wteyiteae)dn =g [ [ atwite doy,

Theorem 3 (Compactness [2,21]). Let {u®} be a bounded sequence in H*(G),
which converges weakly to u € H'(G). Then there exists u; € L*(G, H,.(Y)) such

er
that, up to a subsequence, u® two-scale converges to u and Vu® two-sccfle converges
to Vu(z) + Vyui(z,y).
Let {u.} and {eVu®} be bounded sequences in L*(G). Then there exists ug €
L*(G,H}..(Y)) such that, up to a subsequence, u® and eVu two-scale converge to
uo(z,y) and Vyuo(z,y), respectively.
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Let {\/zu.} be a bounded sequences in L2(I'¢). Then there exists ug € L?(G xT)
such that, up to a subsequence, u® two-scale converge to ug(x,y).

Let ® : R" — R™ be a continuous and convex function and {v°} is a bounded
in L2((0,T) x G)™ sequence which two-scale converge to v. Then

T T
1
liminf/ / @(vs)dmdtz/ /— O (v) dydzxdt,
=0 Jo c o Ja Y] )y

see [13] for the proof.

Mapia ITtammaukK

ITPO YCEPEJAHEHH{ BUPOJKEHINX
IICEBAOITAPABOJITYHNUX BAPIAINIMHNX HEPIBHOCTEUN

Y pobomi nposedeno bazamomacumabrutl anania supoddicenoi nees-
donapabonrivnoi eapiauitinoi Hepienocmi, Axa modearoe deodasHutl
nomix 3 OUHGMIMHUM KANIAAPHUM TNUCKOM 6 NepPoposaniti 0baa-
cmi. Jlas 8CMAHOBAEHHA PO36 A3HOCTE 8APIAUITUHOT HEPIBHOCTNE GU-
KOPUCTGHO ANPIOPHI OUIHKY, Memodu pe2yispusayii, deomacwma-
o010t 36iotchocmi ma memod onepamopa wmpapy.
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VIIK 517.956.6
Ipan Caska!, ITaBiao Bacuammmun?, Tapac Toii®

3AJAYA CIIPSIKEHHS 3 HEJIOKAJIBHOIO
BATATOTOYKOBOIO YMOBOIO 3A YACOM J1JId
IIAPABOJIO-TIIIEPBOJIIYHOI'O PIBHSIHHS B
MUJITHIPUYHIN OBJIACTI

Y yuaindpunnit obaacmi, wo € dexapmosum dobymrom 6i0piska Ha
6a2amosUMIPHUT MOP, C0CAT0NHCEHO 300GMY CIPANCEHHA 3 HEAOKAAD-
HOW 602aTMOMOUK0E010 YMOBOW 30 HACOBON 3MIHHONW O0AL NAPAOOAO-
2inepbosinno20 piehanhi Opyz02o nopadky. Bemamnosaeno ymosu
ICHYBaHHA €0uH020 P36 a3ky 3adaywi y npocmopar Coboaesa. ose-
deHO MEMPUMHT TMEOPEMU TPO OUTHKY 3HU3Y MAAUT SHAMEHHUKIS, HKT
BUHUKAU NPU NobYJosi po3e’asky sadawi.

1. Beryn

[Ipomiecn y nBomIapoBHUX CEPEIOBUINAX i3 PI3KO BiaAMiHHUMN (Di3UIHIMI
BJIACTUBOCTSIMU TIPUBOJISTH 10 PO3IVISIIAY 3a/ad CIPSIXKEeHHSI, KOJIU Ha OJ[Hii
qacTuHi objacTi 3ajaHo mapabojiivyHe piBHAHHHA, a Ha iHINIH — rinepbosti-
que [1]. IIpu npomy ocobimBa yBara npuaiasersbes BUOOPY KpaoBUX yMOB
i yMOB CHpsi>KEeHHsI Ha MeXKi posjiay migobacreil (KOHTaAKTY MiapiB) IboO-
ro cepejoswuina. Takuit BUOGIp 3yMOB/IEHUIT HEOOXITHICTIO MOMIYKY KOPEKTHO
MTOCTABJIEHNX KPANOBUX 3ajad, CHOPMYJIHOBAHUX OJIHOYACHO [t 060X IH-
depeHIiaTbHUX PIBHSIHb.

Kpaitosi 3aa4i 3 pisauMu TUIAME YMOB I apadoJio-Tinepboiaamx
PIBHSIHB JPYTOT0 MOPS/IKY BUBYAINCEH GaraTbMa apropamu (Bparos B., [Ixy-
paee T., €sees B., Kopsiok B., Haxymer A., Cabitos K., Canaxitainos M.,
Lions J., Al-Droubi A., Ashyralyev A. ta immi). 3okpema, y poborax Ca-
6itoa K.B. ra iioro yunis (manpuksasn, qus. [7]) mMerosom cuekrpaibHO-
ro anajizy jjd napabosio-rinepOboJiaHOro piBHAHHS B IPAMOKYTHIM 00/1acTi
MBOX 3MIHHEX (t,2) TOCTIZKEHO KpaiioBl 3aaui CIpsiyKeHHs 3 JTOKAJTbHIMU
Ta HEJIOKAJILHUMY YMOBaMU 32 3MiHHUME X Ta t, a y poboTi [9] — HesokaibHa
HaraToTOUYKOBA 3aj1ava Il rinepbos10-mapaboiaHOr0 PiBHSHHS B TiabOep-
TOBOMY MPOCTOPI i3 CAMOCHPSI)KEHUM [TOJATHO BU3HATEHUM OMEPATOPOM.

ITITIMM ine. 51.C. Higcrparata HAH Yipainn, s-i@Qukr.net

MMpuxaprmarceknit  mamiomampHuii  yHiBepcurer im. B.  Cregpannxa,
pbvasylyshyn@ukr.net

3Mpuxaprmarcoknit  HamiomamsHmit  yHiBepcuter iM. B.  Crecgannxa,
tarasgoy@yahoo.com
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Y poboti [8] BcTaHOBIEHO KOPEKTHY pPO3B’S3HICTH y MIKAJIL IIPOCTOPIB
CobosieBa 3a7a9l CHpsiKeHHS 3 IHTErPAIBLHOI0 YMOBOIO 33 9aCOBOIO 3MiH-
HOIO T3 YMOBaMU TEPIOINIHOCTI 38 MPOCTOPOBUMH 3MIHHUMUA JjIsT TTAPab0JI0-
rinepboIiTHOTO PIBHSHHS APYTOT0 MOPSIKY, a y po0oTi [5] i3 BuKOpucTaHHIM
METPUYHOTO THJIXO/LY JOC/iIKEHO 33129y 3 HEJTOKAIHHOIO 33 YaCOM yMOBOIO,
110 MiCTUTh IHTErpajJbHUN JOJAHOK, B KJaaci (pyHKIT, MaiizKe TepioguaHuX
3a MPOCTOPOBUMU 3MIHHUMH.

