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Íåõàé Γ � ñêií÷åííèé çâ'ÿçíèé êîìïàêòíèé ìåòðè÷íèé ãðàô, V (Γ) �
ìíîæèíà éîãî âåðøèí. Ïðèéìåìî Γ = Γ0∪

(
Γ1∪Γ2∪· · ·∪Γl

)
≡ Γ0∪ΓL, äå

ΓL � íåçâ'ÿçíèé ïiäãðàô Γ ç l êîìïîíåíòàìè Γj . Ìè âèâ÷à¹ìî àñèìïòîòèêó
ïðè ε → 0 ñïåêòðà i âëàñíèõ ïiäïðîñòîðiâ êðàéîâî¨ çàäà÷i(

κεu
′
ε

)′
+ λεrεuε = 0 íà Γ, uε = 0 íà VD, (1)∑

e∼a

κε,e(a)u
′
ε,e(a) = 0, a ∈ V \ VD, (2)

äå ε ∈ (0; 1) � ìàëèé ïàðàìåòð; λε � ñïåêòðàëüíèé ïàðàìåòð; uε � âëàñíà
ôóíêöiÿ êëàñó C2(Γ), íåïåðåðâíà ó âñiõ âåðøèíàõ; VD ⊂ V (Γ0), VD ∩
V (ΓL) = ∅; κε = εα, rε = p íà Γ0; κε = β, rε = εωq íà ΓL, äå ω > 0, à α,
β, p, q � ãëàäêi i äîäàòíi íà âiäïîâiäíèõ ïiäãðàôàõ ôóíêöi¨.

Çàäà÷à (1)�(2) îïèñó¹ âëàñíi êîëèâàííÿ ïðóæíî¨ ñòðóííî¨ ñiòêè, ùî
ñêëàäà¹òüñÿ ç äâîõ ÷àñòèí iç ñóòò¹âî ðiçíèìè âëàñòèâîñòÿìè æîðñòêîñòi,
ÿêó ìîäåëþ¹ ôóíêöiÿ κε, i ãóñòèíè � ôóíêöiÿ rε. Ïiäãðàô ΓL àñîöiéîâàíèé
ç l æîðñòêèìè, àëå ëåãêèìè � ç ãóñòèíîþ εωq � êîìïîíåíòàìè ñiòêè.

Óìîâà (2) ¹ óìîâîþ Êiðõãîôà (àíàëîã óìîâè Íåéìàíà). Ïiäñóìîâó-
âàííÿ âèêîíó¹òüñÿ çà ðåáðàìè e, iíöèäåíòíèìè âåðøèíi a. Ïîõiäíà â êií-
öåâèõ òî÷êàõ ðåáåð îá÷èñëþ¹òüñÿ â íàïðÿìi âiä âåðøèíè. Â íàøié ìîäåëi
öå óìîâà áàëàíñó ñèë íàòÿãó.

Ñïåêòð çàäà÷i (1)�(2) äèñêðåòíèé, äîäàòíèé, âëàñíi çíà÷åííÿ (â.ç.)
ñêií÷åííîêðàòíi, ç òî÷êîþ çãóùåííÿ â íåñêií÷åííîñòi; iñíó¹ ïîâíà, îðòî-
íîðìîâàíà â L2(rε,Γ) ñèñòåìà âëàñíèõ ôóíêöié. Êîæíå â.ç. ç ôiêñîâàíèì
íîìåðîì ¹ íåïåðåðâíîþ ôóíêöi¹þ ïàðàìåòðà ε ïîðÿäêó O(ε) ïðè ε → 0.

Íåõàé vε = uε|Γ0
, wε = uε|ΓL

. Àñèìïòîòèêó âëàñíèõ åëåìåíòiâ øóêà-
¹ìî ó âèãëÿäi λε ∼ εµ+ o(ε), vε ∼ v + o(1) íà Γ0 i wε ∼ w + w1ε+ o(ε) íà
ΓL.
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Îäåðæó¹ìî, ùî w = cj = const íà êîæíié æîðñòêié êîìïîíåíòi Γj , à äëÿ
ãîëîâíèõ ÷ëåíiâ µ i v àñèìïòîòèê ìà¹ìî ãðàíè÷íó ñïåêòðàëüíó çàäà÷ó

