YOK 164; 510

BynesBi kBaHTOBI NnorivyHi onepaudil

Mukona BygHuk"??

L1 1. B, T oH. c., IHCTHTYT KiGepueTuky iM. B.M. Tiymkosa HAH Vipaiuu, npocn. Akanemika ['nymikosa, 40, 03680,
Kuis, e-mail: budnykmykola@gmail.com

2 1. 1. 1., npodpecop, HHI Bucokux Texuomoriii, KniBchkuii HarlionansHuii yHiBepcutet iMeni Tapaca IlleBueHKa,
npocrtr. Akanemika ['mymikosa, 417, 03680, Kuis, e-mail: budnykmykola@gmail.com

% 1. 1. 1., mpodecop, kadenpa KoM 1oTepHX Hayk, CyMChKHil nepikaBHui yHiBepcuTeT, Byl PuMchkoro-Kopcakosa,
2, 40007, Cymu, e-mail: budnykmykola@gmail.com

YV po6omi 3anpononosano yzacaivnenns 6yresux onepayii 0is keanmosux obuuciens. Ioxasamo,
wo 6azoeutl HaOip Oynesux 0OHOKYOImHUX onepayit micmums 6 onepayii ma mac 2 éapianmu
Habopie no 4 onepayii. 3anpononosano 9 keanmosux onepayiti 000amMK080 00 T-Mu KIACUYHUX
(exsisanenyis, Ou3s’'toHKYisA, KOHIOHKYIsA, IMINIKayis, 3anepeyenus Ou3 lOHKYil, 3anepedeHHs
KOH TOHKYIL, GUKIIOYHA Ou3 tonKyis). B pezynomami ompumano nosnuil nabip 16 00HoKyGimHux
onepayiii, axi sabesneuyioms 16* = 65 mucau 536 Ginapuux (060ky6imuux) r02iuHuUx onepayit,
wo eionogioae kinbkocmi 6azoeux cmawie 106-KyOimHO20 K8aHmMoeo2o npoyecopa. Benuka
KiIbKiCmb onepayitl 003604uUms NIOGUWUMU NPOOYKMUBHICMb KBAHMOBUX 0OYUCTIEHb 8 YUPDPOBUX
CUMYTIIMOPAX KEAHMOBUX NPOYECOPI8 3 MOYKU 30pY NAPALEAbHOCHI 00UUCIeHb MA CKOPOYEHHs.
npoepamHozo Kooy.

KurouoBi cjioBa: KBaHTOBI O0YHCIICHHS, JIOTIUHI orepailii, OyjieBa anreopa

Betyn. Ha choroni y ramysi 3B’43Ky Ta BUCOKOTIPOJAYKTUBHHX O0YNCIICHb aKTHBHUMH
TEeMIIAMU PO3pOOIIAIOTh Ta AKTUBHO BIPOBA/DKYIOTH KBAaHTOBI TexHousorii. bararo
JOCHITHUKIB BBaXKalOTh, MI0 y HaHOmMMmK4IoMy MailOyTHROMY KBaHTOBI TEXHOJOTIl
3a0e3rneyarh KIIOYOBI JOCATHEHHA Yy Oaratbox cdepax MisIbHOCTI JFOAWHU, SIKi
noTpeOyIOTh HAAIMIBUAKE BHUPIMICHHS OOYMCIIOBAIBHUX 3a/1a4 BEIHKOI CKJIAHOCTI,
30KpemMa B kpunrorpadii Ta MoietoBaHHI HaACKIaHUX Tporecis [1].

[lepcnexkTrBH B Tany3i BHUCOKONMPOAYKTUBHHX OOYHCIIEHb TPYHTYIOTBCS Ha
3aCTOCYBaHHI KBAaHTOBHX KOMII' FOTEpPiB, SIKi BHKOPHCTOBYIOTH 3aIlTyTaHi (34eruieHi)
KBaHTOBI cTaHu. [Ipy IbOMy CTaHH BKIIFOYAIOTH SIK YUCTi CTAHW OKPEMHX KYOITiB, TaK 1
3MilllaHi CTaHW, AKi € pe3yabTaToM B3aemoiil (iHTepdepeHiii) NeKiabKoX KyOiTiB.
BcbOro KibKiCTh TaKKX, TAK 3BAHUX 0A30BHX, CTaHiB craHOBUTH 2", 1e N - KiIbKicTh
Ky0iTiB. ToOTO m1st 8-KyOITHOrO KBaHTOBOTO MpOLECCOpa KUIBKICTh CTaHIB piBHA
2°=256, a s 16-xy6iTHOTO — BiKe 2'°=65 536 cranis [2].

