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B pobomi docniodcyomscsi 0cooOau80Cmi UKOPUCMAHHS 6a2amopo3psOHOT apu@dmemuKu 8 MamemMamuyHomy
mooemosanti.  Jlocniodcyiomses  3acobu  nioGuUjeHHs  MOYHOCMI  KOMN IOMEPHUX  PO36 A3KI8  NO02aHO
00yMOGIeHUX cucmeM JNIHIUHUX an2eOpaiyHux pieHAHbL 3a O0NOMO20i0 OibniomeKku 0a2amopo3psoOHOT
apugpmemuru GMP.

KuarouoBi ciioBa: Garatopospsana apudmernka, 6i0mioreka GMP, |, mabmmkeno
3aMadi BMXigHI JaHi, JOCTOBIPHICTH PO3B’A3KIB, MOXUOKM 3a0KPYIJIEHHS, MAIIMHHA
TOYHICTB.

Beryn. /s 6arathox 0OYHCIIEHB, B TOMY YHCIHI THX, [0 BAKOPUCTOBYIOTH EMITIpHYHI
nani, IEEE 32-6iTHa apudmMernka 3 1miaBaro4ol0 KOMOK € JJOCTaTHHOIO Ta OaKaHOo,
OCKIUTbKM CYTTEBO EKOHOMHUTBCS IaM’sIThb Ta 4Yac PO3B’s3yBaHHs 3ajaadi. AJe JUIs
OLIBIIOCTI 3a1a4 HeoOXiJHA IiIBHUIEHA TOYHICTH OOYHMCIIEHL. buiblle TOro, IOCBIiX
MOKa3ye, MO B JESKWX BUIAJKaX BUKOPUCTAHHS HaBiTh 64-0iTHOI apuMeTHKu He
JOCTAaTHBO JJISl OTPUMAaHHS IOCTOBIPHHUX PO3B’S3KiB.

OnHuM 3 HalBaXIUBINIMX HANPSIMKIB BHUKOPUCTAHHS KOMIT IOTEPiB, sKi
3a0e3MeuyloTh HayKOBO-TEXHIYHUH MPOTrpec, € IX 3aCTOCYBaHHS Ul KOMIT FOTEPHOTO
MOJIETIFOBAHHS TPOIIECiB, OUTBIIICTh 3 SAKUX 3BOJUTHCS 200 MAarOTh CBOIM MPOMIXHHUM
€TarioM pPO3B’SI3yBaHHS 3aJad  OOYMCIIIOBATBHOI MaTeMaTHKH. BUKOpHCTaHHS
KOMIT FOTEpIB  MapaJieibHOT apXITEKTYpH Ja€ MOMXJIMBICTH Habarato 30UIBIIUTH
PO3MIPHOCTI TMCKPETHHX MOAEJIEH. Alle, He3BaXKaroud Ha JTOCUTH IIOBHE TEOPETHYHE
OOTpYHTYBaHHSI METOJIB PO3B’S3yBaHHS IMX 3a]la4, 1HOJAI OTPHUMYIOTh KOMII FOTEPHI
PO3B’S3KH, IO HE MAIOTh (DI3UIHOTO CEHCY.

[IprunHamMy BOTO MOXYThH OyTH: MO-TieplIe, HAOMMKEHUI XapakTep BUXiAHUX
JaHWX Ta TOXHWOKHW, SKI BHHUKAIOTH BHACHIZOK IX TPEACTaBICHHA B MaM ATi
KOMIT FOTepa, MO-ApYre, MOXUOKKA 3a0KPYIIEHHS B IpoIeci 004YMCiIeHb, 00yMOBJICHI
CKIHYEHHOIO BEJIMYNHOIO PO3PSAIHOT CITKH KOMIT FOTEPa; MO-TPETE, TOXUOKH.