2. @opmysIOBaHHA 334a4i

Hexait DP = (—a, f) x QP — muainapuyaa obaacts 3minaux (¢, x), 1e
a >0, >0, — p-suvipuuit top (R/27Z)P, x = (x1,...,2p), p € N.
Hosepxus {t = 0} x QP posbusae obnacts DP ma xei mimoGnacti: DY =
DN {t>0}iD’ =DPN{t <0}

B ob6nacti DP pocmimxkyemo 3amady crpsikenns mupu t = 0 3
M-06araToTOYKOBOIO HEJTOKAJIHLHOI YMOBOIO, siKa MOB’s3y€ MIyKAHUN PO3B’s-
30K u(t,z) y r Toukax npu t < 0 ra y (m — r) roukax npu t > 0, st
mapaboJio-rinepboiTHOT0 PiBHSAHHS:

_ [ u—bAu=0, (t,x)e D,
Lu= { Ut — azAu = O, (t,l’) € Dg, (1)

. . T . o T p
slirfrlou( 6’$) sgrfrlou(&x)’sgnjozﬁ( €,$) EETOUt(€’$>7 reQ ’ (2)

Zﬂju(tjax) = (10(1'% z € QP (3)
=1

ae a,b € Ry, pm € A0}, a > 0,0 >0, A = 2 ... O
1 P

—Oé:tl<t2<...<tr<0<tr+1<tr+2<...<tm71<tmzﬁ, QD(ZL')*
3ajaHa QYHKITIS.
Hazani BukopucroByBaTruMemo taki mpocropu (pyHKIi:
H, = H,(Q,), ¢ € R, — npocrip Co6osieBa, orpuManuii HOIOBHEHHSIM
MHOYKIHI CKIHUEHHIX TPUTOHOMETPIYHEX MHOTOUIeHB (1) = 3 @pet (%)
k

ne k= (ki,...,ky) € ZP, (k,x) = k1z1 + - - - + kpTp, 32 HOPMOTO
1/2
H‘PQHqH = (Z (1+)\i)q|(pk’2> . A= k%"‘"‘"i_k;%-
keZr

C"(I;Hy), n € Zy, I — Binpizok npsmol R, — mpoctip dyskiiit

ult,z) = 32w e (uy(t) € O (D)

kezp
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TaKuX, 10 Jjisd KOxKHOTo (bikcoBanoro t € I dyukiii

u(t,2)/08 = 37w (0, 0<j<n,
kezp

Hasieskarh npocropy Hy i sk esleMeHTH 1[bOr0 IPOCTOPY € HEelEPePBHIME 32
t nwa I; nopmy B npocropi C"(I; Hy) 3amaemo dbopmynoro

|u; C™(I; H) || = ZmaXH@J (t,x)/0t; Hy|?.

Oszuauenns 1. Pose’askom sadawi (1)—(3) nasusaemo dynryito u(t, x)
3 KaaCy

C'([0, 8);Hy) N C*([~a, 0); Hy),
OAA AKOT CNPABAHCYIOMBCA PIBHOCTIV
[ Lu; C([—a, 0; Hy—2)[| = 0,  [|Lu; C([0, B]; Hg—2)[| = 0, (4)

Jim Jlu(=e,)—ule, );Hgll =0, lim flue(—e, ) ~uele, -); Ho-1]] = 0, (5)

Em piu(ty, ) — ¢; Hy|| = 0. (6)
i=1

3. YMOBH KOPEKTHOI PO3B’A3HOCTI 3amaui
Posp’sa30k 3ama4i (1)—(3) mrykaemo y Burisni paxy Pyp'e

u(t,z) =Y up(t)e'®), (7)

kezp

3 ymoB (4)-(6) BummBae, mo a1 KoxHOTO k € ZP Koedimient ug(t)
pany (7) € po3s’sizkom 3asadi

{ () + bA2ug(t) =0, 0<t<p @

P(t) + a®Nug(t) =0, —a<t<O0,
3 yMOBaMU CrpsizKeHHsi Tipu ¢ = 0
up(=0) = ug(+0), up(=0) = uy,(+0) (9)

Ta HEJIOKAJLHOIO 0AraTOTOYKOBOIO YMOBOIO

> njun(ty) = ¢, (10)
j=1
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ne ok, k € ZP, — koedinientn Pyp’e dynxuii ¢().
BarajabHuil po3s’s30K piBHsiHHs (8) Mae BUIIsL

Dke_w‘it, t>0, .
t) = in(a\t ke ZP,
e (?) Ay cos(algt) + BkM

(11)
t
Y <0,

alg

me Ap, Br i Dy — poBinmeHi crau, g Bekropa k = 0 sHaveHHs BUpa3y
sin(aAt)

npuiiMaemo pisanum t. @ynkunig (11) 3amoBoapase ymosn (9) Tiipkn
TOJI1, KOJIA

Ay, = Dy, By, = —b\2Dy.

Po3B’s130k piBHstHHS (8), 0 CIpaBIKye yMOBU crpsizkerHst (9), 306pa-
KYEThCA (HOPMYJIOIO

—bA2t
un(t) = { Dpe %t

t>0,
Dy (cos(aryt) —

keZl.
bXpsin(argt)), t <0,
st 3raxopkenns Koedimientis Dy ckopuctaemocst ymosoto (10). Toxi

Dby = ¢, keZP,
e

O = Z“J (cos(a)\kt]) - é)\k sin(aAxt;) ) +
7=1

_h)\2 .
je PAitr+i - | e 7P,
j=1

<.

Teopema 1. /[laa edunocmi pose’sasky zadawi (1)—(3) neobxiono i do-
cumv, wob 6UKOHYEAAUCH YMOBU

(VkezP)  6p#0. (12)

SIKIO BUKOHYIOTHCS yMOBH Teopemu 1, To dhopManbHuil pO3B’a30K 3a-
nadi (1)—(3) 306paxyerbes psgom

u(t,r) = 900 + Z )eitkse)

(13)
Zug kezp\{0}
j=1
e
57 cos(adyt) — LA, sin(adgt)), t <0,
uk(t):{ zzé ( bA(t kt) — g Ak sin(agt))

kezr. (14
1>0, € (14)

[Muranus icnyBanust po3s‘sa3ky 3aza4di (1)—(3) y npocropi

C'([0, );Hy) N C*([—a, 0);Hy)
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B3araJii Kaxydu, OB a3aut 3 mpob1eMoro Maiux 3HAMEHHUKIB [6], sKa mois-
ra€ B TOMY, 1110 BiZMiHHI Bij HyJist BUpa3u 0 MOXKYTb HaOyBaTH K 3aBIOJHO
MaJjInX 3Ha4YeHb JIjIs HECKIHYEeHHOT KIAbKOCTI BeKTopiB k. Lle cipuaunnsie pos-
GixkHicTh pagy (13) y BKa3aHUX MIKAJAX TPOCTOPIB.

dxio Masi 3HAMEHHUKHU 0 MaiOTh MOJIHOMIaJbHY YU €KCIIOHEHIHY
ACUMTOTHYHY MOBEIIHKY IPH A — OO, TO 3a BiAMOBITHOIO 0OMEXKEHHS Ha
npaBy YaCTUHY HEJOKAJIbHOI yMOBHU (3) MOXKHA BCTAHOBUTH ICHYBAHHS €/11-
HOTO po3B 3Ky 3a1a4i (1)—(3).