3 TOYKHM 30py Teopii 0OUUCIICHD, KOXKHUH CTaH — 1€ CUrHaJ (YKCII0), 3alUCaHul
y IEBHOMY pO3psii BHXiJHOrO KBaHTOBOTO perictpy, mo mae 2" pospsazis. Ha
KO)KHOMY TaKTi poOOTH Ipoiiecopa KOXKHUN CUT'HAN — e pe3yIbTaT BUKOHAHHS ITEBHOT
JioriyHoi oneparii. Ha choroaHi B kjacuuHii Teopii o04uciIeHb BigoMo 8 omepailiid, 3
SKHX OJTHA YHapHa — 3amepedeHHs Ta 7 OiHapHUX — eKkBiBasieHis, 113 1oHKLiA (ABO),
koH'toHkuUis (), immmikauis, 3anepeuenns au3’tonkuii (HEABO), 3amepeuenHs
kon tonkiii (HEI), Bukirouna au3’toukiis (Bukimoune ABO, cyma mo Moayso 2, @ ).
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3po3ymisio, mo [ KUTBKICTh KaTacTpO(idHO Majia MOPIBHSHO 3 MOTEHINaIOM
KBaHTOBUX oOuncieHb. OTe, B CHMYJSITOpaX KBAaHTOBHUX OOYHUCICHb MNOTPiIOHO
3a0e3neynT HE COTHI, a HaBiThb THCAYl JOTIYHUX onepaniii. B maniii poGoTti
BHPINIYETbCA 3aBIAHHS 30UTBIIEHHS KUTBKOCTI OYJIeBHX JIOTIYHHX OIepariili s
KBaHTOBUX OOYHCIIEHB.

1. ba3oBi kBaHTOBI Joriuni onmepaii

[lix OyneBuMu OyaeMo po3yMiTH omepaiii, eleMeHTH MAaTpHULb SKHX MOXYTb
HaOyBatu numie 3HadeHHs: 0 yn 1. Tomy omepauii Tumy Anamapa, sKi MalOTh HEUimi
3HAUCHHS €JIEMEHTIB MaTPHII, a TAKOX KOMIUIEKCHI 3HaYE€HHS, TYT HE PO3TIIAIAI0THCA.
Takox BiIMITHMO, 110 KBAaHTOBI OyJI€Bi oneparii MaroTh IHIIHUH CMHCT — 1€ He TaOHIi
ICTHHHOCTI, 2 MaTpU4HI ONEpaTOpH, 3 TOUYKHU 30py Teopii QyHKIiH — BeKTOp (PyHKIII
BEKTOPHOTO apryMeHTy 3 pPO3MIpHICTIO BekTopa piBHOMY 2. ToOTo OararomicHi
oreparlii He € 3rOpTKaMH, a € BEKTOPHHUMH, TOOTO MAarOTh KiIBKICTh pPE3yNbTATiB
(BUXOiB), sIKa piBHA KUTBKOCTI BXO/IiB (OTIEpPaH/IIB).
3 nmitepaTypu BigoMo Taki OyneBi kBaHTOBI onepaii [3]

1 000
10 01 01

EQV = , NOT = , CNOT =
01 10 0 0

0 0

0 0f, (1)
01

10
IMepmri 2 omepariii 3 Hux — EksiBanenuis EQV (omepawis Ilayni) ta KsanToBe
3anepeuennss NOT e omHokyOiTHHMH, a Tpers — KepoBane 3amepeuennss CNOT e
JBOKYOITHOIO. 3 TOYKM 30pYy KiIacH4HOi Teopii oOuMciieHb, OJHOKYOITHa oreparis
3aBXU € OJTHOMICHOIO, B TOH 4ac sk 2-KyOiTHa Moxke OyTH 1- 4 2-MiCHOFO, 3aJI€KHO
BiJl TOrO, KyOiTH € po3psaaMu OJHOTO pericTpa (B SKUH 3amHMcaHO SKEeCh YHCIO -
oTiepaH]I), YU HaJIeKATh JIBOM Pi3HHM PETICTpaM, B sIKi 3aIMCaHi Pi3Hi ONepaHIu.