(αv′)′ + µp v = 0 íà Γ0, v = 0 íà VD,∑
e∼a∈V0j

αe(a)v
′
e(a) = 0, v = cj íà V0j ,

äå V0j = V (Γ0) ∩ V (Γj). �é âiäïîâiäà¹ îïåðàòîð T â L2(p,Γ0), àëå âîíà
çàäàíà íà Γ0. Òîìó, âèêîðèñòîâóþ÷è îïåðàòîð Äiðiõëå-Íåéìàíà, çâîäè-
ìî âèõiäíó çàäà÷ó äî çàäà÷i íà Γ0. �é âiäïîâiäà¹ ñiì'ÿ ñàìîñïðÿæåíèõ
îïåðàòîðiâ Tε(µ) â L2(p,Γ0), ÿêi, ÿê i T , ìàþòü êîìïàêòíó ðåçîëüâåíòó.
Äîâåäåíî ðiâíîìiðíó ðåçîëüâåíòíó çáiæíiñòü ïðè ε → 0 ñiì'¨ Tε(µ) äî T .
Îïèðàþ÷èñü íà öå i âiäîìi ôàêòè ñïåêòðàëüíî¨ òåîði¨ çáóðåíü, äîâåäåíî
òåîðåìè çáiæíîñòi.

Òåîðåìà 1. Íåõàé {λε
k}

+∞
k=1 òà {µk}+∞

k=1 � âëàñíi çíà÷åííÿ çàäà÷ (1)�
(2) òà ãðàíè÷íî¨ âiäïîâiäíî, çàíóìåðîâàíi â ïîðÿäêó çðîñòàííÿ ç óðàõóâà-
ííÿì êðàòíîñòåé. Òîäi äëÿ áóäü-ÿêîãî ôiêñîâàíîãî k ∈ N âåëè÷èíè ε−1λε

k

çáiãàþòüñÿ äî µk ïðè ε → 0 i |ε−1λε
k − µk| ⩽ Cε, C íå çàëåæèòü âiä ε.

Íåõàé µ � â.ç. îïåðàòîðà T , à Vµ ⊂ L2(p,Γ0) � âiäïîâiäíèé âëàñíèé
ïiäïðîñòið; Uµ ⊂ L2(Γ) � ïiäïðîñòið ïðîäîâæåíü ôóíêöié ç Vµ íà Γj âiä-
ïîâiäíèìè ñòàëèìè cj ; Uε

µ � ïiäïðîñòið â L2(Γ), ïîðîäæåíèé âëàñíèìè âå-
êòîðàìè, ÿêi âiäïîâiäàþòü òèì â.ç. λε çàäà÷i (1)�(2), äëÿ ÿêèõ ε−1λε → µ
ïðè ε → 0; PUµ

, PUε
µ
� îðòîïðîåêòîðè â L2(Γ) íà Uµ i Uε

µ.

Òåîðåìà 2. Íåõàé µ � äîâiëüíà òî÷êà ñïåêòðà îïåðàòîðà T . Òîäi
∥PUµ−PUε

µ
∥ ⩽ Cε. ßêùî µk i vk � ïðîñòå â.ç. i âiäïîâiäíèé â.â. îïåðàòîðà

T , òî â.â. uε,k îïåðàòîðà Lε çáiãà¹òüñÿ â L2(Γ) äî ôóíêöi¨ uk, ÿêà ¹

ïðîäîâæåííÿì vk çà íåïåðåðâíiñòþ âiäïîâiäíèìè ñòàëèìè íà ïiäãðàôè

Γj ãðàôà Γ i ∥uε,k − uk∥L2(Γ) ⩽ Cε. Ñòàëi C íå çàëåæàòü âiä ε.

ASYMPTOTICS OF THE SPECTRUM OF EIGENVIBRATIONS OF

A STRING NETWORK WITH STIFF BUT LIGHT-WEIGHT

COMPONENTS

We study the asymptotic properties of eigenvalues and eigenfunctions of a si-

ngularly perturbed spectral problem for a second-order di�erential operator on a

metric graph. In a mechanical interpretation, the problem models the proper vi-

brations of a network-like system of �exible elastic strings with �nite numbers of

sti� light-weight components. The leader terms of the asymptotic of eigenvalues

and eigenfunctions are constructed. The justi�cations of the asymptotic approxi-

mations is based on the fact of the uniform resolvent convergence of a certain

family of unbounded self-adjoint operators to the limiting operator and on some

results of the spectral perturbation theory.
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