Criix TakoXX 3a3HAYMTH, 10 METOAU KJIACHYHOI MaTeMaTWKH MOXYThb OYyTH
HETNpUAaTHI Ui KOMIT'IOTepHOi peanizamii. Tak, Hanmpukiaj, KIACHYHI METOIH
BH3HAYEHHS TaKOTO (YHJIaMEHTAIBHOTO MOHSATTS JIHIHHOT anreOpu sSK paHT MaTpuIli
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HEeMpHUIaTHI 3 00YHCITIOBABHOT TOYKH 30py JUIA pealtizallii 3 00MeXeHOI PO3PSAHICTIO
o04HncieHb. Y bOMY BHIIAAKY CJIiJi BAKOPUCTOBYBATH BU3HAUEHHSI PaHTy MAaTPHLI, sIKa
BpaxoBye HaOMIKEHWH XapakTep MAallMHHMX Mojened 3amau [1], a musa iioro
O0YHCIIEHHS — CTiHKI 3 OOYMCITIOBAIBHOI TOYKH 30py aJTOPUTMH, 30KpeMa ajrOpUTM
CUHTYIISIPHOTO PO3BUHEHHS MAaTPHIIb.

[HIIMiA puknaa MoB’A3aHUI 3 BUPOKEHICTIO MaTpULb. Peaizalis KiiacHuHOTro
BH3HAYEHHS BHPO/HKCHHOCTI MATpPHUIlli — pIBHICTh HYNIO ii BHU3HAYHWKAa — B
KOMIT IOTepHIAH  apu(METHIII OYEBHIHO € HENPUHHATHOIO (BEIUKUH  0O0CHT
KOMIT IOTEpHUX OOYMCIIEHB AJISl MaTpHIb, SKi BAHUKAIOTh HA MPAKTULI MPU3BOAUTH JI0
HETNpaBUWIBHUX Pe3yJIbTaTIB Yepe3 MOXUOKH O0UUCIICHb). Y IbOMY BUMAAKY JOLIIBHO
MEepEBIPATH MATPHII0 HA BHPOKCHHICTP B MeEXax MaIIWHHOI TOYHOCTI,
BUKOPUCTOBYIOUYH B apu(METHUII 3 MIIABAIOYOI0 KOMOIO CITiBBiTHOIICHHS

1.0 + r(condA) # 1.0, Q)

ne r(condA)=1/condA, condA — ominka uwciaa obymoBieHocTi Matpumi [1, 2].

BuxoHanHs1 1mi€i yMOBH, sIKa BHUKOHYEThCS B apH(PMETHINl 3 ILIABAIOYOI0 KOMOIO,
O3HaYae, U0 MATPULS Ma€ MOBHUH paHr y MeXax MAIIMHHOI TOYHOCTi. Y BHMIAIKy
HEBUKOHAHHS IILOTO CITIBBITHOIICHHS JIs 3a0€3MCUcHHs JOCTOBIPHOCTI OOYHMCICHb
HEOOXiTHO TPONOBXHUTH AOCITIKCHHS 3 BUKOPUCTAHHSM ITiBUIICHOT PO3PSIHOCTI
00uMCIeHb IS iTeHTU]IKAIT BUPOHKEHOCTI Y1 MOraHoi 00yMoBiIeHOCTI MaTpuili [3].

Cnia 3a3Ha4MTH, [0 AHAJIOTIYHI PIIICHHS IIOAO iAcHTU(IKALI BIACTUBOCTEH
3a/a4 1 ajamnTarii KOMIT IOTEPHOTO CEPEeIOBHINA 0 iX BIACTUBOCTEH y MATaJIOTi9HUAX
BHIIAJKaX MArOTh MICIe i JUIsl iHIMX KiaciB 3ama4 (ONM3bKUX 1 KpaTHUX BIIACHUX
3Ha4eHb, OJIM3BbKHX 1 KPATHUX KOPEHIB MOJIHOMIB, HENIHIHHUX PiBHSHB).

OTxe, OIHIEIO 3 aKTyaJIbHUX MPOOJIEM OTPUMAHHS IOCTOBIPHUX KOMIT IOTEPHHUX
pe3yIbTaTiB MATEMaTUYHOTO MOJICIIIOBAHHS € CTBOPEHHS 3ac00iB PO3B’sI3yBaHHS 3a1a4
3 JIOBUIBHOIO KOMIT IOTEPHOIO pO3PsAHICTIO. B 11iii po0OOTi aKkIeHTyeTbcsi yBara Ha
BUpIIIEHHI ~ TPOOJIEMH  OTPUMaHHS  JOCTOBIPHOTO  PO3B’SI3KYy  MPOTPaMMHO-
QITOPUTMIYHUMH METOJIaMH B YMOBax 0araTopo3psiiHOi apu(pMETUKH.