Teopema 2. Hezat suxonyromocsa ymosu (12) ma ichye maka cmana
v > 0, wo das 6CIT (Kpim, MONCAUBO, CKIHUEHHOI KiAbKOCTNI) 6€KMOPI6
kezp
=
0] > A (15)

Todi, axwo ¢ € Hyy i3, mo icuye edunuti pose’sasok u 3adaui (1)—~(3), axud
sobpasicyemocs padom (13); npu yvomy suronyromvea nepisrocmi

lu; G ([~ 0); Hy) || < C1lls Hgprrsl,
lu; C([0, B]: Hy)[| < Colles Hyra]l,
de dodammni cmani Cy i Co we 3anescamsd 6id Gyrruii o.

Hosenenus. [Toznaunmo uepe3 K mMHOKUHY THX BeKTOpiB k € ZP, mia
SIKMX BUKOHYETHCs npoTuaezkHa 10 (15) HepisaicTh, T06TO

K={keZl: |6 <X}

Ockinbku 3a yMOBOIO Teopemu MHOKHUHA K € ckimuenna ta inf |dgx| > 0, To
kezp

JLUTST BCIX BEKTOPIB k € ZP BUKOHYIOTHCST HEPIBHOCTI

|0k] > CoX,” (16)

3i crastorn Cp = min {1,1}:&1’% {)\Z|5k|}} > 0.

Bpaxosytoun oniaky (16), 3 dopmynu (14) BUNmMBaoOTh Taxi OMiHKMN:

u ()] < (1 +b/a>a”?;“’f§kr‘ < (1+b/a)(1+a*)Coy x|, j = 0,1,2,
k

st t € [—a, 0],
[ (1)) < wg‘rg:" < (1+D)CA e, =01, te0,d].

Toni nnst poss’asky u 3amaqi (1)—(3) orpumyemo HepisHOCTI

2
o C2 ([ O HL)|? = D mis [[u(t, )00 H | <
=0T
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< 3(1+b/a)?(1+a3)?C2 Y (1+A) N <
kezpr
3
<3(1+b/a)*(1+a*)2CE > (1+ )" el = CFllos Hgpyasl|?,
kezZpr

;CH([0, 8]; Hy)|I* = JH |12 T H,||? <
|u; C([0, B]; Hy) | tgm]\lu qll +t21[3)§]”“t qll” <

<2(1+0)2C2 Y (1+22) ™ o2 = €2l Hyppi2 1%,

kezpr
e
C1 = V3(1+b/a)(1+a*)Co, Cs=V2(1+b)*Co,
3 AKX BUILJIUBAE L[OBe,ZLeHHH TeOpeMI/I. | |

4. Ouinka Majanx 3HAMEHHUKIB 3aaadvi

3’acyemo Temnep MOXKIUBICTH BUKOoHaHH: ormiHku (15). g nporo ckopu-
CTAEMOCh METPUYHUM I1/1X040M [4], sikuil no/sirae y BUB4EHH] MipU MHOXKUH
mapameTpis 3a/1a4i (KoedinienTis piBasHHS, KoediIieHTiB yMOB ab0 mapame-
TpiB 00/1aCT1), /s IKMX BKA3aHl OLIHKM BUKOHYIOTHCsS 200 IIOPYILYIOTHCS.

Jlema 1 (Bopens—Kanrenni, [2]). Hezat {An}oo_; — nocaidosnicmo
sumipnuz (3a miporo Jlebeza) mmoocun 3 R maxuz, wo

o0
Z meas A, < oo.

m=1

Todi mipa Jlebeza 6 R mmooicunu mux mouox, Axi noOmpaniaoms 00 HeCKit-
YEHHOT KIADKOCTT MHONCUH UIEL NOCAI008HOCTE, JOPIBHIOE HYAI0, MOOMO

meas A = 0, A =limsup A, = m U A,

m—00 m=1r=m
Osuauenns 2. Mwuoocuny E(f,e,1), axa 3adacmvca piehicmio
E(fe,I)={tel:|f(t))<e}, >0,

b6ydemo HA3UBAMU E— BUHAMKOBOI MHOACUHOM0 Oas Pynkuii [ na eidpisky I,
I CR.

JIema 2 (Ilaprmi, [3]). Hxwo ¢ynxyia f € C™*(I) e maxoro, wo
(vtel) [f™)]>6>0,
MO Mipa €—BUHAMKOBOT MHOHCUHU OAA GynKyii f cnpasdotcye nepisnicmb

meas E(f,e,I) < 2n1/e/d.
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[Mosunaunmo uepes It neskuit dikcoanuii Binpisox Ir = [11,T5] ups-
Mol R, ne T7 < T3 < 0.

Teopema 3. SAxwo das dirxcosanozo s € {1,...,r} sukonyromvca we-

pieHocmi
T

ps 0, luel >2 > uyl,

J=1,j#s

mo das matioce 6cizt (cmocosno mipu Jlebeza 6 npocmopi R) wucen ts € I
outnka (15) eukonyemocsa 0as 6CIixT (Kpim CKIHUEHHOT KiAbKOCMI) 6eKMOPI6
keZP npuy>p—1.

JdoBenenns. He oOMmexyrodn 3ara/ibHOCTI, IOBEIEHHS TEOPEMU TPOBE-
memo g s = 1.

Posrngnemo Bupasu 0y, k € ZP\{0}, ax dbyukmii 3MinHOT {1 HA BiApiZKy
I, a came:

b
fk(tl) = (5k = U1 <COS(CL)\kt1) — Tk sin(a)\ktl)> + (I)k, ke Zp\{()},

e gepe3 P mozHavweHo BUpas, AKW He 3ajIexkaTh BiJ t1, TOOTO

b
Q) = ZMJ (Cos(a)\ktj) - ,/\k sin(aAgt;) > Z L je —bAZtrpj
j=2

3anpoBaanMo HACTYIHI £-BUHATKOBL MHOXKHHE Aj, mpn € = A,
Ae = E(fi, \, " Ir) ={t1 € Ir : | fu(t1)| < X7}, k€ ZP\{0},

a TAKOXK IIO3HAYMMO depes A MHOXKHMHY THX 9uCesI t1, 9Ki HAIeXKaTh HeCKiH-
4enHiit KiabkocTi Muoxkua muoxkuna A, k € ZP\{0}.
[pomudepentioemo dyukItio fr 3a 3minHOI0 t1. Tomi oTpuMaemo, 1o

fr(t1) = —pn (DA cos(adgts) + ady sin(adgti)) .
Ockinbkn
aXg sin(adgty) fe(t1) + cos(agtr) fr.(t1) =
= a)\g sin(adgty) (m cos(argty) — m% sin(aAgt1) + (I)k) -