Jis po3yMiHHS CITIOYATKy PO3TIITHEMO MHUTAHHS MPO HaOip 0a30BUX OIepariid,
Ha OCHOBI SIKMX MOXHa peaji3yBaTH JOTiuHi oOuucneHHs. lle murtaHHS He €
MPUHIMIIOBIM JUISS KBAaHTOBHX OOYHCIIEHb B TOMY CEHCi, MO0 JUIS KBaHTOBHX
o0urcneHsp ixX 3aHanTO 3amMao. 3 iHMOro 00Ky, 1€ JacTh PO3yMiHHS BiIMIHHOCTI MiX
HEKBAaHTOBUMH Ta KBAHTOBUMH OYJIEBHUMH OTIEPAIlisIMH.

VY knacuuHii OyneBiit Jorini MpUAHATO, IO JIOTIYHI omeparii — 3anepeveHHs,
I3 OHKIISA Ta KOH IOHKILIS € 0a30BUMHM B TOMY CEHCI, IIO 3a iX JOIIOMOIOI0 MOXKHA
pearnizyBaTd HOBiIIBHMN JOTiuHMMA BHUpa3. Lleil pesynprar cynepednTh KBaHTOBUM
OOYHCIICHHSIM TOMY, III0 KJIAaCHYHA OJTHOMICHA OIIepallisi 3arepeyeHHs BiJICyTHS, BOHA
mae Burisia matpuii NOT (1). Omke, B sKOCTI omepailii 3anepeyeHHs] MOTpiOHO B
HaOip 0a3zoBux omnepaniii BkodaTu onepanito NOT (1).

Momo nu3’ronkuii (I) ta kow’roHkmii (ABO) Texx He Bce Tak mpocro. Y
MUPPOBHUX MpPOIECOpax peajbHO Peali3yloThcs ENeKTPOHHI cxeMu (y KBaHTOBIH
iHpopmaTuli — Tak 3BaHi reiity) onepauii HE-ABO ta HE-I. 3 Touku 30py kinacuyHux
o04YKCIIeHb HEMa€ Pi3HMLI, Y y JaHoMy npouecopi peanizyerbess ABO um I, um ix
3anepeuents HE-ABO un HE-I.
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Y KBaHTOBIi 1HpOPMATHIII II€ TUTAHHS MPUHIUIIOBE TOMY, 110 6a30Bi KBaHTOBI
JIoTiuHi omnepauii HOBUHHI OyTH OPTOTOHAIBHUMHU (Y CTPOrOMY CEHCI M0 MEHIIK Mipi
JiHiHO He3aTexkHuMHK). [le 3HauuTh, MO X CKATIPHHUHA H00yTOK (TOOTO 3ropTka
MpsIMOTO  TOOYTKY iX MAaTpHWIlh) MOBHHEH OyTH piBHHIA Hym0. OTXe, IOMYCTHMO
koMOinyBatu aumie mapy AbO ta HE-I, un mapy HE-ABO ta 1. B pesymnbrari, mis
KBaHTOBUX OOYHCIICHb iCHye 4 0a30BUX OyJeBUX omepallid, IpuIoMy Mae Micle 2
BapiaHTH iX HabopiB (2) uu (3)

10 01 10 01 (2)
EQV = , NOT = , HEI = , 0= ,

01 10 00 11

10 01 00 11 (3)
EQV = , NOT = , I= , HEABO = ,

01 10 01 10

2. OnnomicHi (omHOKYOITHI) omepamii

PosrnsHyTe B momnepeqHrOMY MTyHKTI MMATaHHS Mpo 0a30Bi omeparlii Ma€ B OCHOBHOMY
TEOpETUYHE 3HAUCHHS, TOMY IO IMX Omepalii 3aHaaTto Mmano. €auHe MpaKTHYHE
3HAQUCHHS Ma€ Micle y BHIAIKy «KBa3iKIaCHYHOTO» CHMYJSATOpPa KBAaHTOBOTO
mporecopa, y SKOMY 3aMiCTh KJIaCHYHOTO Habopy ormepariiii (3amepedeHHs,
JIN3’TOHKIIISL Ta KOH IOHKIIIsT) OyAyTh 3aCTOCOBaHI KBaHTOBI Habopu (2) um (3).