1. lesixi haxkTi npo 6araTtopo3psigHy apu(pMeTHKY 3 IVIABAI0Y0I0 KOMOIO

[IpoGieMu MmiABUINEHHS TOYHOCTI KOMIT' FOTEPHUX O0YMCIICHb CTAJIU JOCIHIHKYBATH I11¢
B cepenuHi MuHynoro ctomitra. B Iucturyti kibepHerwku im. B.M. ['mymkoBa B
1965 pomi Brepmie B cBiTi Ha Komm ' roTepax cepii MIP Oyno peanizoBaHO BHKOHaHHS
00YHCIIeHb 3 JOBUIBHOI po3psiHicTio. [IpHyomy omepaTop «po3psIHICTE» MOXKHA
OyJ10 BAKOPUCTOBYBATH B OyIb-IKOMY MicIli iporpamu [4].

3 TMOsBOIO KOMITIOTEpIB MapalieIbHUX —apXiTeKTyp CTajll0  MOXKJIMBHUM
PO3B’s3yBaTH 3a/1a4i MATEMaTUIHOT'O MOJICITFOBAHHS HAJIBEIMKUX PO3MIpIB 1 MpodiemMu
BUKOPUCTAHHS  ITiJ{BUIIICHOT KOMIT'FOTEPHOI ~ PO3PSAHOCTI  CTagd 1Iie  OljIbI
aKTyaJIbHUMH.

VY 2008 poky B HAapsSMKY MiJBUILEHHS PO3PSIIHOCTI 00UMCIeHb OyB 3p00aeHui
Ba)XXITUBHUI KPOK, MOB’si3aHui 3 myOutikamiero crannapty IEEE 754-2008, sikuii 3aMiHNB
paHile firoumii cTaHaapT o0uuciieHs 3 iaBarodoro komoro IEEE 754-1985. Cranmapt
1985 poky nependauaB 2 TUIM YKCEN 3 ILIABAIOYOI0 KOMOO: 0IMHAPHOT (32-po3psiaHi)
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1 moaBiiHOi (64-po3psaani) TouHocti. Y cranmapti IEEE 754-2008 onmmiero 3 meprimmx
anapaTHUX peamizamiii craB apudmeruunuii cmiBnpouecop Intel 8087, B sxomy
JIOJTATKOBO BUKOPUCTOBYETHCS BHYTPIIIHIN «po3imupenuin» 80-po3psanuii ¢popmar 3
64-pospsimHoro MaHTHCOIO. [IpoTe Ha OIIBIIOCTI Cy4acHUX pPOOOYMX CTaHIIAX Ta
CYTIEPKOMIT FOTEPIB BHUKOPHUCTOBYIOTHCS CTaHAApPTHI MacoBi TMPOIECOPH, SKi He
MiATPUMYIOTh JIOBUTBHY PO3PSAHICTE. Lle CrOHyKano 10 CTBOpEHHS amapaTHUX Ta
MPOTrPaMHKX 3acO0iB IS peaizamii 00UnCIIEHb 3 MTiABUIIIEHOI0 TOUHICTIO [5].