— 1 cos(aXgty) (b)\i cos(adpti) + aXg sin(a)\ktl)> =

= a)\k sin(a)\ktl)@k — Nlb)‘zy
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TO
aXg sin(apty) (fr(t) — @) + cos(arits) fi (1) = —p1bA,
3Bi;LKH
b »
_%Ak = sin(adgt1) (fr(t1) — i) + COS(aAktl)M

a,)\k. '

Takum anHOM, y KOXKHi#T TodUri ¢1 € IT BUKOHYETHCS HEPIBHICTH

|'u;|b)\k S ’fk(t ) (I) |+ |fk( )| < 2max{]fk(t1) — (I)k|, |f2(;k1)| } . (17)

ITozrivmvo Termep KimbkicTs Hy1iB Ha BiApisky It dymxmiit gi (t1) i g, (t1)
sIKi BU3BHAYAIOTHCA (popMyaMu

g ) = Jule) — o+ B ) = g - - B0,

Jtst ux dyukuiit cupaseiiubi 306pazkeHHs

gt) =m(1- gAk) cos(argti) — pr (1 + gAk) sin(aAgt1) =

— 2(1+ /\2) sin(aAgty — ox),

gp (t1) = (1+ g)\k) cos(arpty) + p1 (1 — 2Ay) sin(adgty) =

=pi\/2(1+ 2—2)\%) cos(argts — dp),
e

—bA
O = arctg b)\k k € ZP\{0}.

Kinbkicrs mymis dpynkmil g,j (t1) (Bigmosinmo, dbyukuii g, (t1)) m1opismHioe
KLTBKOCTI IituX aucest my (BiMOBIIHO, ILINX 9UCET M), AKi CIPABIKYIOThH
HEPIBHICTH

Tial, — Toal, —
1a\k ¢k<m1§ 20\ — P,

s - T

<T1a>\k—¢k—7T/2 <y < Toal, — ¢p —7r/2> '

s s

OdeBusao, 1o s dikcoBanoro Bekropa k # 0 xKoxkua 3 yHkiii g, (t1) i
gy, (t1) moxke maru He 6inbite nizx C3Ay, Hyis, je

Cs = C3(Ir,a) =14 — (T2 —Ty).
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[ozmaumvo wepes &t . . . ,§£(k) pizui mymi o6ox byukmiit g;f (t1), g5 (t1),
ski mHasexkarb npomixky (17, 7). Braxaoun, mo Touku 5,; e ,fﬁ(k) 3aIm-

Lk ..
CAHO Y TIOPAAKY 3POCTAHHS f,i <<€ k( ) , 3pobuMo po36uTTsa Bimpizka Ir
oMU TOYKaMW HACTYITHUM YUHOM:

o(k)
: _—
It = U IT, I% = [£i>£i+ ]7 (18)
ne & =Ty §€(k = Ty. Ha KOKHOMY BiJIpi3Ky I%, j=0,1,...,0k),

00w R (byHKun 9 F(ty), gy, (t1) 36epirators 3max, a Bijrak i3 Hepisxocti (17)
OZIEPIKYEMO, TITO

; b
(vt € 1) Ufelt) — @] > B0, (19)

abo

; b
(vt e B Iftien) = M0 (20

Axmo #a BiAPIZKY I% BUKOHYETHCs yMOBa (19), TO KOMHA TOYKA THOTO
Bigpiska He MOXKe HasekaTn MHOKAHI Ag s mocnth Besmkoro Ag iy > 0.
HiiicHo, 3 HepiBHOCTEI

b B b T m
I < 1fultn) — el < Ufelt)] + 94 € A7+ 0 S g+ D |
j=2 j=2

BUILIUBAE, IO Ma€ BUKOHYBATHUCH HEPIBHICTD

b ’Ml Z|J| <1+Z’/LJ

Ba ymosoto reopemn |u1| > 2377, ||, Tomy ocramms mepisnicTh He BUKO-
HYETbCSI TIpU

-1

m
.. @ ||
M > A=y 1+§2!Mj| T_E |45
J:

Tomy mpu Ax > A iy > 0 maemo Ay N L} = (), 3BigKH

Ci, 0<Xp <A,

ALNThL < k
meas Ay < { 0. > A

ne Cy = max {meas Ag}.
0<AR<A
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AKImo X Ha BIIPI3KY I% BUKOHYEThCsE ymoBa (20), To 3a Jyiemoro Ilapri
(npu n = 1) ans posiabHOro 7 € R orpumyemo ouinky

meas Ay N I, < 2077, k€ ZP\{0}.

o(k)

I3 piBrocti meas A, = > j—o meas A N I}, ra ouinok

(k) < C3)g, max{meas A; N Igp} < b|ﬁ1\)‘lz277
J

JUI A > A BUILIUBAE, 110

11— ~
meas A < C5), T Cs = gLITCfI’ ¥>0, \p > A

Takum amHOM, IpU ¥ > p — 1 psax Zkezp\{o} meas Ay € 36ixxnanm. Tomy
3a jgemoro bopens—Kamremt meas A = 0 mpu v > p—1. OTke, 1JTsT KOXKHOTO
t1 € Ir\A iciye Take wmeao A = A(t1), mo ominka |8 > A7 Buxonyerbcs
7u1st Beix A, > . Teopemy moBejieHo. ]

3ayBaxKuMo, 110 TeopeMa 3 CIpaB/KYEThCs i 6e3 yMOBU

r

sl >2 > Il,

J=1j#s
aJie TOJIi MOKA3HUK 7y MOBUHEH OyTu OijibminuM, a came 7y > 2p — 1.

Teopema 4. dxwo ps # 0 das Pixcosanozo s € {1,...,r}, mo daa
matioice 6ciz (cmocosno mipu Jlebeza 6 npocmopi R) wucea ts € Ip ouinka
(15) sukonyemoca daa eciz (kpim ckinwennoi xisvkocmi) eexmopis k € ZP
npu vy > 2p — 1.

JoBenennsi. He obmekyioun 3arajbHOCTI, JIOBE/IEHHS TEOPEMU 3HOBY
poBejemo st S = 1. Bysemo BukopucTtoByBaTu Ti 2K caMi IO3HAYEHHS, 110
IIpU JTOBEJIeHHI TeopeMu 3.