Jnst 30i7bIIeHHS KUTBKOCTI oOmepamniii MmoTpiOHO PpO3IIISAHYTH BCi MOMKIUBI
koMOiHaTtopHi Habopu 0 Ta 1. Tak K MaTpuUIld Ma€e PpO3MipHICTh 2X2, TOOTO MICTHTD 4
€JIEMEHTH, TO KIJIbKICTh MOXKJIMBUX KOMOIHAIii CTAaHOBHUTH 2%=16. Toxi BCi MOMJIHBI
16 kBaHTOBHX OyJEeBHX ONepalliii 3py4HO YIOPSAKYBATH y MATPUIIO 3rigHo Puc.1.

(1 0] 10 10 01
_0 1_ 10 00 00
EQV ExsiBaneHrist <X1> HE I, 3anepeyenns HE f
KOH YOHKIIi1
(0 1] 0 1] 1 0] 01
0 1] 1 0] 11 11
<X2> NOT 3anepeueHus ABO immmikawis ABO w3’ 10HKIis
[0 0] [0 0] 0 0] 00
10 1] 1 0 0 0] 11
s : _ <0>, HE <1>,
| xoH’10HKuiA 1 KBanToBuit Hy1b, HI <Y2>
(1 1] 11 1 1] 11
_0 l_ 10 0 O_ 11
HE 45O, HE ABO <Y1> <1>, HE <0>,

Kganrtosa 1, TAK

3anepedeHHs iMIutikanii | 3anepedyeHHs Au3 oHKIIT

Puc. 1. Bei MoxiHBi KBaHTOBI OyJIeBi orepartlii (MaTpuils omnepartiii)
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3 puc. 1 BumHO, mo MaTpuis Mae 4 OIOKHU 1o 4=2X2 eJIeMEHTH Ta CUMETPii, a
caMe — CyMa MaTpHIlb Ha iaroHaJsIX OJIOKIB 3aBXK/H JAI0Th OJMHUYHY MaTPHIIO (4)

1=EQV +NOT =(X1)+(X2) =(Y1) +(Y2) =< 0> +<1>, (4a)
1= ABO + HEI = I + HEAFO = ABO + HEI = I + HE ABO, (40)

TyT BpaxoBaHo, 110 OJHOMiCHA KBaHTOBA Orepallist Mae 3aranbHuil BUrsia (5),

ne Aij—1ie 0 um 1, a X1,2 ta Y1,2 — BXifHi Ta BUXiIHI JOTIYHI OIEpaHIn
[Yl]:[All MZ}[XlJ (5)
Y2) | A21 A22| X2/

HazBu omepartiii B34Ti 1Mo aHajorii i3 KIaCUYHUMHU OyJIEBUMH OIIEPAIlisIMH, X04
noTpiOHO Mam’ATaTH, IO B KBaHTOBHUX OOYHCIEHHSX BOHHM MAlOTh 1HIIUA CMUCI.
CnoBo HE o3Hauae kBaHTOBE 3amepeycHHs naHoi omepanii, Hampukiaag NOT —
3arepedeHHs ekBiBayieHnii EQV. Kanrose 3anepeuenass NOT ¢opmanbHO BifmoBigae
KJIacHuHil cymi o Moxymo 2, ® uu Bukmousomy ABO (Exclusive OR, XOR). Moro
CMUCI B iHBepCil BiJ 000X ormepan/iB X Ta Y (I BIAMIHHOCTI OIepaHIn KIaCHYHUX
oriepariiii mo3HagaeMo MauMu OykaMu, 00 BOHU MArOTh iHIIIHIA CMHCIT).

[ITpuxom 3BepXy MO3HAYEHO TaK 3BaHi Omepalii «4acTKOBOTO 3alepeucHHsD»
ABO i 1,y MaTpMISX AKHX CTOBITYMKHM TIOMiHSAHI MiCIIAMH. 3 TOYKH 30py KIACHUIHOT
iHopMaTHKHK TIe O3HA4a€, M0 OepeThcsl iHBepcis Bim mepmioro omepadgy X. ToOTo
BOHO Ma€ CMHCJI HEMOBHOTO, YacTKoBOro 3amepeueHHs ABO nume mo mepumomy
omepaHay X. Take «4acTKOBE 3amepeyeHHs» ABO Mae KIACHYHMM aHajgor —
IMIDTIKALiIO, SIKA I0O3HAYAETHCS K X — Y, Ta B HALIMX MO3HAYCHHIX Mae BUTISL (6)

ABO : X — y =—XV Yy = ABO(—X,y), (6)