2. OcodauBocTi 3acTOCYBaHHS 6araTopo3psiiHOi apu(METHKH 1JIsl PO3B'3yBaHHSA
CJIAP

UmncenbHi METOIU PO3B’SA3KIB CHCTEM JiHIMHUX alreOpaidyHuX PIBHAHb MAarOTh OJHY
3aranbHy BIacTHBICTE. Came pearbHO OOYHCICHHH PO3B’S30K (IICEBIOPO3B’SI30K) €
TOYHHUM BIiJIIOBIHO 710 3BOPOTHOTO aHaJIi3y MOMMJIOK [6] /uis nesikoi 30ypeHoi 3aaayi.
Li 30ypeHHs Iyxe Maji 1 Hepilko X MOXHA MOPIBHITH 3 MOXHOKAMH 3a0KPYTJICHHS
BXIOHMX JaHWX. SIKIIO BXimHI JaHi 3aAaHi 3 MOXHOKOI (BHUMIpIOBaHb, PO3PaxXyHKiB
TOIIO), 3a3BMUYaifi BOHH BXKE MICTATh 3HAYHO OUIBIII ITOXHOKHM, HDK IOXHOKH
OKpyTJIeHb. Y IbOMY BUIAJKy Oyap-sika cripoOa MOKpAIIUTH MAIIMHHHN PO3B’S30K
(ceBmopo3B’s130K) 0€3 3adydeHHA JOJAaTKOBUX BiJOMOCTEH IMPO TOYHY 3amady abo
NOXMOKM BXIAHHMX JaHUX BHSABUTBCA HECHPOMOXKHOIO. IloJOXKEeHHS CyTTEBO
3MIHIOETBCS, SIKIO PO3TIIIAETECA MaTeMaTH4Ha 3aJavya 3 TOYHUMH BUXITHUMHU
nanumu. Terep Kpurepili MoOraHoi YW XOpomIoi OOyMOBJIEHOCTI MalIMHHOI MOAENi
3a/avi 3aleXHUTh BiJl MaTeMaTHYHMAX BIIACTUBOCTEH KOMITIOTEPHOI MOJENi 3aadi
(uncna 0oOyMOBIICHOCTI MaTpHUIli 3aiadyi) Ta MaTeMaTHYHHUX BJIACTHBOCTEH Mpolecopa
(TOB)XWMHHM MAITUHHOTO CJIOBA) 1 3'SIBISETHCS MPUHIIUIIOBA MOXKJIMBICTH TOCATTU OYJIb-
SIKOT 33/1aHO1 TOYHOCTI KOMIT FOTEPHOT'O PO3B’SI3KY.

B npomy BUNaAKy YTOYHHUTH KOMIT IOTEPHHIA PO3B’SI30K MOXKHA, BUKOPUCTABLIH
iTepalliiiHe YTOYHEHHS pO3B’s3Ky a00 poO3B’sA3aHHS CHCTEMH 3 [iJBHIICHOO
PO3PSIHICTIO, 30KpeMa, BUKOpUCTOBytounm Oibmioreky GMP [7] mns peamizamii
00YHCIIEHb 13 IOBLUIBHOIO PO3PSIIHICTIO.

Hami, muist IporHo3y JOBXMHM MaHTHCH (MalIMHHOTO CJIOBa), sika 3abesredye
3aJjaHy TOYHICTB JJISl pO3B’sI3KY (CyMiCHUX CHCTEM) MOKHA KOPHCTYBATUCS HACTYITHUM
EMIIPUYHUM TPaBUJIOM: KUIBKICTh BIPHHX JECATKOBUX 3HAYyIIUX IUPP Y
KOMIT'FOTEPHOMY PO3B’SI3KY OLIIHIOETHCS] BETMUYMHOIO

T )

Jie | - eCSTKOBUH MOPAJOK MAaHTHUCH YHMCIIa 3 IUIABAIOUOI0 TOUKOIO, & - JAECATKOBUMN
MOPSIIOK yHcha 0O0yMOBIEHOCTI. TakuM YHHOM, 3HAaIOYHM OOYMOBIIEHICTH MaTpPHUII
CHCTEMH Ta TOYHICTh OOYHCICHb HAa KOMITIOTEpi, MOXXHAa BH3HAYUTH HEOOXiIHY
PO3PSIHICTD JUISl OTPUMAHHS JIOCTOBIPHOT'O PO3B’3KY.