Jpidi npoaudepennioemMo GyHKIino fi:

f1.(t1) = —m (b)\z cos(argty) 4+ aXgsin(adgty))
7 (t1) = —p1 (a®A7 cos(adgtr) — abA} sin(adgty)) .
Toni omepxkyemo gudepenIiaibHe PiBHIHHS
sin(agt1) fr(t1) — adp cos(adpty) fr(t1) = prabAs,
3 SKOT'O BUILIMBAE HEPIBHICTH

|f (t)]
a/\k

| bA], <

+ 1) < 2max gl O
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MozkHa aHaJO0rivyHO MOKa3aTw, 10 KLJIBKICTh HYJIB (DYHKIN h;(tl) i
hy (t1) ma Bigpisxy It, ge

i) Gy
h+':: 4 t k h - 4 t - k
k fk( 1)+ a)\k ) k fk( 1) a)\k )
ne nepesuirye Cg\y,, Cs — 1esKa 10JaTHA CTaA.
Hani spobumo poséurta (18) Biapiska Ir, B axomy &, ... ,§£(k) — Bci

pisui mysi o6ox dbyukuiit b} (t1), hy (t1), sxi nanexars npomikky (11, T5).

. . . . . j .
I3 mepiBrOCTI (21) OTpUMaEMO Taki aJbTepHATHBU HA BiAPIZKY [i:

(Vi € ) | fi(tr)] > Ll (22)

abo

(v € 1) [f(t)] > .

Axmo Ha BiAPI3KY Igp BUKOHYETHCs yMOBa (22), T0 3a jemoro [lsapri ms
noBibHOTO Y € R BUKOHY€ETHCsT OIiHKA

meas Ay N I% < ﬁ)\f—v, k € Z°\{0},

B IHIIOMY pa3si — OIliHKa
—3—~

meas Ay, N I, < 8-0 "2, ke ZP\{0},

I3 mepirocti ana kimsxocti £(k) mymis dbynxmiit b (t1) i by (t1) Ta ori-

HOK A1 Mip MEHOXKAH Aj N Igp BUTLJIUBAE, 10

Z(k) . —y—1
meas Ay = Y _meas A, N I} < Ce), 2, k € ZP\{0},
§=0
ne Cg = I)At\ifl max{l, %}, v > —1.

Takum 9WHOM, P Zkez\{o} meas Ap Ma)kopyeThes 36i1KHUM pAIOM
npu v > 2p — 1. Ha miacrasi semn Bopena-KanTemnr orpumyemo, 1Mo mi-
pa Jlebera MHOXKMHA THX TOYOK t1 € A, sKi TOTPAIIAIOTh y HECKIHYEHHY
KiIbKicTs MHOXMH Ay, k € Z, nopisHioe HyseBl. Teopemy moBeneHo. ]

1. T'eavgpanod H. M. Hexoropble Bonpochl aHain3a U AudQepeHnuaabHbIX yPaB-
Hernit // YMH. - 1959. — 3, Bomr. 3(87). — C. 3-19.

2. Iuxman U. U., Cropoxod A. B., Sddpenxo M. U. Teopus BeposiTHOCTEH U
MaTemarudeckas craructuka. — K. : Buma mkona, 1979. — 408 c.

3. Iwwie B. C., Mazeposcvra T. B. IIpo xoucranty B aemi Ilaprai // Bicuux
HY ,JIbBiBCcbKa momitexnika“. @iz.-mar. mayku. — 2007. — Ne 601. — C. 12-17.



240 1.4, Caexka, I1.B. Bacumumus, T.I1. Toit

4. Imvwie B.C., Imawmnux B.H. 3anadi 3 HeJOKATLHIMA yMOBAME J1/1s PIBHSIHb
3 YACTUHHUMHU TTOXITHUMU. MeTpuuHnii miaxia 1o mpobaeMn MajinX 3HaMEH-
HUKIB // YKp. Mar. xxypH. — 2006. — 58, N 12. — C. 1624-1650.

5. Kysv A.M., IImawnux B.H. 3amada 3 yMOBOIO, IO MICTHTH IHTErpaTbHuil 10-
JIAHOK, Jisi napaboso-rinepbosivnoro pisHAHHES // YKp. MaT. XKypH. — 2015. —
67, Ne 5. — C. 635—644.

6. IImawnux B.U., Iavkis B.C., Kmimo 1.4., Iosiwyx B.M. Henokanbhi Kpa-
#oBi 3ama4i s piBHAHD i3 yacrmHHuME noxigaumu. — K. : Hayk. aymka,

2002. — 416 c.

7. Cabumoe K.B. Hejokasbuasi 3amada Jjisi ypaBHEHHs Mapabosio-rumepbo-
JIMYECKOTO THIA B HPAMOYTosbHOH obmactu // Marem. 3amerku. — 2011. —

89, Ne 4. — C. 596-602.

8. Casxa I.4., Cumomiox M.M. 3anada crpszkeHHs 3 IHTETPAJIBHOIO YMOBOIO
3a, 9aCOBOIO 3MIHHOIO JJIs MIITAHOTO PiBHAHHS MapabosIo-rinepOoidHOrO TH-
ny // Hpukapnarcekuii Bicank HTTI. Cepist «Yncio». — 2015, — 1, Ne 28, —
C. 72-77.

9. Ashyralyev A., Ozdemir Y. On nonlocal boundary value problems for
hyperbolic-parabolic equations // Taiwanese J. Math. — 2007. — 11, No. 4. —
P. 1075-1089.

Ivan Savka, Pavlo Vasylyshyn, Taras Goy

CONJUGATE PROBLEM WITH MULTIPOINT NONLOCAL
CONDITION IN TIME FOR PARABOLIC-HYPERBOLIC
EQUATION IN A CYLINDRICAL DOMAIN

In the Cartesian product of the time segment and the spatial multi-
dimensional torus, the conjugate problem with multipoint nonlocal
condition in time for parabolic-hyperbolic equation is considered. The
conditions for existence of the unique solution to the problem in
Sobolev spaces are established. The metric theorems on the lower
bounds of small denominators appearing in the solution of the problem
are proved.
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ON CLASSIFICATION OF SYMMETRY REDUCTIONS FOR
PARTIAL DIFFERENTIAL EQUATION

We suggest to investigate the relationship between the structural
properties of nonconjugate subalgebras of the same rank of the Lie
algebras of the symmetry groups of the partial differential equations
and the properties of the reduced equations corresponding with them.
Some results concerning to a classification of symmetry reductions
for the eikonal equation are presented.

1. Introduction

It is well known that mathematical models of real processes of the nature
can be very often described with the help of partial differential equations
(PDEs).

It is also known that the important PDEs of theoretical and mathemati-
cal physics, mechanics, gas dynamics, etc. have non-trivial symmetry groups.

Symmetry reduction is one of the most powerful tools to investigate
PDEs with non-trivial symmetry groups. In particular, for this purpose, we
can use a classical Lie method. In 1895, Lie [1] considered solutions invariant
with respect to groups admitted by the higher-order PDEs.

It turned out that the problem of symmetry reduction and the constructi-
on of classes of independent invariant solutions for PDEs with non-trivial
symmetry groups was reduced to pure algebraic problem of describing all
nonconjugate (nonsimilar) subalgebras of Lie algebras of symmetry groups
of these equations. The details can be found in [2-7] (see also the references
therein).