OTxe, KIacCMYHA IMILTIKAIliS — [I€ «YaCTKOBE 3allepeUeHHs» U3 FOHKIIIT 10 mepioMy

ormepanny x. KBaHToBa iMInmikamisi 450 - 1€ «YaCTKOBE 3allepeueHHs» KBaHTOBOI

mu3’roukiii ABO. «YactkoBe 3amepedeHHs» KBaHTOBOI imrutikaiii HE 450 (7)
O3Hauae, 10 y MaTpUIli TMOMIHSHI MICISIMH PSAIKA. AHAJIOTIYHO, 3 TOYKH 30Dy
KJIacCHYHO1 1HQOPMATHKH 1Ie 03HaYae, 1Mo OepeThCs iHBEPCis Bijl APYroro onepaHmy y

HE ABO: xv —y = ABO(X,—y), (7

s kBaHTOBOI omepartlii / Ta HOro «4acTKOBOTrO 3amnepedeHHs» HE [ BigcyTtHi
knacuyHi aHanord. [Ipore, ananoriuHo (6-7) MokHa TmOKazatu (OpPMaIbHY
BiMOBIHICTE 3 KITACHYHUMHU (PYHKI[isiME y BUTIIsII (8)

I:—xAy=I(—xy), HEI:xA—y=1I(x—y), (8)

Jis «IpUMITHBHUX» KBAaHTOBHX omepamiin <X1>, <X2>, <Y1>, <Y2> Takox
BIZICYTHI KJIACHYHI aHAJIOTH, iX BU3HAYCHHS HasaeThes Bupasamu (10-11)

(X1):¥1=Y2=XL (X2):Yl=Y2=X2, 9)
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(Y1):Y1=X1+X2, Y2=0, (Y2):Y2=X1+X2, Y1=0. (10)

2. IBoky0iTHI onepairii

V 3arajgpHOMY BHIJISII ABOKYOiTHA OyJieBa omepaitis Mae Burisi (11)

Y11 X11
vi2 | [U11l U12] X12 (11)
Y21 :{UZl uzz} x21/
Y22 X 22

ne Uij — oana i3 16-Tu omepariiii, HaBeneHa Ha Puc. 1. Matpuig omepaitii MiCTHTb
2x2=4 610KH, KOXKeH OJOK y CBOIO Uepry Mae 2x2 eJIeMEHTH 1 € MaTpHUIEl0 SKOiCh
oaHoMicHoi omeparii Uij. TakuM 4HHOM, BCHOTO Moxke OyTH peamizoBano 16 = 65
Thucsd 536 OiHapHMX (OBOKYOITHHMX) JOTiUHMX omnepaniii. Hanpukian, Bimoma 2-
kyOiTHa onepauisi KepoBane 3amepeuenns CNOT (1) — me uyacTKOBHI BHIIAJ0K
omepartii 3aransHoro Buay (11), komn U12=U21=<0>, U11=EQV, U22=NOT.

BucnoBku. B po6oti 3anpornonoBano 9 1-ky0OiTHHX OyleBUX omepamiid Ta OTpUMaHO
noBHuii HaGip 3 16-TH kBamTOBMX omepauiii. Lle 3abesmeuye 16° = 65 THcsu 536
OiHapHUX (IBOKYOITHHIX) OIepariif, mo BIiAMOBiga€ KiTBKOCTI 0a30BHX cTaHiB 16-
KyOITHOTO KBAaHTOBOTO Ipoliecopa. Bemwka KimbKICTh OImepaliiii peamidye MOTEHITiaT
KBaHTOBUX O0YHCIIEHB B IM(PPOBUX CUMYJISITOPaX KBAHTOBUX MPOLIECOPIB.
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Boolean quantum logic operations

Mykola Budnyk

The paper proposes generalization of Boolean logic operations intended for quantum computing. It
is shown that the basic set of Boolean one-qubit operations contains 6 ones and has 2 variants of
sets of 4 operations. 9 unary quantum operations are proposed in addition to 7 classical ones
(equivalence, OR, XOR, AND, NOR, NAND, implication). As a result, a complete set of 16 one-
qubit operations was obtained, which provides 16* = 65 thousand 536 binary (two-qubit) logical
operations that corresponds to the number of base states of a 16-qubit quantum processor. Large
number of operations will allow increase performance of computing in digital simulators of
quantum processors from the viewpoint of computing parallelism and reducing the program cod.
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