OnHuM 3 iHCTPYMEHTIB Uil MiABHUILEHHS po3psinHOcTi € Gibmioreka GMP, sxa
Ma€ BeNMKHN HaOlp GYHKLIHN 1 J03BOJISIE OpraHi3yBaTH Mpouec OOYMCICHHS 3 Pi3HOIO
po3psanicTio. bidmioreka GMP  BUKOpUCTOBYEThCS Jii pOOOTH Haa IUIMMH,
pauioHaJIbHUMHU YHMCIaMHU Ta YHCIaMH 3 IJIAaBaIOUOI0 TOYKOIO. ['00BHA 0COOIMBICTH
0i0mioTekn — PO3PAAHICTE umcen (precision) MpakTUYHO HeoOMexeHa. ToMy OCHOBHA
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cdepa 3acTocyBaHHS - KOMITIOTEpHI anreOpaidHi oOuncieHHsd, Kpunrorpadis Ta iH.
Oynkuii 6i6miorekn GMP 103BONSIOTE HE TITBKK 33aBATH PO3PSIIHICTD HA MOYATKY
MporpaMu 1 BHKOHYBaTH OOYMCIICHHS 3 I[€I0 PO3PSJHICTIO, aje 1 3MiHIOBAaTH
PO3PSAOHICTE TP HEOOXIMHOCTI B Tpormeci 00YHCIeHb, TOOTO. pi3HI (parMeHTH
aNrOpUTMY BHKOHYBaTH 13 pi3HOIO po3psaaHicTio. s Toro, mo0 NPOBOAWTH
oOuncieHHs 3 6a)KaHOI PO3PSAHICTIO, HeoOXiaHO B porpamax Ci abo C++, BCTaBUTH
3BepHEHH: Ha BignoBinHi pyHKIii 3 6i6miorekn GMP 15 mepeTBopeHHs TUIIB JaHIX
Ta apu(METHYHUX dii HaJ HAMH, a TaKOX MAKIIOUNTH (aiin gmp.h, me omumcani
MPOTOTHIN IUX (DYHKIIIH .

MoxnuBocti 0ibmioTexku Oymu ampoOOBaHI UIs JOCHIIKEHHS PO3B’SI3KiB
BUPO/DKCHHUX 1 TOraHO OOyMOBIIEHHX cucTeM. B pobotax [8, 9] Oymo mpoBeneHO
eKCIepUMEHTH MO 3acTocyBaHHIO 0Oi0mioreku GMP, a came, Oyno mocmimkeHO
NMUTaHHs 3acTocyBaHHs Oi0mioreku GMP 11 OTpUMaHHS YTOYHEHOTO PO3B’S3KY
CJIAP 3 morano OOYMOBJICHHMH MATPHUIIMH. 3HAIOYW OOYMOBJICHICTH MAaTpHII
CUCTEeMH Ta TOYHICTh OOYMCIEHb Ha KOMITIOTEpPi, MOKHA BH3HAYUTH HEOOXiIHY
PO3PSIHICTD JJIsl OTPUMAHHS IOCTOBIPHOTO PIllICHHS.

B 1a61. 1 HaBemeHo 3HaYeHHS MAChEPS (naibinbiie uucio 3 NAABAIOHOI0 MOYKOIO, OIS
sxoeo eukonyemuvcst 1.0 + macheps = 1.0) i sike XapakTepH3y€e TOUHICTh ILUIABAIOYO]
apu(METHUKHU 7S Pi3HOIOT PO3PSTHOCTI:

Tabmums 1
3uauenns macheps ms pospsiaaocti double, 64, 128 Ha npomnecopax Intel
MoBa nporpamMmyBaHHs JloBxrHa MaHTHCH macheps
Cit double (53) 1.110e-16
long double(64) 2.71050543121376108502e-20
128 1.46936793852785938496092¢e-39
C++ 3 Bukopuctanasm GMP
256 4.31808427754722231269317e-78

Ipuxnao. Po3risHeMo cucTeMy JIiHIMHUX piBHAHB anreOpu Ax = b, ne Ai b
MAalOTh TaKUHU BUTJIS:

A=
0.1348531574394464 0.1878970588235294 0.1909117647058824 0.1779264705882353
0.1878970588235294 0.262 0.265 0.247
0.1909117647058824 0.265 0.281 0.266
0.1779264705882353 0.247 0.266 0.255
0.3516
, — 04887
0.5105|
0.4818

«TouyHnid» PO3B'A30K cucTeMH (PO3B'A30K, MOpaxoBaHWi Ha po3psaHocTi 100)
Mae€ BUTIISA:

0.6662162162161606738798064490430572 ...el3
_ [-0.4016891891890723506952166298245477 ..e13

-0.1665540540539970051894018639784241 ...e13
0.9797297297302797072574940696301115 ...el12

condA = 2.089...e%....
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B T1abm. 2 mpencraBmeni pesyiabTatn po3s'szkiB CJIAP, sxi orpumani 3
MOJIBOEHOIO0 PO3PSAAHICTIO 33 IOMOMOror mporpamMu C++, a TakoX 3 MiJBHILEHOIO
PO3PSIHICTIO 3a JOMOMOror nporpamu C++ 3 BHKOpHCTaHHSAM (DyHKIINA Oi0mioTeKH
GMP.