In 1975, Patera, Winternitz, and Zassenhaus [8] proposed a general
method to describe the nonconjugate subalgebras of Lie algebras with nontri-
vial ideals. Two years ago, Patera and Winternitz [9] described the nonconju-
gate subalgebras of real three- and four-dimensional Lie algebras.

The results of those two works make it possible to describe a subgroup
structure of the symmetry groups as well as to construct classes of invariant

! Institute of Mathematics, Pedagogical University, Cracow, Poland;
vasfed@gmail.com,

2Pidstryhach Institute for Applied Problems of Mechanics and Mathematics
of NAS of Ukraine, Lviv, Ukraine; volfed@Qgmail.com
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solutions for many PDEs (see, for example, [6,7,10-21| and the references
therein). However, it turned out that the reduced equations, obtained with
the help of nonconjugate subalgebras of the given rank of the Lie algebras
of the symmetry groups of some equations, important for theoretical and
mathematical physics, were of different types (see, for example, [14-21] and
the references therein).

Grundland, Harnad, and Winternitz [14] were the first to point out and
investigate the similar phenomenon.

It means that using only the ranks of nonconjugate subalgebras of the
Lie algebras of the symmetry groups of the PDEs under investigation, we
cannot explain differences in the properties of their reduced equations.

It is well known that the nonconjugate subalgebras of the same rank of
the Lie algebras of the symmetry groups of PDEs under investigation may
have different structural properties.

To try to explain some of the differences in the properties of the reduced
equations, obtained with the help nonconjugate subalgebras of the same rank
of the Lie algebras of the symmetry groups of PDEs under investigation, we
suggest to investigate the relationship between the structural properties of
these subalgebras and the properties of the reduced equations corresponding
with them.

By now, we have investigated the relationship between the structural
properties [22] of the low-dimensional (dim L < 3) nonconjugate subalgebras
of the Lie algebra of the generalized Poincaré group P(1,4) and the properti-
es of the corresponding reduced equations for the eikonal equation. In [21],
there are the results, obtained on the basis of classification of three-dimen-
sional nonconjugate subalgebras of the Lie algebra of the group P(1,4).

In this paper, we present some results relating to a classification of
symmetry reductions for the eikonal equation, obtained on the basis of classi-
fication of one- and two-dimensional nonconjugate subalgebras of the Lie
algebra of the group P(1,4).

2. Lie algebra of the Poincaré group P(1,4) and its noncon-
jugate subalgebras

The group P(1,4) is a group of rotations and translations of the five-
dimensional Minkowski space M(1,4). It is the smallest group, which con-
tains, as subgroups, the extended Galilei group G (1,3) [23] (the symmetry
group of classical physics) and the Poincaré group P(1,3) (the symmetry
group of relativistic physics).

Lie algebra of the group P(1,4) is generated by 15 bases elements
My, = =My, (mv =0,1,2,3,4) and P, (u = 0,1,2,3,4), which
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satisfy the commutation relations

[P ] =0, [Mu, Ps] = gvo Py — guoFo,
(M, Mpo| = GuoMyp + gupMuo — gupMuve — GuoMup,

where goo = —g11 = —g22 = —933 = —gua =1, g =0, if p#v.

Let’s consider the following representation of the Lie algebra of the group
P(1,4):

0 0 0 0

0 8$0 ’ ! (9&71 ’ 2 8:E2 ’ 3 81‘3 ’
9 _

Py==o- My =P —2,F 1= .

In the following, we will use the next bases elements:
G = Mos, L1 =DMy3, Loy=—Myg, L3g=Mpy,
P, = My — Mo, Co= Mgy + Moa, (a=1,2,3),
Xo=5(B—P), Xe=P (k=123), Xi=(R+P).
Nonconjugate subalgebras of the Lie algebra of the group P(1,4) have
been described in papers [24-28].

Lie algebra of the extended Galilei group G(1,3) is generated by the
following bases elements:

Ly, Ly, L3, P, P, P3, Xo, X1, Xo, X3, X4.

In this paper, we use the full list of the nonconjugate (up to P(1,4) -
conjugation) subalgebras of the Lie algebra of the group P(1,4), which can
be found in [12].

3. On classification of symmetry reductions for the eikonal
equation
In this section, we consider the eikonal equation of the form as follows:
QuN'_(du' o (out o (ou)
dxg 0x1 Jxa Ox3 -

where u = u(z), x = (xg,z1,22,23) € M(1,3).
In 1982, Fushchych and Shtelen [29] proved that the maximally extensive
local (in sense of Lie) invariance group of this equation was the conformal
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group C(1,4) of the (4+1) -dimensional Poincaré-Minkowski space with the
metric
2 =ak — ot — 2% — a2 —u® 4=

It is known that the group C(1,4) contains, as a subgroup, the group
P(1,4).

In this section, we present the results of classification of symmetry reduc-
tions of the eikonal equation for all nonconjugate subalgebras of the Lie
algebra of the group P(1,4) of dimensions 1 and 2.

3.1. Classification of symmetry reductions for the eikonal equation
using one-dimensional nonconjugate subalgebras of the Lie al-
gebra of the Poincaré group P(1,4)

The results of classification of one-dimensional nonconjugate subalgebras
of the Lie algebra of the group P(1,4) can be formulated as follows:

Proposition 1. The Lie algebra of the group P(1,4) contains 20 one-
dimensional nonconjugate subalgebras of the type A;.

Consequently, we have 20 ansatzes, which are invariant with respect to
the one-dimensional nonconjugate subalgebras of the type Aj.

By now, we have performed corresponding symmetry reduction of the
eikonal equation to differential equations with a fewer number of independent
variables using those ansatzes. Some classes of invariant solutions have been
constructed.

Below, we present a short review of the results obtained. All the reduced
equations are nonlinear. In 18 cases, the reduced equations are three-dimen-
sional PDEs. Let’s present some of the resuls obtained.

1. (G):
Ansatz
(23 — u?)1/? = p(wr,wo,w3), w1 =71, wo = Ta, w3 = T3.

Reduced equation
dp

Pi = s )

Pt +p3a+ps—1=0, i=1,2,3.

Solution of the reduced equation

1/2

o(wr, wa,ws) = —(1 — c% — c%) w1 + cows + c3ws3 + c1.

Solution of the eikonal equation

(22 —u?)'/? = —(1 — 3 — 3)V/221 + coma + c323 + €1
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2. (G+aXy, a>0):
Ansatz
r1 —aln(rg +u) = p(w1, w2, w3), w1 = T2, wy = T3,
w3 = (23 — u?)1/2.
Reduced equation

w3 (w3(p? 4 ¥5 — 3 + 1) — 200p3) = 0.

