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Ó ñòàòòi [1] áóëî ââåäåíî àëãåáðó Ëi Aα := A0{{Dα, D−α}}, ÿêó óòâî-
ðþþòü äðîáîâi iíòåãðî-äèôåðåíöiàëüíi îïåðàòîðè ó âèãëÿäi ôîðìàëüíèõ
ðÿäiâ Ëîðàíà çà îïåðàòîðîì äðîáîâî¨ ïîõiäíî¨ Ðiìàíà-Ëióâiëëÿ Dα : A →
A, α ∈ C\Z i Reα ̸= 0, êîåôiöi¹íòàìè ÿêèõ ¹ åëåìåíòè àëãåáðè Ëi iíòåãðî-
äèôåðåíöiàëüíèõ îïåðàòîðiâ A0 := A{{D,D−1}}, äåD : A → A � îïåðàòîð
çâè÷àéíî¨ ïîõiäíî¨, A := W∞

2 (R;C) ∩ W∞
∞ (R;C) � àëãåáðà ôóíêöié, iç

ñòàíäàðòíèì êîìóòàòîðîì [., .]. Íà ñïðÿæåíîìó ïðîñòîði A∗
α äî àëãåáðè

Ëi Aα âiäíîñíî iíâàðiàíòíîãî ñêàëÿðíîãî äîáóòêó òàêîãî, ùî (aα,bα) :=∫
S1 resD (resDα

(aα ◦ bαD−α))dx äëÿ áóäü-ÿêèõ aα,bα ∈ Aα, çà äîïîìîãîþ
äóæêè Ëi-Ïóàññîíà, ïîðîäæåíî¨ R-äåôîðìîâàíèì êîìóòàòîðîì [., .]R, òà

iíâàðiàíòiâ Êàçèìèðà γn(lα) = mα

n+mα

(
l

n
mα
α , lα

)
∈ I(A∗

α), n ∈ N, äå mα

� ïîðÿäîê îïåðàòîðà lα ∈ A∗
α ≃ Aα, ÿê ãàìiëüòîíiàíiâ áóëà ïîáóäîâàíà

i¹ðàðõiÿ ãàìiëüòîíîâèõ ïîòîêiâ òèïó Ëàêñà:

dlα/dtn = [(∇γn(lα))+, lα], tn ∈ R, n ∈ N. (1)

Òóò resDα
i resD ïîçíà÷àþòü âiäïîâiäíî êîåôiöi¹íòè ïðè D−α òà D−1 ó

ðîçâèíåííÿõ äðîáîâîãî i çâè÷àéíîãî iíòåãðî-äèôåðåíöiàëüíîãî îïåðàòî-
ðiâ, ñèìâîë "◦" � ìíîæåííÿ äðîáîâèõ iíòåãðî-äèôåðåíöiàëüíèõ îïåðàòî-
ðiâ, à íèæíié iíäåêñ "+" � ïðîåêöiþ äðîáîâîãî iíòåãðî-äèôåðåíöiàëüíîãî
îïåðàòîðà íà ïiäàëãåáðó Ëi Aα,+ (ôîðìàëüíèõ ïîëiíîìiâ çà îïåðàòîðîì
Dα).

Ðîçãëÿíåìî íà A∗
α ùå îäíó i¹ðàðõiþ ãàìiëüòîíîâèõ ïîòîêiâ òèïó Ëà-

êñà:
dl̃α/dt̃n = [(∇γn(l̃α))+, l̃α], t̃n ∈ R, n ∈ N, (2)

äëÿ äåÿêîãî åëåìåíòà l̃α ∈ A∗
α ïîðÿäêó mα òà ó âèïàäêó, êîëè t̃n = tn,

n ∈ N, îòðèìà¹ìî åâîëþöiéíi ðiâíÿííÿ äëÿ äðîáîâèõ äèôåðåíöiàëüíèõ
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îïåðàòîðiâ Aα, Bα ∈ Aα,+ ïîðÿäêiâ (mα + sα) i sα ∈ N âiäïîâiäíî, ÿêi

çàäàþòü ðàöiîíàëüíó ôàêòîðèçàöiþ åëåìåíòiâ lα, l̃α ∈ A∗
α ó âèãëÿäi:

lα = AαB
−1
α , l̃α = B−1

α Aα. (3)

Òåîðåìà 1. Ïðè ïåðåòâîðåííi Áåêëóíäà P : (Aα, Bα) 7→ (lα, l̃α), ùî
äi¹ çà ïðàâèëîì (3), ñèñòåìà äâîõ ïîòîêiâ òèïó Ëàêñà (1)-(2) íà ïðÿìié
ñóìi A∗

α ⊕ A∗
α åêâiâàëåíòíà ñèñòåìi åâîëþöiéíèõ ðiâíÿíü:

dAα/dtn = (∇γn(lα))+Aα −Aα(∇γn(l̃α))+,

dBα/dtn = (∇γn(lα))+Bα −Bα(∇γn(l̃α))+, (4)

íà äåêàðòîâîìó äîáóòêó Aα,+ × Aα,+ äëÿ êîæíîãî n ∈ N. Ñèñòåìà (4)
âîëîäi¹ íåñêií÷åííîþ ïîñëiäîâíîñòþ çàêîíiâ çáåðåæåííÿ Hn(Aα, Bα) :=
γn(lα)|lα=AαB−1

α
= γ(l̃α)|l̃α=B−1

α Aα
∈ D(Aα,+ × Aα,+).

Ïðîöåäóðà ðåäóêóâàííÿ ñèñòåìè (1)-(2) íà îðáiòè êîïðè¹äíàíî¨ äi¨
àáñòðàêòíî¨ ãðóïè Ëi Gα := exp Aα ç âðàõóâàííÿì ïåðåòâîðåííÿ Áåêëóí-
äà (3) äîçâîëÿ¹ îòðèìóâàòè i¹ðàðõi¨ iíòåãðîâíèõ íåëiíiéíèõ äðîáîâî-äè-
ôåðåíöiàëüíèõ äèíàìi÷íèõ ñèñòåì íà àëãåáði Ëi A0. Êâàçiêëàñè÷íà àï-
ðîêñèìàöiÿ [1] òàêèõ ñèñòåì, ïðè ÿêié êîìóòàòîð [., .] íà àëãåáði Ëi Aα

ïåðåòâîðþ¹òüñÿ íà êîìóòàòîð íà àëãåáði Ëi äðîáîâèõ ñèìâîëiâ, ïðèâî-
äèòü äî íîâèõ i¹ðàðõié iíòåãðîâíèõ ãiäðîäèíàìi÷íèõ ñèñòåì òèïó Áåííi.

1. Hentosh O.Ye., Kyshakevych B.Yu., Blackmore D., Prykarpatski A.K. New fractional
nonlinear integrable Hamiltonian systems // Applied Mathematics Letters. -� 2019.
� 88. � P. 41�49.

RATIONAL FACTORIZATION OF THE LAX TYPE FLOWS ON

THE DUAL SPACE TO THE LIE ALGEBRA OF FRACTIONAL

INTEGRO-DIFFERENTIAL OPERATORS

For the Lax type Hamiltonian �ows on the dual space to the Lie algebra of fracti-

onal integral-di�erential operators the rational factorization method which allows

us to construct new integrable hierarchies of nonlinear fractional-di�erential

dynamical systems on the Lie algebra of ordinary integral-di�erential operators

and in�nite sequences of their conservation laws is developed. The quasiclassical

approximations of such hierarchies are shown to be new integrable hierarchies of

hydrodynamic Benney type systems.
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