Tabnuus 2.
Po3s's30x CJIAP 3 pospsianictio double ta migBuieHoro po3psiaHictio Ha [Hmapkom-256
Mosga JloBxuHa R . s
KoM’ roTepHuii po3B’ 30K CUCTEMHU
MPOrpaMyBaHHSl | MaHTHCH
X;=3.60239e+12
Cit Double | x,=-2.17203e+12
(53) | x5=-9.00599e+11
X4=5.29764e+11
x;=0.666199107066943565109e13
64 X,=-0.40167887337851497738e13
X3=-0.166549776766692724716e13
Ci+s x,=0.979704569216725111902e12
BUKOPHCTaHHIM
GMP x;=0.6662162162161606738798067836677102584254e13
128 X,=-0.4016891891890723506952168315835297097735e13
X3=-0.1665540540539970051894019476345873995266e13
X4=0.9797297297302797072574945617251937251362e12

ExcniepuMeHTH 3 JOCHi/DKEHHS 4Yacy pO3B'SI3aHHS 3a/a4 BENHUKHUX MOPSIKIB
MoKa3aiy, 110, HAIPHUKIAJ, Yac pO3B'sI3aHHS CUCTEMH JIHIHHUX anreOpaiyHux piBHSHBb
3 OJIHIEIO 1 Ti€K0 K MATPHUICIO 3 PO3PAAHICTIO 64 3a momomororo mnporpamu C++ 3
BUKOpUCTaHHAM (pyHKIiH GMP 3Ha4HO 301TBIIY€THCS MOPIBHIHO 3 YACOM PO3B'S3aHHS
3 MOABIHHOIO PO3PSAAHICTIO 3a JomomMororo mnporpamu C++ 0e3 BHKOPHUCTaHHSIM
¢yskmiit GMP (tabn. 3), T.x. moTpibeH MOAaTKOBUI Yac Ha BUKJIMK Ta iHIIiami3allio
¢ynkuit GMP. Ilpote i3 30ibIIeHASIM PO3MIpIiB 3aBIaHHS IS Pi3HUIS 3MEHIIYETHCS,
TaK SIK. yac BUKIMKIB QpyHK1iH GMP BusBIsS€THCS 3HAUHO MEHILINM, HXK OCHOBHHUH 4ac
BUKOHaHHS apudMetrudHux onepanid. llogamemie 30iMbIIEHHS PO3PATHOCTI Yy
nporpami C++ 3 BukopuctanHsMm ¢yHkmii GMP Henabarato 30iiblIye bac
pO3B'sA3aHHs 3ajaui.

Taomumua 3
IopiBHsiIbHA XapakTepucTrka yacy po3s'3yBanns CJIAP Ha [Hmapkom-256
Tops ok Ct++ C++, GMP
MaTpul double (53) 64 128 256
200 0,04 cex 0,75 cex 0,84 cex 1,04 cex
1000 6,55 cex 96.44 cex 14.72 cex 107.7 cex
4500 688,94 cex 7320,06 cex 8050,12 cex 10104,56 cex

BucnHoBku. Takum uymHOM, JUIsl 3aJady MaTEeMaTUYHOTO MOJICIIOBAaHHS  3MiHHA
OaraTopo3psiaHa apuMeTHKa MMO-TepIe T03BOJIIE peali3yBaTH aJalTUBHI aJlOPUTMHU
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inenTr(ikamii BIaCTHBOCTEH 3a1ad, 10 HEMOXKINBO y (HiIKCOBAHOMY KOMIT IOTEPHOMY
CepeoBUIL, NO-Apyre, 3a0e31edye 0OUUCIEHH KOMIT FOTEPHOTO PO3B’SI3KY 3 3aJJaHOI0
TOYHICTIO .
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In the paper the peculiarities of using multi-bit arithmetic in mathematical modeling are
investigated. An experimental study of means of improving the accuracy of computer results of
solving poorly ill-conditioned systems of linear algebraic equations using the GMP library is
described to improve the accuracy of calculations.
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