Solutions of the reduced equation

w3 =0, @(w,ws,ws) = crwr + cowa + c3 +

9 2 2 1 2 2
+aln< oG+ + D +a +a)> — V(A + &+ s + a2

2
w3

Solutions of the eikonal equation

2a(y/(F + 3 +1)(23 — u?) + a2 —i—a)) B
To—Uu

u = Fxg, aln(

—V/(E+ 2 +1)(23 —u?) +a? — 21 + 172 + caz3 + c3 = 0.

It should be noted that the next subalgebras belong to the Lie algebra
of the extended Galilei group G(1,3) C P(1,4).

3. (L3):

Ansatz

u=(wi,wa,wy), wi =0, W =3, wy = (2] +23)"/%
Reduced equation

Yf— 3 -3 —1=0.

Solution of the reduced equation

(p(wl,(/.)g, w3) = (C% + C% + 1)1/2w1 + cowy + c3ws + C1.

Solution of the eikonal equation

u=(c3+c%+ D2z + coz3 + c3(x? + 2312 + ¢y
4. <L3 + Ot(X() + X4), o > 0) :

Ansatz

u = @(Wl,(.dg,(dg), w1 = T3, W2= (LU% + x%)1/27

T1
w3 = xrg — aarctan —.
Z2
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Reduced equation
w3 (] + ¢3) + (o — w3)pd +wi = 0.
Solution of the reduced equation

C3x
((c? — 2 + 1)w3 + c2a2)l/2

W(Wl,wz,wz),) = jaes arctanh
_i((c% - C% + 1)‘*’% + C§a2)1/2 + c3w3 + c1wy + ¢4.

Solution of the eikonal equation
C3(x

+
V(=& +1)(a? +a3) + da?

u = jaeg arctanh

x
+c3 <:):0 — cvarctan ;) —i/(3 — &+ 1) (23 + 23) + Ba2+crz3+cy.
2

<L3+O¢X3, a>0):

Ansatz

2 2 I
u = go(wl,wg,wg), w1 = xg, Wy = 2] + T35, wy = x3 + aarctan ot

2
Reduced equation
wapt — dwi s — (a? + wa)p3 — wa = 0.
Solution of the reduced equation
2_ .2 2 2Y1/2
cy —cg— 1wy —

p(w1,we,ws) = —aeg arctan ((cf — 3 Jws — c5a”) + clwy +

C3(x

+esws + ((63 — 3 — 1wa — c§a2)1/2 +cy.

Solution of the eikonal equation

u=/(c} —c —1)(2? + 223) — a®c3 + cza arctan o
Z2

VUG TV e

c3Q

—csa arctan ( ) + c3x3 + 120 + C4.

(L3 +2Xy) :
Ansatz

x2
o —u + 2arctan — = p(wi,ws,w3), w1 =To+ U,
T

Wy = (IE% + x§)1/2, W3 = I3.
Reduced equation

w3 (41 + 05+ ©3) +4=0.
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Solution of the reduced equation
(w1, w2, ws) = 2iy/(c1 + ¢3)ws + 1—2i arctanh ( (c1+ A)ws + 1)—|—

+ciwi + 2c3ws + c4.

Solution of the eikonal equation

o —u+ 2 arctan —2 = 2i\/(Z +c1)(@? +23) +1 -
I

—2i arctanh <\/(c§ +c1)(z? +23) + 1) + c1(xo + u) + 2c3w3 + 4.
7. <P3 - 2X0> .
Ansatz
1 3
xTo— U+ 6(330 +U) +$3($0 +u) = (,0(&)1,0.)2,&13), w1 =T, W = 9,
w3 = (20 +u)? + 4x3.
Reduced equation

T + 3 + 1605 — ws = 0.
Solution of the reduced equation

1
plwr,wa,ws) = erwr + cpwn — (ws — 2 — 232 + cs.

Solution of the eikonal equation

1 1
xo—u+ 6(:170 +u)® +x3(z0+u) = c121 + cowg — 6 ((wo + u)? + daz—

3/2
—c% — c%) / + c3.

In one case, the reduced equation is a two-dimensional PDE. Let’s
present the results obtained.

8. (X4):
Ansatz
x3 = p(wy,we,ws), Wi =T, We = To, W3 = Ty + U.
Reduced equation
I+ ei+1=0.
Solution of the reduced equation

P(wr,wa,ws) = —i(c3 + 1) 2w + cows + c1 + f(ws).

Solution of the eikonal equation

x3 = —i(c3 + 1)Y2z1 + coma + 1 + f(x0 + 1),
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where f is an arbitrary smooth function.

From the invariants of one subalgebra it is impossible to construct an
ansatz, which reduces the eikonal equation. Let’s present basis element
of the subalgebra and corresponding functional basis of invariants.

9. <X4 - X0> .

w1 = Xg, W2 = T1, W3 = T2, Wqg = T3 .

3.2. Classification of symmetry reductions of the eikonal equation
using two-dimensional nonconjugate subalgebras of the Lie al-
gebra of the Poincaré group P(1,4)

The results of classification of two-dimensional nonconjugate subalgebras
of the type 24; of the Lie algebra of the group P(1,4) can be formulated as
follows:

Proposition 2. The Lie algebra of the group P(1,4) contains 42 two-
dimensional nonconjugate subalgebras of the type 2A1.

Consequently, we have 42 ansatzes, which are invariant with respect to
the two-dimensional nonconjugate subalgebras of the type 2A4;.

By now, we have performed corresponding symmetry reduction of the
eikonal equation to differential equations with a fewer number of independent
variables using those ansatzes. Some classes of invariant solutions have been
constructed.

Below, we present a short review of the results obtained. All the reduced
equations are nonlinear.

In 32 cases, the reduced equations are two-dimensional PDEs. Let’s
present some of the resuls obtained.

1. <L3—|—O¢(X0—|—X4), P+ Cs, a> 0) :

Ansatz

T
o = O‘arCtanx*l = p(wi,wa), wi = (23 +23)2 wy = (u? +23)1/2
2

Reduced equation

(03 +¢3 — Dw? + a?)wi =0, 0 1= i=1,2.

Solutions of the reduced equation

o
V(I =@t —o?

(w1, w2) = /(1 — 3)w? — a? + aarctan + cowsa +

C1, Wy = 0.
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Solutions of the eikonal equation

+co(uZ42a2)/24

I [0
Tg—a arctan — = a arctan
2 V(1= 3)(af +23) - a?

V(A=) (22 +x3) —a2+e, ut+a2=0.

2. (G+aXs, L3, a>0):
Ansatz
x3 —aln(zo+u) = p(w,wa), wi = (23 +23)2, wy = (23 —u?)V/2.
Reduced equation

wg(wyp% — wyp% — 2aupg + we) = 0.

Solutions of the reduced equation

V(@ +1Dwi + a2 +a>

we =0, ¢(w,w)=aln <2a 5
w3

_\/(C% + 1)&1% +a? + clwi + Co.

Solutions of the eikonal equation

2 u?=0, aln <2a\/(C%+1)($g—u2)+a2+a> —

X
0 o —Uu

V(G +1)(22 —u2) +a® —x3+ci(2? +23)/2 4+ = 0.

