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Óçàãàëüíåíi ÷èñëà Ëåîíàðäî {Lk,n}n≥0, k ∈ N, çàäàþòüñÿ çà äî-
ïîìîãîþ ðåêóðåíòíîãî ñïiââiäíîøåííÿ [3]

Lk,0 = 1, Lk,1 = 1, Lk,n = Lk,n−1 + Lk,n−2 + k, n ≥ 2.

Ðîçãëÿíåìî ïîñëiäîâíiñòü ìàòðèöü Òüîïëiöà�Ãåññåíáåðãà

An(a0; a1, . . . , an) =


a1 a0 0 · · · 0 0
a2 a1 a0 · · · 0 0

· · · · · · · · ·
. . . · · · · · ·

an−1 an−2 an−3 · · · a1 a0
an an−1 an−2 · · · a2 a1


i âiäïîâiäíi âèçíà÷íèêè D(a1, a2, . . . , an) := det

(
An(1; a1, a2, . . . , an)

)
.

Ìè äîñëiäæó¹ìî äåÿêi âèçíà÷íèêè Òüîïëiöà�Ãåññåíáåðãà, åëåìåíòàìè
ÿêèõ ¹ ÷èñëà Lk,n. Íàøi äîñëiäæåííÿ ¹ ïîäàëüøèì ðîçâèòêîì ðîáiò [1,2],
äå îòðèìàíi àíàëîãi÷íi êîìáiíàòîðíi òîòîæíîñòi äëÿ ÷èñåë Ôiáîíà÷÷i i
Ëþêà, ÿêi çàäîâîëüíÿþòü ðåêóðåíòíå ñïiââiäíîøåííÿ un = un−1 + un−2,
n ≥ 2, ç ïî÷àòêîâèìè óìîâàìè F0 = 0, F1 = 1 i L0 = 2, L1 = 1, âiäïîâiäíî.

Òåîðåìà 1. Äëÿ n ≥ 2 ñïðàâäæóþòüñÿ òîòîæíîñòi:

D(−L1,0,−L1,1, . . . ,−L1,n−1) = 2(−1)nF2n−2,

D(L1,2,L1,3, . . . ,L1,n+1) = 2Fn+1,

D(L1,3,L1,5, . . . ,L1,2n+1) = 2Fn+3,

D(L2,2,L2,4, . . . ,L2,2n) = 3(−1)⌊
n−1
2 ⌋,

D(L4,2,L4,3, . . . ,L4,n+1) = 5F3n−1,

D(L4,2,L4,4, . . . ,L4,2n) = 10n− 5,

D(L5,2,L5,4, . . . ,L5,2n) = 6L2n−1.
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Âèêîðèñòîâóþ÷è ôîðìóëó Òðóäi [4, c. 214], ôîðìóëè ç Òåîðåìè 1
ìîæåìî çàïèñàòè ÿê òîòîæíîñòi, ÿêi âêëþ÷àþòü ñóìè äîáóòêiâ óçàãàëü-
íåíèõ ÷èñåë Ëåîíàðäî òà ìóëüòèíîìiàëüíi êîåôiöi¹íòè.

Òåîðåìà 2. Äëÿ n ≥ 2 ñïðàâäæó¹òüñÿ òîòîæíîñòi∑
σn=n

pn(s)Ls1
1,0L

s2
1,1 · · · L

sn
1,n−1 = 2F2n−2,∑

σn=n

(−1)|s|pn(s)Ls1
1,2L

s2
1,3 · · · L

sn
1,n+1 = 2(−1)nFn+1,∑

σn=n

(−1)|s|pn(s)Ls1
1,3L

s2
1,5 · · · L

sn
1,2n+1 = 2(−1)nFn+3,∑

σn=n

(−1)|s|pn(s)Ls1
2,2L

s2
2,4 · · · L

sn
2,2n = 3(−1)⌊

3n−1
2 ⌋,∑

σn=n

(−1)|s|pn(s)Ls1
4,2L

s2
4,3 · · · L

sn
4,n+1 = 5(−1)nF3n−1,∑

σn=n

(−1)|s|pn(s)Ls1
4,2L

s2
4,4 · · · L

sn
4,2n = (−1)n(10n− 5),∑

σn=n

(−1)|s|pn(s)Ls1
5,2L

s2
5,4 · · · L

sn
5,2n = 6(−1)nL2n−1,

äå pn(s) =
|s|!

s1!···sn! , |s| = s1+ · · ·+sn, σn = s1+2s2+ · · ·+nsn, à ïiäñóìîâó-

âàííÿ çäiéñþ¹òüñÿ äëÿ âñiõ öiëèõ si ≥ 0, ÿêi çàäîâîëüíÿþòü äiîôàíòîâå

ðiâíÿííÿ s1 + 2s2 + · · ·+ nsn = n.
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ON COMBINATORIAL IDENTITIES INVOLVING GENERALIZED

LEONARDO NUMBERS

We investigate some families of Toeplitz�Hessenberg determinants the entries of

which are generalized Leonardo numbers. Using Trudi's formula, these determi-

nant formulas may be rewritten as identities involving sums of products of the

generalized Leonardo numbers and multinomial coe�cients.
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