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Íåõàé D îáìåæåíà îáëàñòü â Rn ç ìåæåþ ∂D, dimD = n, Ω � äåÿêà
îáìåæåíà îáëàñòü, Ω ⊂ D, dimΩ ≤ n− 1. Ðîçãëÿíåìî â îáëàñòi D çàäà÷ó
çíàõîäæåííÿ ôóíêöié (u(x; q(x)), q(x)), íà ÿêèõ ôóíêöiîíàë

I(q) =

∫
D

F (x;u(x, q(x)), q(x))dx (1)

äîñÿãà¹ ìiíiìóìó â êëàñi ôóíêöié q ∈ V = {q|q ∈ Cα(D), ν1(x) ≤ q(x) ≤
ν2(x)}, iç ÿêèõ u(x, q(x)) çàäîâîëüíÿ¹ ïðè x ∈ D\Ω ðiâíÿííÿ ç ïàðàìåòðîì
λ

(Lu)(x) ≡
[ n∑
i,j=1

Aij(x)∂xi∂xj +

n∑
i=1

Ai(x)∂xi +A0(x)+λ
]
u(x, q) = f(x, q(x)),

(2)
à íà ìåæi îáëàñòi ∂D êðàéîâó óìîâó

lim
x−→z∈∂D

[
u(x, q(x))− φ(x)

]
= 0. (3)

Ïîðÿäîê îñîáëèâîñòåé êîåôiöi¹íòiâ ðiâíÿííÿ (2) i êðàéîâî¨ óìîâè (3)
ó òî÷öi P (x) ∈ D õàðàêòåðèçóâàòèìóòü ôóíêöi¨ s(βi, x): s(βi, x) = ρβi(x)
ïðè ρ(x) ≤ 1, s(βi, x) = 1 ïðè ρ(x) ≥ 1, βi ∈ (−∞,∞), β = (β1, . . . , βn),
ρ(x) = inf

z∈Ω
|x− z|.

Îçíà÷èìî ïðîñòîðè, â ÿêèõ âèâ÷à¹òüñÿ çàäà÷à (1)�(3). Cl(γ;β; a;D) � ìíî-
æèíà ôóíêöié u: x ∈ D, ÿêi ìàþòü íåïåðåðâíi ÷àñòèííi ïîõiäíi â îáëàñòi
D\Ω âèãëÿäó ∂k

x , |k| ≤ [l], äëÿ ÿêèõ ñêií÷åííà íîðìà

||u; γ;β; a;D||l =
∑

|k|≤[l]

||u; γ;β; a;D||k + ⟨u; γ;β; a;D⟩l,
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äå

||u; γ;β; a;D||k = sup
P∈D

s((a+ |k|)γ;x)|∂k
xu(P )|

n∏
i=1

s(−kiβi, x),

∂k
x = ∂k1

x1
, ..., ∂kn

xn
, |k| = k1 + · · ·+ kn.

Ùîäî çàäà÷i (1)�(3) ââàæà¹ìî âèêîíàíèìè óìîâè:
a) êîåôiöi¹íòè ðiâíÿííÿ (1) Aij(x)s(βi, x)s(βj , x) ∈ Cα(γ;β; 0;D),
Ai(x)s(µi, x) ∈ Cα(γ;β; 0;D), µi ≥ 0, A0(x)s(µ0;x) ∈ Cα(γ;β; 0;D), µ0 ≥ 0,
A0(x) < λ, 0 < λ < ∞ i âèêîíó¹òüñÿ óìîâà ðiâíîìiðíî¨ åëiïòè÷íîñòi

C1|ξ|2 ≤
n∑

i,j=1

Aij(x)s(βi, x)s(βj , x)ξiξj ≤ C2|ξ|2,

á) ôóíêöi¨ f(x, q) ∈ Cα(γ;β; 2γ;D), φ(x) ∈ C2+α(γ;β; 0;D),
γ = max{max

i
βi,max

i
(µi − βi),

µ0

2 }, ∂D ∈ C2+α.

Òåîðåìà 1. Íåõàé äëÿ çàäà÷i (2) � (3) âèêîíàíi óìîâè à), á). Òî-
äi iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (2) � (3) iç ïðîñòîðó C2+α(γ;β; 0;D) i
ñïðàâäæó¹òüñÿ íåðiâíiñòü

∥u; γ;β; 0;D∥2+α ≤ c∥f ; γ;β; 2γ;D∥α + ∥φ; γ;β; 0;D∥2+α. (4)

ßêùî f ∈ Cα(γ;β; 0;D), (Lφ)(x) ∈ Cα(γ;β; 0;D) i äëÿ çàäà÷i âèêîíóþ-
òüñÿ óìîâè à)�á), òî ¹äèíèé ðîçâ'ÿçîê çàäà÷i (2), (3) â îáëàñòi D âè-
çíà÷à¹òüñÿ iíòåãðàëîì Ñòiëòü¹ñà ç áîðåëiâñüêîþ ìiðîþ

u(x) = φ(x) +

∫
D

Z(x, dξ)[f(ξ, q(ξ))− (Lφ)(ξ)]dξ.

Íåîáõiäíi i äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1) � (3) âñòà-
íîâëþþòüñÿ çà äîïîìîãîþ ìåòîäèêè ïðàöi [1].
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OPTIMAL CONTROL IN A DIRICHLE PROBLEM FOR

ELLIPTICAL EQUATIONS WITH DEGENERATION

The problem of optimal control of the system described by the Dirichle problem

for the elliptic equation of the second order is studied. Cases of internal and

boundary management are considered. The quality criterion is given by the sum

of volume and surface integrals. The coe�cients of the equation and the boundary

condition allow power singularities of arbitrary order in any variables at some

set of points. The necessary and su�cient conditions for the existence of the

optimal solution of the system described by the boundary value problem for the

elliptic equation with degeneracy have been established.
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