It should be noted, that next subalgebras belong to the Lie algebra of
the extended Galilei group G(1,3) C P(1,4).

3. <L3 + OL(XO + X4), X4, a> 0> :
Ansatz

1
To + u — avarctan = o(wr,w2), w1 =3, wy= (27 + :L‘%)l/Q.
2

Reduced equation

wip? + w3l +a? =0.

Solution of the reduced equation

. . o
<p(w1,w2) = clwi + z«/c%w% + a? —jqarctanh — + Co.
ciws + a?
Solution of the eikonal equation
o

u = c1x3 + i/ (23 + x3) + a? — i arctanh —
Vel NCEETET
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T
—Zg + a arctan — + ca.
)

4. <P1, PQ—XQ—BX;g, ﬁ>0>:

Ansatz
2 2
7 3
2u = _
SUO+U £C0+u_|_1+ u SO(UJl,OJQ)? w1 LUO—i—u’
wWo =X —ﬂ
? ’ To+u+1

Reduced equation

(w1 + 1)%w] (w1 + 1)%(93 — 41 +4) + B%p3) = 0.

Solutions of the reduced equation
2

) 5203
wi+1=0, w =0, cp(wl,wg) = 1 +1)wi+cowy———=—

Ao+ 1) +c1.

Solutions of the eikonal equation

1 T o= (241 o+
u=—1—2x9, u=—xp, u=|-= o+ u) —
0 0 To+ U 4 0

(Bea + 212)?
*—"“CCC +C.
Ao +u—+1) P

In 5 cases, the reduced equations are ordinary differential equations.
Let’s present some of the resuls obtained.

5. (L3 + aXs, X4, a>0):

Ansatz

T
T3+ aarctan —= = p(wi,wa), w1 =mzo+u, wy=(af+ 232
2

Reduced equation

(¢2 +1)w3 + a2 = 0.

Solution of the reduced equation

. a .
QO(UJ]_,LL)Q) = jaarctanh \/ﬁ — 1/ w% —+ o —+ f((,dl)
2

Solution of the eikonal equation

. o o -~ 2
x3+aarctan—:zaarctanh#fz i+ xy; + o+
x2 Vi +as +a?

+f (2o +u),

where f is an arbitrary smooth function.
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From the invariants of 5 subalgebras it is impossible to constract
ansatzes which reduce the eikonal equation. Let’s present bases ele-
ments of some subalgebra and corresponding functional basis of invari-
ants.

(X1)® (X4 — Xo): wi1=z9, woa==x9, wW3=2a3.

The results of classification of two-dimensional nonconjugate subalgebras
of the type A of the Lie algebra of the group P(1,4) can be formulated as
follows:

Proposition 3. The Lie algebra of the group P(1,4) contains 7 two-
dimensional nonconjugate subalgebras of the type As.

Consequently, we have 7 ansatzes, which are invariant with respect to
two-dimensional nonconjugate subalgebras of the type As.

By now, we have performed corresponding symmetry reduction of the
eikonal equation to differential equations with a fewer number of independent
variables using those ansatzes. Some classes of invariant solutions have been
constructed.

Below, we present a short review of the results obtained. All the reduced
equations are nonlinear.

In 6 cases the reduced equations are two-dimensional PDEs. Let’s present
some of the resuls obtained.

1
L (=G = {La Xa, A>0):

Ansatz

In(zg 4+ u) + Aarctan 2% = olwy,ws), w1 =3, wy = (2 +23)/2.

T2

Reduced equation

w3 (93 +¢3) + A2 =0.

Solution of the reduced equation

A
o(wi,ws) = crwy — i«/c%w% + A2 + ¢ arctanh ——————— + ¢o.

Vw3 + N2

Solution of the eikonal equation

In(zg + u) = c173 — iy/cH(x? + x3) + A2 — Narctan i—; +co+

A
Ve (@? +x2) + 22

+i\ arctanh
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2. (-G —aXy, X4, a>0):
Ansatz
1 —aln(zg +u) = p(wi,ws), w1 =x2, wo=xs.
Reduced equation
eI+ p3+1=0.

Solution of the reduced equation

1/2

(w1, wa) = i(c2 + 1) 2wy + cows + 1.

Solution of the eikonal equation
71— aln(zg +u) = i(c3 + 1)1/2:62 + cox3 + 1.

1
3. <—G—%X3—XL3, X4 a>0,A>0):

Ansatz

In(xzg + u) + Aarctan o o(wr,wa), w1 = (x7+ x3)'/2,
T2

T
wo = T3 + avarctan —.
T2

Reduced equation

wi (93 + ©3) + (apa — A)? = 0.

Solution of the reduced equation

o(wy,we) = i\/c%w% + (acg — N2 + cows + 1 —

acy — A
Ve3w? + (acy — R

—i(aeg — N) arctanh

Solution of the eikonal equation

In(zo + u) = i\/c3(2? + 22) + (aca — \)2 + (acy — A) arctan no
Z2

acy — A
Ve3(at +a3) + (acy — A)?

4. <—G—04X1, Ps, a> 0> :

—i(aeg — N) arctanh + coxs + cs5.

Ansatz
1 —aln(zg +u) = (wi,ws), wi; =x9, we = (:133 — x% - u2)1/2.
Reduced equation

w9 (WQ((,O% — (,0% + 1) — 2a<p2) =0.
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Solutions of the reduced equation

2 1 2 2
2

—V/(f + 1w + a2 + crw1 + .

Solutions of the eikonal equation

22— 23 —u? =0, x1—aln(z+u)=

ol <2a¢<c%+1><x3—w§ —u2>+a2+a> .

2 _ 2,02
o x5 u

—/(& + 1) (@ — 22 —u?) + a2+ 172 + .

From the invariants of one subalgebra it is impossible to constract
ansatz which reduces the eikonal equation. Let’s present bases ele-
ments of the subalgebra and corresponding functional basis of invari-
ants.

(—G, X4): w1 =21, wr=2T, wW3=23.
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PO KJIACU®IKAIIIO CUMETPIMHNX PEIVKIIIN
JIJI TU®EPEHIIIAJLHUX PIBHIHD
I3 YACTUHHUMU MOXITHIMMU

Mu npononyemo docaidncyeamu 63a4EM036°A30K MIdIC CIMPYKMYPHU-
MU BAGCTNUBOCTIAMY, HECTIPAIICEHUL N10ANZELD MO20 CAMOZ0 paH2Y
anzebp JIi epyn cumempii dudepentiasbnur pieHARG i3 YACMUHHUMU
NOTIOHUMU & BAGCTNUBOCTNAMUY 8I0N0BIOHUT iM PEOYKOBAHUL PIGHAHD.
Ilpedcmasaeno deari pe3yavbmamu, W0 CMOCYOMBCH KAGCUPIKAUTT
CUMEMPITHUT PeYKUIT PI6HAHHA eUKOHAAA.
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